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Abstract

A Chaotic Probability model is a usual set of proba-
bility measures, M, the totality of which is endowed
with an objective, frequentist interpretation as op-
posed to being viewed as a statistical compound hy-
pothesis or an imprecise behavioral subjective one. In
the prior work of Fierens and Fine, given finite time
series data, the estimation of the Chaotic Probability
model is based on the analysis of a set of relative fre-
quencies of events taken along a set of subsequences
selected by a set of rules. Fierens and Fine proved
the existence of families of causal subsequence selec-
tion rules that can make M visible, but they did not
provide a methodology for finding such family. This
paper provides a universal methodology for finding
a family of subsequences that can make M visible
such that relative frequencies taken along such subse-
quences are provably close enough to a measure in M
with high probability.

Keywords. Imprecise Probabilities, Foundations of
Probability, Church Place Selection Rules, Probabilis-
tic Reasoning, Complexity.

1 Introduction

A large portion of this and the following section is
drawn in detail from Fierens 2003 [3] and Fierens and
Fine 2003 [2]. They are included in this work to give
the reader the necessary background to understand it.

1.1 Scope of Chaotic Probabilities

A Chaotic Probability model is a usual set of proba-
bility measures, M, the totality of which is endowed
with an objective, frequentist interpretation as op-
posed to being viewed as a statistical compound hy-
pothesis or an imprecise behavioral subjective one.
This model was proposed by Fierens and Fine 2003,
[2] [3]- In this setting, M is intended to model stable
(although not stationary in the traditional stochastic
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sense) physical sources of long finite time series data
that have highly irregular behavior and not to model
states of belief or knowledge that are assuredly impre-
cise. This work was in part inspired by the following
quotation from Kolmogorov 1983 [6]:

“In everyday language we call random those phenom-
ena where we cannot find a regularity allowing us
to predict precisely their results. Generally speaking,
there is mo ground to believe that random phenom-
ena should possess any definite probability. Therefore,
we should distinguish between randomness proper (as
absence of any reqularity) and stochastic randomness
(which is the subject of probability theory).”

The task of identifying real world data supporting the
Chaotic Probability model is an important open re-
search question. We believe the model may be useful
for complex phenomena (e.g. weather forecast, finan-
cial data) where the probability of events, interpreted
as propensity to occur, varies in a chaotic way with
different initial conditions of the random experiment.
Due to the complexity of such phenomena, inferring
one probability for each possible initial condition is
infeasible and unrealistic. The Chaotic Probability
model gives a coarse-grained picture of the phenom-
ena, keeping track of the range of the possible proba-
bilities of the events.

1.2 Previous Work and Overview

There is some earlier literature that tries to develop
a frequentist interpretation of imprecise probabilities
(although most of the literature deals with a subjec-
tive interpretation, see for example Walley 1991 [11]).
For work on asymptotics or laws of large numbers
for interval-valued probability models, see Fine et al.
[5] [7] [9] [10]. Cozman and Chrisman 1997 [1] stud-
ied the estimation of credal sets by analyzing limiting
relative frequencies along a set of subsequences of a
time series. However, as we said above, the focus of
our Chaotic Probability model is the study of finite



length time series.

In their work on Chaotic Probability models [2] [3],
Fierens and Fine provided an instrumental interpre-
tation of random processes measures consistent with
M and the highly irregular physical phenomena they
intended to model by M. With that interpretation in
mind they also provided a method for simulation of
a data sequence given the Chaotic Probability model.
This interpretation will be reviewed in Section 2.1.

Fierens and Fine also studied the estimation of M
given a finite data sequence. They analyzed the se-
quence by looking at relative frequencies along sub-
sequences selected by rules in some set W. In par-
ticular, they introduced three properties of a set of
subsequence selection rules: Causal Faithfulness, Ho-
mogeneity and Visibility. By Causally Faithful rules
they meant rules that select subsequences such that
the empirical and theoretical time averages along the
selected subsequence are sufficiently close together. A
set of rules renders M visible if all measures in M can
be estimated by relative frequencies along the selected
subsequences. Finally, a set of rules is homogeneous if
it can not expose more than a small neighborhood of
a single measure contained in the convex hull of M,
intuitively a set of rules is homogenous if the relative
frequencies taken along the terms selected by the rules
are all close to a single measure in the convex hull of

M.

