2 nd International Symposium on Imprecise Probabilities and Their Applications, Ithaca, New York, 2001

Conditional Upper Probabilities Assigned by a Class of Hausdorff Outer

M easures

Serena Doria

Dipartimento di Scienze della Terra

Universita´ G.D´Annunzio

Via dei Vestini, 31

66013 Chieti, Italy s.doria@dst.unich. it

Abstract

Coherent conditional probabilities, in the sense of de

Finetti, are given bya class of Hausdorff dimensional measures. In particular thecase where conditioning events have infinite Hausdorff measure isconsidered.

The problem of the extensionsof these conditional probabilities to the class of all subsets of [0,1] is investigated. Conditional upper probabilities, assigned bya class of Hausdorff dimensional outer measures, are considered and their properties areanalised.

Keywords. C oherence, conditional upper probabilities,

Hausdorff dimensional outer measures.

1 Introduction

Partial knowledge is a natural interpretation of conditional probability. This interpretation can be formalized in a different wa yin theaxiomatic approach and in the subjective approach where conditional probabilityis defined bycoherence condition. Some critical situations, that highlight asthe axiomatic definition of conditional probabilityis not always a useful tool to represent partial knowledge, are proposed in literature ([2]). Theyare caused from thefact that regular conditional distributions can not be proper ([3],

[4]). This propertyis always satisfied if conditional probabilityis defined bycoherence condition. The interest for coherent conditional probabilies ismotivated bythe fact that theycan be a usefull tool to the handling of uncertainty.

In theprobabilistic approach of de Finetti a coherent conditional probabilityis a real function P defined on an arbitraryfamilyof conditional events, satisfying the coherence condition.

In this approach, the treatment of uncertaintyis based on theinterpretation of conditional events aspartial information about an experiment and coherent

conditional probabilityas a tool to represent the level of knowledge about it. Newinformation about the experiment can be represented bya newconditional event and the updating of knowledge is equivalent to determine coherent extensions.

The starting point of the present paper is the analyse of the role of the Radon-Nikodym derivative in the assessment of coherent conditional probabilities according to the different approaches to coherence proposed byde Finetti ([5],[6]) and byWalley([15]).

A comparison between the axiomaticdefinition of conditional probabilityand those based on the coherence condition, has been proposed in [1], [14],

[15].

The newaspect of the result (Theorem 1) proposed in this paper is that it establishes that, ever ytime that the s -field of the conditioning events is contained in the s -field of the probabilityspace and it contains all singletons, the Radon-Nikodym derivative can not be used as tool to define coherent conditional probability.

Thisis due to thefact that one of the defining properties of theRadon-Nikodym derivative, that isto be measurable with respect to the s -field of the conditioning events, contradictsa necessarycondition for thecoherence.

Non coherence of conditional probabilitydefined bythe

Radon-Nikodym derivative is proved without the hypoteses that the s -field of the conditioning events is not countablygenerated ([3]) or the probabilityspace is a Lusin space and the s -field of the conditioning events is countablygenerated ([4]).

Let W =[0,1] and let F and G

� be s -fields of subsets of

W , with G sub- s -field properlycontained in � F and

such that it containsall singletons of [0,1].

Let P* be a real function defined on F ´ G 0 , where

G 0 = G - Æ ; having fixed Ain F - G , if P*(A|{ w }) is

equal, with probability1, to the Radon-Nikodym

derivative, then the following condition, necessaryfor

the coherence, ([13]) P*(A|{ w })=1or 0 according to w bel ongs to Aor to A c , isnot satisfied. In fact the

indicator function of A, is not G -measurable, it does not

verifya propertyof the Radon-Nikodym derivative and

so it can not be assumed as conditional probability,

according to the axiomaticdefinition.

Moreover, when the familyof conditioning events isthe

partition B of all singletonsof [0,1] and F isa s -field

containing B the functionsP*(A|{ w }) defined for A in

F and { w } in B , are not separately coherent ([15]). In

fact if for everyfixed A in F P*(A|{ w }) is equal, with

probability1, to the Radon-Nikodym derivative, then

the condition P*({ w }|{ w })=1 is not satisfied for all w in

[0,1].

In [3] normal conditional distributions aredefined with

the aim to assure to conditional distribution the property

to be proper; the existence of a countablyadditive,

normal, conditional distribution Qgiven a countably

generated sub- s -field A isproved (see [3] theorem 2).

Thisresult is not sufficient to resolve the problem of

coherence of regular conditional distribution. In fact, if

the conditioning event isa countable set, coherence

required that conditional probabilityis finitelyadditive,

but not countabl yadditive and theexistence of a normal

conditional distribution Q (finitelyadditive but not

countablyadditive) given A is not assured for every

countablygenerated sub- s -field A (see example 4.3 of

[1]).

Analysis done points out the necessit yto introduce

different tools to define coherent conditional

probabilities.

The aim of this paper it to assess coherent conditional

probabilities bya class of Hausdorff dimensional outer

measures. In particular, when theconditioning events

have infinite Hausdorff measure, coherent conditional

probabilityis given bya 0-1 valued finitelyadditive

probability.

The resultsproposed are the following:

-Coherent conditional probabilities in the sense of de

Finetti areassigned bya class of Hausdorff

dimensional outer measures when F isthe s -field of the

borelian sets of [0,1] and G � is an additive subclass of F

such that everyHbel onging to G, haspositive and finite

Hausdorff s-dimensional measure, where sis the

Hausdorff dimension of H.