Although, Fierens and Fine proved the existence of
families of causal subsequence selection rules that can
make M visible, they did not provide a methodology
for finding such family. Section 3 describes a univer-
sal methodology for finding a family of causal subse-
quence selection rules that can make M visible. In
Section 4, we strengthen this result by assuring that
the relative frequency taken along every subsequence
analyzed is close to some measure in M with high
probability. This is a surprising result since Fierens
and Fine believed the best one could hope to do was
to estimate the convex hull of M. We conclude in
Section 5.

2 The Chaotic Probability Setup

2.1 Instrumental Interpretation

Let X = {z1, 22,..., ¢} be a finite sample space. We
denote by X'* the set of all finite sequences of elements
taken from X. A particular sequence of n samples
from X is denoted by =™ = {z1,22,...,2,}. P de-
notes the set of all probability measures on the power
set of X. A chaotic probability model M is a sub-
set of P and models the “marginals” of some process
generating sequences in X'*. This section provides an

instrumental (that is, without commitment to reality)
interpretation of such a process. !

Let F be a chaotic? selection function, F : X* — M.
At each instant 4, a measure v; = F(z°~!) is chosen
according to this selection function F. We require
that the complexity of F' be neither too high, so that
M can not be made visible on the basis of a finite
time series, nor too low, so that as a working matter
a standard stochastic process can be used to model
the phenomena.

An actual data sequence z" is assessed by the “graded
propensity” of the realization of a sequence of random
variables X™ described by:

P(Xl =11, X0 =29,.... Xy, = wn) = H Vk(xk) (1)
k=1

We denote by M* the family of all such process mea-
sures P.

Although, it may be argued that M provides only an
incomplete picture of the source, descriptions of F be-
ing necessary to form a complete model, the chaotic
probability is to be understood as providing a coarse-
grained picture of the source with no empirical reality
existing in the fine-grained description of the source
given by F. An analogous situation occurs in quan-
tum mechanics where there are fine-grained pictures
that have no empirical reality, as we can see from the
following quotes from Gell-Mann [4]:

“Since quantum mechanics is probabilistic rather than
deterministic, one might expect it to supply a proba-
bility for each fine-grained history. However, that is
not the case. The interference terms between fine-
grained histories do not wusually vanish, and prob-
abilities therefore cannot be assigned to such histo-
ries.... The answer is that in order to have actual prob-
abilities, it is necessary to consider histories that are
sufficiently coarse-grained.” (p. 144)

“For histories of the universe in quantum mechanics,
coarse-graining typically means following only certain
things at certain times and only to a certain level of

detail.” (p.144)

“In practice, quantum mechanics is always applied to
sets of decohering coarse-grained histories, and that is
why it is able to predict probabilities.” (p. 146)

Note that no matter how complex the selection func-
tion is, the process measure P is a standard stochastic

1As pointed out by an anonymous referee, the theory also
applies if there is empirical reality in the description of F', but
F is simply unknown.

2The word chaotic is not a technical term, it is ordinary
language to describe such selection functions whose complexity
is neither too small nor too large.



process. The issue is whether this process reflects the
reality of the underlying phenomena, i.e., if the selec-
tion function is chaotic (in the sense of being neither
too simple nor too complex) all we can hope to learn
and therefore predict for future terms in the sequence
is the coarse-grained description of the model given

by M.

The next subsection digresses on a new statistical
model which can take advantage of the mathemati-
cal tools developed in this theory.

2.1.1 Digression on a New Statistical Model

While our primary interest is not in a statistical com-
pound hypothesis, the results of the Chaotic Prob-
ability model do bear on a new statistical estima-
tion model. We can partially specify any stochastic
process model P € P by specifying the following set
of conditional measures for the individual times:

MP ={v: (3k)(3z"),
v(Xpp1 € A) = P(Xpy1 € A|XF = 2F), VA C &}

Note that we do not keep track of the conditioning
event, only of the measure v. We then, wish to esti-
mate MP from data 2". Also note that, in general,
the process is not Markovian since the selection func-
tion F' depends on the whole history.

The model can be used in the following situation.
Suppose we have an opponent in a game who can
decide whether or not to act upon a trial ¢ after ex-
amining the history of outcomes z‘~! prior to that
trial. Certain distributions P(X; € A|X!! = 2!~ 1)
for the trial at time ¢ are favorable to us and others
to our opponent. An assessment of the range of con-
sequences to us from choices made by an intelligent
opponent can be calculated from MF.

2.2 Estimation

The estimation process in the chaotic probability
framework uses a finite time series and analyzes it
calculating a set of relative frequencies taken along
subsequences selected by causal subsequence selection
rules (also known as Church place selection rules).
These rules are called causal because the next choice
is a function of only past values in the sequence and
not, say, of the whole sequence. These rules satisfy
the following:

Definition 1 An effectively computable function ¢ is
a causal subsequence selection rule if:

p: X" —{0,1}

and, for any any x™ € X*, xy, is the j-th term in the
generated subsequence v, of length Ay pn, if:

k n

P ) =1, > e ) =4, Apn =

=1 k=1

Given a set of causal subsequence selection rules, ¥,
for each ¢ € U, define the empirical and theoretical
time averages along a chosen subsequence as:

(VA C X),
_ 1 ¢ _
fipn(A) " D Lalz)e(a)
M k=1
) 1 n B B 3
Ton(A4) = 5 > BIIa(X3)| X5 = aF (b
PN =1

where I4 is the {0, 1}-valued indicator function of the
event A.

Vym can be rewritten in terms of the instrumental
understanding as:

n

> ve(A)p(at)

P 1

(VA C X) Dyn(A) = —

As we want to make M visible by means of rules in ¥,
we define a metric, d, between measures to quantify
how good an estimator 7, ,, is for Uy ;, as:

(Vi " € P) d(ps ') = maxc|pu(z) = ' ()]

A rule ¢ applied to = is said to be causally faithful
if (P n; i, ) is small. Fierens and Fine guaranteed
the existence of such rules by proving the following
theorem.

Theorem 1 (Causal Faithfulness) Let & be the
cardinality of X and denote the cardinality of ¥ by
[|W]|. Let m < n. If ||V|| < t, then for any process
measure P € M*:

*627712

P(max{d(fi, ,,Vpn) : Apn > m} >¢€) < 2{te” 2
pevr ’ ’

Note that, if we take m = an, for a € (0,1), the size ¢
of the family of selection rules can be as large as e,
for p < QZ;Z; faithfulness of the rules is guaranteed
with high probability for large n.

The property that a set of rules, ¥, must satisfy in
order to make M visible is given by the following
definition:



Definition 2 (Visibility) M s
(¥,0,0,m,n) by P € M* if:

made visible

P U™ o 2md(v,,,) <0}) >1-0
vVEM peV

Let B(0,p') = {u € P :d(u,u') < 0} and define an

estimator, My v, of M by:

VYo" e X*, Mg_;y(x”) = U

PEW: A, n>m

B(0,Tig,n)

Fierens and Fine proved both the existence of families
of causal selection rules ¥’s that can make M visible
and that if M is made visible by P through ¥, then
Me,q, is a good estimator of M, in the sense that
with high probability P, /\;19_,\1, contains M and is
contained in a certain enlargement of the convex hull

of M.

A gap in the theory so far is identifying a procedure for
finding a family of selection rules ¥ that renders M
visible. In the next section, we provide a methodology
for finding such a family of rules ¥ that works for any
chaotic probability source, and we call it a universal
family of selection rules. Unfortunately, such a family
may “extract” more than M. We return to this point
in Section 4.

3 Universal Family of Selection Rules

In the previous section, we noted the importance of
finding a family of rules, ¥, that is capable of making
our chaotic probability model M visible. This section
provides a universal methodology for selecting such a
family.