-some properties of the extensions P(.|H) of these

functionsto the class of all subsets of [0,1] are proved.

-The restrictions P(A|{ w }) with A in F and { w } in B are

separatelycoherent.

2 Different approaches to conditional

probabilities

In this section we compare two different approaches to

coherent conditional probability, one proposed byde

Finetti ([5], [6]) and the other byWalley([15]), with the axiomatic definition, of conditional probability, ([2]),

based on the Radon-Nikodym derivative.

Let W =[0,1] and let F and G � be two sub s -fields of

subsets of W with G properlycontained in F and such

that it contains all singletons of [0,1]. Let P be a

probabilitymeasure on F ; having fixed Ain F let n be

a finite measureon G defined by n (H)=P(A Ç H) with

H Î G . Let P[A|| G ] w be theRadon-Nikodym derivative

of n with respect to P, that is a function, defined on W ,

G -measurable, integrable with respect to Pand

satisfying the functional equation

P(A Ç H)=

P A dP

H

[ | | ] G w ò with H Î G

� Thisfunction is unique up to a set of P-measure zero and it is called version of theconditional probability.

Theorem 1 . Let P* be a real function defined on

C = F

´ G 0 ; having fixed A in F

� G , consider the subfamily E = í (A,{ w }) : w Î [0,1] ý of C . If the restriction P r * of P* to E is equal to the Radon-

Nikodym derivative with probability 1, that is

P r *(A,{ w })=P[A|| G ] w (1) except on a subset N of [0,1] of P-measure zero, then

P* is not a coherent conditional probability on C .

Proof. If equality(1) holds with probability1, then we have that P * r (A,{ w }) is different from the indicator function of A. In fact having fixed A in F - G , the indicator function of A, is not G -measurable, it does not verifya propertyof the Radon-Nikodym derivative and so it can not be assumed as conditional probability, according to the axiomaticdefinition. So the following condition, necessaryfor thecoherence, P * r (A,{ w })=1or

0 respectivel yif w bel ongs to A or to A c is not satisfied.

Therefore P * r is not coherent on E and so, there is not a coherent extension P * to C É E . �

In Walley([15] cap.6) coherent conditional probabilities are considered asa special case of coherent conditional previsions, that are characterised in the case where conditioning events form a partition B of W . The real numbers P (X|B) are specified for B in B and all gambles X in some domain H(B). Conditional previsions P (X|B), defined for B in B and Xin H(B) are separately coherent when for ever yconditioning event B, P (.|B) is a coherent lower prevision on the domain H(B) and P (B|B)=1.

When the domain H(B) is a class of events that can be regarded asa class of 0-1 valued gambles, P (X|B) is a lower conditional probability.

Let F be a sub s -fields of subsets of W =[0,1], containing all singletons of [0,1] and B the partition of

W that consists of all singletons of [0,1]. For each { w } in B and Ain F P (A|{ w }) are conditional probabilities that are separately coherent when for every conditioning event B, P (.|B) is a coherent (lower) probabilityon F and P(B|B)=1.

Thislast condition is not satisfied if conditional probabilityis defined bythe Radon-Nikodym derivative.

3 Finitely additive conditional probabilities

In this section coherence, in the sense of de Finetti, of conditional probabilityassigned bya class of Hausdorff measures is proved. Firstlythe case where conditioning events have finite Hausdorff measure is considered.

Then in Example 2, conditioning events with infinite

Hausdorff measure are also considered. Bycoherence it follows that for each countable H, the function P*( × |H) must be a finitelyadditive but not s -additive probability.

Let F and G be two arbitraryfamilies of subsets of W , such that W Î F . If P*, defined on C Í F ´ G 0 is coherent then ([9], [13]):

I) given anyH Î G 0 and A 1 ,...,A n Î F such that their union belongs to F and A i A j = Æ for i ¹ j, the function

P*(.|H) defined on F is such that

I) P*(A|H) ³ 0, P*( A k k

n

H

= 1

� | )= P A k H k

n

* ( | )

=

å

1

,

P*( W |H)=1

II) P*(H|H)=1 if H Î F Ç G 0

III) given E Î F , H Î F EH Î F with A Î G 0 and EA Î G 0 then P*(EH|A)=P*(E|A)P*(H|EA).

From conditions I) and II) we have

II´) P*(A|H)=1 if A Î F , H Î G 0 and H Ì A.

ConditionsI), II), III) aresufficient ([13]) for the coherence of P* on C = F ´ G 0 if � F and G are fields of subsets of W with G Í F .

Thisresult holds ([9]) even if G isan additive subclass of F .

Let F and G be two fields of subsets of W , with G Í F ,

P* is a finitely additive conditional probability , ([7]), on

( F , G ) if it is a real function defined on F ´ G 0 , such that the conditionsI), II), III)hold.

A finitelyadditive conditional probabilityP* on ( F , G ) is complete on F if G = F .

Coherent conditional probabilities assigned bya class of

Hausdorff dimensional measures are given. Let ( W ,d) be the Euclidean metric space with W =[0,1]. The diameter of a nonemptyset Uof W isdefined as |U|=sup{|x-y|:

x,y Î U} and if a subset A of W issuch that A Ì U i

i