Define for each family of causal selection rules, ¥, the
estimator based on this family as:

M‘I’ = {ﬁga,n P € \117/\80-,” 2 m}

Let ch(M) denote the convex hull of M. And define
the e-enlargement, [A]¢, of a set A, as:

[Al*={p:p€P and
Ju’ € A such that d(u, p') < €}

Then, choose a small € > 0, and a minimal finite cov-
ering of P by Q. balls of radius ¢, {B(e, i1;)}, where
w; are computable measures. Let N, be the size of the
smallest subset of the above covering of the simplex
that covers the actual chaotic probability model M,
and denote this subset by M.. Approximate F(z*~1)
by F.(x*=1) = p; if p; is the closest measure to

F(2%~1) among all u;’s that belongs to M.. Let F.,,
be the restriction of F, to X" (all sequences of length
not greater than n). The following theorem provides
the desired method of finding a universal family of
selection rules for chaotic probability sources.

Intuitively, Theorem 2 states that as long as the Kol-
mogorov Complexity [8] of the chaotic measure se-
lection function is not too high, and we have a long
enough data sequence, we are able to make visible
with high probability all measures that were selected
frequently enough in the sequence.

Theorem 2 Choose f > 1, a = (fN.)~! and let
m = an. Define My ={v:v e M and Iu;, € M,
such that d(v, ;) < € and p; is selected at least m
times by Fepn }. Given [ smaller than 0‘2252, choose
€ € (0,8log, e) and assume the Kolmogorov complex-

ity, K(Fe ), of Fep satisfies the following condition:

3k >0, 3L, such that Vn > Le .,
K(F..)

klogomn
— —¢

< Blogy e+ (2)

Define My, = {P : P € M* and the corre-
sponding F satisfies condition 2}. Then, for n >
max{Le ., 2T10g€73QJ}’ there exists a family of causal
subsequence selection rules Yy, depending only on o,

k and €, such that VM, VP € M%:

P(X™: [ch(M)]* D My, P D Mp) >1-34

where v = 0‘2262 — B and 6 = 2&n"e” ",

Remark 1 Note that the fraction of times a mea-
sure in M\ My is used to generate an outcome in a
sequence X™ is upper bounded by (1/f). Therefore,
for f sufficiently large it is reasonable to expect that
such measures may not be estimated.

Proof: Define a family of selection functions, V¢,

that corresponds to F¢ , as follows: ¥g = {@Z-G, for
1 <9< N}, where, for 0 <j <n-—1:
1 () =
G Jy = €,n 7
v’ (27) { 0 otherwise. (3)

As each ¢ is a function of F, ,, and y;, and [log, Q]
is an upper bound on the number of bits necessary to
specify the index i of the particular measure u;, the
Kolmogorov complexity, K (%), of ¢ satisfies:

max K(pf) < K(F.,,) + [log, Q.] (4)

It then follows, from our hypothesis, that for 1 <
i < N. and Vn > Lo ., K(¢$) satisfies the following



condition:
%%G) < Blogy e+ rlogam _ €+ LOgZQJ
Therefore, for n > max(L. ., 2rlogéi?QJ):
K(:”G) < Blog, e+ rlogyn _ %/

Let Uy consists of all rules of Kolmogorov complexity
less than or equal to fnlog, e+ k log, n—1. Note that
since for n > max{L¢ , M} 2 > 1, it follows
that ¥y includes U for n large enough

As ||Uy|| < 2nBloszetrlogsn — prefn ;= an and
7= %5= — >0, by the causal faithfulness theorem,
for any P € M*:

P(max {d(Fi, n, Vo) : Apn 2 m} 2 €) < 2n"e” "
VY ’ '

Note that, since for o = (f N '), we know that for all
X", there exists ¢ such that )\ S >m,as Vg C Uy,
we have that for all X™ the maxunum above is taken
over a non-empty set.

To prove the theorem, let ¢’ be as defined in equation
3, then for a fixed X™, by definition of M, Vv € My,
Ju; € M, such that d(v, u;) < € and /\wf",n > m (Note
the index ¢ depends on X™). Then, using the triangle
inequality property:

sup d(l/ :uap n) < sup d(ﬂ“ap 77,7v<,o7c,n)+
veEM; veEM; .

+ sup dulcnaMJ'+ Sup dUh, )
veEM;y veEM;y
Since V¢ ,, is the time average of the actual measures
selected by F'in the ball B(e, ), d(Vyo ,,pi) < €,
and as Vg C Yy, the following holds,

{xn. Iﬁ%ﬁ{d(“%"’v%") fApn >m} < e} C

sup m\llln 1dW, By )t Apn > m} < 3e}. (5)

c{Xx":
veM; PEYU

Equation 5 implies,
{X" s max {d(fiy , Vpn) : Apn > m} < €} C

peYy

C X" [h(M)]* D [Mu, ]* D M} (6)

Theorem 2 follows from the causal faithfulness
Theorem 1. [

The problem with the sort of estimator provided by
the above theorem is that although it is able to make

visible all measures in M that appeared frequently
enough in the process, it is only guaranteed to be
included in an enlarged neighborhood of M’s convex
hull and in some cases this can be rather larger than

M.

The following section proves a theorem that given x™
provides a methodology for finding a universal family
of subsequences, W(x™), that is both able to make visi-
ble all measures in M that appears frequently enough
in the process and contain only these subsequences
whose empirical time averages are close enough to
measures in M with high probability. We call this
family strictly faithful.

4 Strictly Faithful Family of
Subsequences

In this section, we propose a methodology for finding
a set of strictly faithful family of subsequences that
can both make visible all measures that are used fre-
quently enough in any chaotic probability source M
and contain only these subsequences whose empirical
time averages are close enough to M with high prob-
ability.

The problem with the set of rules Uy is that it may
contain rules that are not homogeneous, i.e., rules
that select a subsequence generated by mixtures of
measures f;’s. In our proposed methodology in this
section, we will analyze each rule ¢ € WUy with a uni-
versal family U}, (see definition below) and include ¢
in (z™) only if it is homogeneous. As U}, is universal
for the subsequence selected by ¢, it will be able to
identify if it is or not homogeneous with high prob-
ability. Thus, our family of sequences ¥(z") is con-
structed in a two-stage process: first we consider the
family of selection rules Uy which consists of all rules
of at most a certain complexity value which is able to
make M visible; then we filter the rules contained in
Uy so that it contains only homogenous subsequences
whose relative frequencies are close enough to a mea-
sure in M.

The following theorem proves the desired result, i.e.,
if the Kolmogorov complexity of the chaotic measure
selection function is not too high and we have a long
enough data sequence, with high probability we can
make visible all and only measures that were used
frequently enough in the sequence.

Theorem 3 Choose f > 1, a; = (fN)™ L, ay =
N7! and let m = ayn. Define Mp={v:veMand
Ju; € M such that d(v, ;) < € and p; is selected at
least m times by F.p } and Mc 5 = {p; : pi € M.
and p; is selected at least aom times by Fe , }. Given

ajage 0,3logye) and

B smaller than =5*—, choose € € (



assume the Kolmogorov complezity, K(F. ), of Fepn
satisfies the following condition:

dk >0, 3L such that VYn > Le 4,

K(F.n) klogsm ,
— o — = ¢
n

< Blogy e+ (7)

Define Mp = {P
sponding F satisfies condition 7}.

P e M* and the corre-
Then, for n >
max{Le ., 2(1025673@1}’ for each x™, there exists a fam-
ily of subsequences VU (x™), depending only on a1, o,
K and €, such that VM and VP € M%:

P{X™: sup min
/LEMf VGMQ,(Xn)

d(p,v) < 3ejn

N{X": max min d(p,v) < 6e}) >1— 6,3
VEM\I/(X’!L) /J‘EMﬁyf

2 22
where y1 = 2= — 3, S¢ = min{Q.,n"e¢’"} and
01 = 4£S.nfe~Mm,

5 Conclusions and Future Work

We proposed a methodology for finding a universal
family of subsequences that can strictly make visible
all, and only these, measures in any chaotic probabil-
ity source M.

This is an important conceptual result that can pro-
vide alternative mathematical methods for analyzing
time series data. We believe our capacity for recog-
nizing new phenomena is conditioned by our existing
mathematical constructs. Although, we do not have
any real world example that supports our model, as
development of the theory evolves, we expect to be
able to identify phenomena with this new set of math-
ematical tools.

Although theoretically this is an important result,
the procedure is not yet useful to apply in practi-
cal problems. First there is the issue of well-known
non-computability of Kolmogorov complexity, but as
pointed out by an anonymous referee, this could in
principle be resolved since we only need an upper
bound on its value to apply our result. The real prob-
lem is that F, is unknown. Our results guarantees
that if the phenomena is not too complex, then we will
learn it. But, we do not know usually how complex
it actually is. Fierens [3] did some numerical exam-
ples of chaotic probability estimation from simulated

31f ¥(X") = 0, we adopt the following con-
vention: SUP e p minyeM@ d(p,v) = oo and

max, ¢ v, mingem, ; d(p,v) = 0.

sequences, but he focused on different family of rules
that are not universal as the ones we propose.

On another front, much of the work done on chaotic
probabilities focused on the univariate case. Al-
though Fierens [3] also proposes a model for condi-
tional chaotic probabilities, it is not clear that his ap-
proach to deal with the multivariate case is the most
appropriate one. Finally, in order to build a complete
theory of chance phenomena, the concepts of expecta-
tion and independence must be studied in this frame-
work.

Appendix: Proof of Theorem 3

Proof: Let Uy be as in the proof of theorem 2. Let
Wy consists of all rules of Kolmogorov complexity not
greater fnlog, e + klogyn — 1. From the hypothesis
of the theorem 3 and from the proof of theorem 2, we
know if n > max{Le x, 2“0%57?6251}, Vo C Uy,

Define ¢; - ¢; to be the selection rule that selects a
term xj, if and only if both ¢; and ¢; select it. For
each ¢ € Uy, define:

U8 ={pf 9,1 <i< N}
U ={¢p-p:0c Uy}

Again, from the hypothesis of the theorem 3 and from
the proof of theorem 2, Vo € Uy, WE C U7,

The basic technical idea in the proof is to bound the
distance we want to calculate using the triangle in-
equality property, so that we are left with distances
that are of one of the following forms: distances be-
tween empirical and theoretical time averages taken
along the same subsequence (d(f,7)), for which we
can apply the causal faithfulness result; distances be-
tween a subsequence selected by ¢f, or any further
subsequence of it, and the measure p;, which, by def-
inition of ¢, is less than e; or distances that can be
calculated from properties of My, M, ¢ or My, .

For each x™, consider the following construction of
U(z"):

o V(z") = {}
e For each ¢ € ¥y such that Ay »(2™) > m
- my = aAon

- If manBG‘I/f, {d(ﬁ¢,n?ﬁ¢7n) :
Ao > mi} < 4de

* U(a™) = U(a") U{p}




Note that, for a; = (fN;1), we know that for all
X", there exists ¢ such that /\%G,n > m, then we have
that, for all X", My # 0 and M, s # 0. And for
as = N1, we know that for all X” and for all ¢,

€
there exists 7 such that A ¢ > mf, and also since

P en
Ve C Yy, Vi, Jo E \I/% such that ¢ = ¢, so for

¢ = % y Apn > m1 = ag), G n This implies most
of the maximumes in the followmg proof are taken over
a non-empty set.

But, by the above construction of W(x™), it is possible
that there exists some z™ such that ¥(2") is empty
in such case remember our convention:

oo and max min d(p,v)=0

sup min d(p,v) = nax min
v 0 €,

HEM; VGMQ)

First, we are going to prove the following Lemma, 1.
In the first part of the proof, we want to verify that all
measures in ¥ that can make visible a part of M
are included in ¥(z™). The second part verifies that
in all subsequences in ¥(z™), the underlying measures
that generated each term of the subsequence are con-
tained in a small neighborhood of each other, i.e. the

subsequence is homogeneous.
Lemma 1

{{X": max max {d(u¢n,V¢,n)5
¢€‘1’ v

G
)‘gaic,n Z m, )\¢,n Z mll } < e}ﬂ

ﬂ{X” : miax ;g%ﬁ{d(ﬁ%c.%n,ﬁ%c.%n) :

/\ n > m, A G,

P <p71—m1}<€}}c

C{{X": sup min d(p,v)<3eiN

HEMfvEMy (xn)

N{X": max min d(p,v) < 6e}}
VEMI(X”) HEM ¢

Proof of Lemma: Let’s first consider the event
{X™ : supen, minueM\p(de(/“"V) < 3e}. From
theorem 2, we know we will be able to make visible
all measures in M if Vi such that Aw?,n > m, the
empirical and theoretical time averages on the subse-
quence selected by ¢f are close enough; and if ¢ is
included in ¥(z™).

Then note that VA C P and VO > 0, if Vu € A,
Ji such that A ¢, = m and d(p, ﬁw ¢ ) < 0; and if
Vi such that )\ ¢ , = m implies ©¥ € W(X™), then
Yue A dp e \I/(X") such that d(u,fi, ,) < 0. This,
by definition of ¥(X™) and M\I;(Xn ), is equivalent to

the following expression:

{{Xn : Zup mzln{d(,u,ﬁ%c,n) : Aap?,n

>m} < 0N

n{x": max max {d(/% ns PG on)
¢E\I/

G
A Gon > m, /\¢,n > me } < 46}} C

Pi
C{X":sup min d(p,v) <6} (8)

HEAVEMy (xn)

In order to prove Lemma 1, let A = M; and
6 = 3c. We will now prove that the event {X™ :
sup,e aq, ming{d(p, Bye ) © Age ,, = mp < 3e} oc-
curs if V¢ such that Awf,n > m, the empirical and
theoretical time averages of the subsequence selected
by ¢§ are close together. By the triangle inequality,
we know:

d(ﬂﬂ ﬁaplcn) < d(ﬁgoic,n’ ﬁgof,n) +d(vtp?,n> /~L1) +d(,u‘27 M)

By definition of ¢, d(Vy6 s i) < €. For all X",
by definition of My, Yu € My, 3u; € M. such that
d(p, i) < € and A, = m, the previous triangle
inequality implies that:

c{X":

S >m} <e} C

sup mm{d(u FipG n)  Ap6 n = m} < 3e}.
neM; '
(9)

We will now prove that the condition for ¢ be in-
cluded in ¥(z") is implied by causal faithfulness of
G

7% the universal family with which we analyze
the subsequence selected by ¢f. In fact, expression
12 below will guarantee that if for all ¢ such that
Ay n 2 M, the family \Il‘,? is faithful then M s can be
made visible by ¥(z™). Again, use triangle inequality
property to obtain:

d(ﬁzf),n’ ﬁ(p?,n) < d(ﬁq&,n?P@%n) + d(quﬂ“ /J’Z)+

+d(,u’i7vgp1c,n> + d(vap?,rwﬁgpic,n)'
Since by definition of ¢

G
definition of ¥}, for ¢ € \IIU’ , d(u¢’n,ui) < e, if
we assume the two remaining terms in the previous

d(,ul,z/ ¢n) < € and by



triangle inequality are less than €, we have:
{{X™: max max {d(u¢n7u¢n) :
(ISR o
G
Ay G =M, )\¢n2m%}<e}ﬂ
N{xX": max{d(,ug, Gy VG n) 1 ApG = m} < €t} C

C {Xn max max {d(:u‘¢ na,uga 71) :
Yopev?

G
AgG o =My Agn =My’ } <de}. (10)

But the first event in the previous expression is in-
cluded 1n the second because as Vg C \IJU, Vi,

EI(bE\I/% such that ¢ = %, so, as A oCm zml’ =
ag)\@c nt
{X™: max max {d(ﬂ¢n,y¢ n)
Cogeusf
G
ApG o 2 My Agn 2my" } <€} C
c{x": max{d(,uy, Gy VG )t ApG 5 2 M} < €}

(11)

From expression 8(with A = My and 6 = 3¢), 9, 10
and 11, we get:

{X": max max {d(u¢n,u¢ n):
d>€‘ll

G
ApGn 2 My Apn 2 mi' } < e} C

C{X"™: sup min d(u,v)<3e}. (12)

HEMf VGM\p(Xn)

Observe that:

m?“X Iggé({d(ﬁga?»cp,n>vcpicwp,n) : /\Lpicwp,n > mf} =0
m N - L
and m?‘X r;lgq})({d(l%,mlh) . /\LpiG-Lp,n > ml} =0.

Let’s find a subset of the last event on Lemma 1. Con-
sider ™ such that ¥(x™) # 0, otherwise note that the
cases where U(z™) = (), by our convention, do not
contradict the expressions 13 or 14, given below.

We will now prove that if all rules of the form % - ¢,
where ¢ € U(X"), are faithful, then Vo € U (X"),
i, is close enough to a measure in M. ¢. The rea-
soning behind the proof is as follows: as we know
Vi € W(X"), i such that A,c.,,, > m{, then there
are two possible cases, either only one measure ; sat-
isfies this condition or more than one satisfies.

If only one u; satisfies A\ c.,, > m{, then by
definition of ¥(z"

/)7 d(ﬂtp,naﬁgp?-g&,n) < e SOa

faithfulness of rules of the form ¢f - ¢ implies
A(Fiy6.pms VG .pn) < € and by definition of 0§,
AV .o 1) < € And as Ay, > Ao, 2 mf =
QoApn = Qom, fi; € Me g, 50 [i,,, 18 close enough to

pi € M ¢, as desired.

If 3p € ¥(z™) such that more than one measure u;
satisfies A, = m{ (call two of these indexes i

and j), then if all rules of the form ¢ - ¢ are faithful,
triangle inequality and the definition of ¥(z™) will
imply d(pi, pj) < 12¢ and this implies 7, ,, will be
within 6e of a measure in M, s. Let’s see a formal
proof. By triangle inequality, we have:

max max d Si) <
1X¢e\11()}((") (Htpn ,LL)

<max max d(@ I
T pew(XM) Pl Fio o)

+max max d(@c. V,G.pon)T
S ew(Xn) (Fp6-pns VoG pin)
+max max d(V,o.p o Hi)

i eV (X™)

Then note that, by definition of Mq,(xn), Vv €
M\p(Xn), Jp € W(X") such that v = [i,, ,(A\pn = m
since ¢ € ¥(X™)).

Then notice that by definition of ¢§, d(7 VG oy i) <

e and by definition of ¥(X"), Vo € ¥(X"), if
ApGpm = m{ then Ad(Fp s PpS.pn) < 4€ and as
we know that Vo € U(X"), Va™, Ji(p) such that
)\“’z‘cfw'“"’” > my = asly, > asm, then by defini-
tion of Mc ¢, pi(p) € Me . So, the previous triangle

inequality implies that:

B e 2% VA efpm Voon)
ApGpm = Mi} <€} C

Cc {X"™ :ma a ATy s i) -
(X" max max {d(fpn i)

ApGpn = mi } < 6e} C

C{X™: max min {d(v,u)} <6e} (13)
VGM\p(xn)“eM

Finally note that, by definition of W¥(X™), since
U(X™) C Uy and Y € U(X™), Ayp > me

U

{xX™: max ;Iela?é{d(i $Gpn)

HoG.oms

ApGpn = M Apn > m} < e} C
C{X" :max ma d
{ iX%m(gg"){ (7.

)\@G o n>mit<el (14)

H8 oo Vso?%n) :

Expressions 12, 13 and 14 prove the lemma. [J



Applying the causal faithfulness theorem, since
G

Vel = Ne < Se and ||[U7 || = ||[Ty]| < ntem,

we have:

PUX™ s max (A7 )

)\ga,n > m, )‘gp?~gp,n

2,22
—e“ajasn

2

>mi} <e}) =

> 1-2¢n" S exp( ) =1-2&n"S.e™ "

(15)

PH{X - max maxc{d(ﬁd)’n,ﬁqb,n) :

vl
G
)\%cm >m, g >my' } < e})>
2.2 2
, —efajasn ,
> 1-2¢n"S, e exp(%) =1-2¢n"S.e M"

(16)

Equations 15, 16 and Lemma 1 prove the theorem. [J
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