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Abstract plored in model-theoretic probabilistic logic, ranging from
constraints for unconditional and conditional events to rich
languages that specify linear inequalities over events (see
especially the work by Nilsson [33], Fagin et al. [14],

In previous work, | have introduced nonmonotonic prob-
abilistic logics under variable-strength inheritance with

overriding. They are formalisms for probabilistic reason- Dubois and Prade et al. [11, 12], Frisch and Haddawy [16],

ng frOfT‘_ S(_ats of strict lOQ'Ca.I’ default logical, e_md default and the author [27, 28]). The main decision and optimiza-
probabilistic sentences, which are parameterized through

a value) € [0, 1] that describes the strength of the inher- gﬁ: p;c:fcl%?]s ||r(1) ﬁgﬁ’iﬂ'ﬁgc Jzalgeafnge;?rgn?Jtisr?tlstiﬁit
itance of default probabilistic knowledge. In this paper, Y, glog q ' puting tig

| continue this line of research. | present algorithms for logically entailed intervals,
deciding consistency of strengthand for computing tight For example, a simple collection of conditional con-
consequences of strengthwhich are based on reductions straintsKB may encode thstrict logical knowledgéall
to the standard problems of deciding satisfiability and of eagles are birds” and “all birds have feathers” as well
computing tight logical consequences in model-theoreticas thepurely probabilistic knowledgébirds fly with a
probabilistic logic. Furthermore, | describe an implemen- probability of at leas).95”. This KB is satisfiable, and
tation of these algorithms in the syste&mPROBLOG. some logical consequences in model-theoretic probabilis-
tic logic from KB are “all birds have feathers”, “birds fly
Keywords. Model-theoretic and nonmonotonic probabi- with a probability of at least.95”, “all eagles have feath-
listic logics, qualitative reasoning about uncertainty, prob-ers”, and “eagles fly with a probability betweérand1”;
ability rankings, algorithms for manipulating imprecise in fact, these are the tightest intervals that follow fré&if.
probabilities, convex sets of probability measures. That is, we especially cannot conclude anything frais
about the ability to fly of eagles.

1 Introduction A closely related research area is default reasoning from

conditional knowledge bases, which consist of a collec-
During the recent decades, reasoning about probabilitiesion of strict statements in classical logic and a collection
has started to play an important role in artificial intelli- of defeasible rules, also called defaults. The former must
gence (Al). In particular, reasoning about interval restric- always hold, while the latter are rules of the kid— ¢,
tions for conditional probabilities, also called conditional which read as “generally, i$ thent.” Such rules may
constraints [28], has been a subject of extensive researchave exceptions, which can be handled in different ways.
efforts. Roughly, a conditional constraint is of the form
(¥]#)[l, u], wherey and¢ are events, anfd, u] is a subin-
terval of the unit interval0, 1]. It encodes that the condi-
tional probability ofy given¢ lies in [, u].

The literature contains several different proposals for de-
fault reasoning from conditional knowledge bases and ex-
tensive work on its desired properties. The core of these
properties are the rationality postulates of SystBniby
An important approach for handling conditional con- Kraus, Lehmann, and Magidor [22], which constitute a
straints is model-theoretic probabilistic logic, which has sound and complete axiom system for several model-
its origin in philosophy and logic, and whose roots can theoretic entailment relations under uncertainty measures
be traced back to already Boole in 1854 [10]. There ison worlds. They characterize model-theoretic entailment
a wide spectrum of formal languages that have been exunder preferential structures, infinitesimal probabilities,
o , _ possibility measures, and world rankings. As shown by
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sures. See [5, 17] for a survey of the above relationships. herited down to the subclass of all penguins) and “gener-
ally, red birds fly” (since the property of being red is not
mentioned at all above, and thus should be irrelevant to the
ability to fly). In weak nonmonotonic probabilistic logics,
we can deal with all the above sentences. In particular, the
notion of probabilistic lexicographic entailment also pro-
duces all the above desired conclusions.

Mainly to solve problems with irrelevant information, the
notion of rational closure as a more adventurous notion
of entailment was introduced by Lehmann [25]. 1t is
equivalent to entailment in Systeffi by Pearl [35] and

to the least specific possibility entailment by Benferhat
et al. [4]. Finally, mainly to solve problems with prop-
erty inheritance from classes to exceptional subclasses A Companion paper [30] preserggong nonmonotonic
some more sophisticated notions of entailment were proprobabilistic logics which are similar probabilistic gen-
posed, including the notion of lexicographic entailment by eralizations of default reasoning from conditional knowl-
Lehmann [26] and Benferhat et al. [3]. edge bases. They are, however, quite different from the
ones in [32] in that they allow for handlirdefault purely
probabilistic knowledgerather thar{strict) purely proba-
bilistic knowledgein addition to strict logical knowledge
and default logical knowledge. For example, they allow
for expressing sentencegéeénerally birds fly with a prob-
sgenerally, birds fly” and “generally, birds have wings” ab!l?ty of at Ieasi().95,"’ rathgr_ than “birds fly with a prob-
(which both belong tokB), “generally, ostriches have ab!llty of at IeastO.QB . Intumvel'y., the former means that
wings” (since the set of all ostriches is a subclass of the seP€iNg able to fly with a probability of at leastys should

of all birds, and thus ostriches should inherit all properties@PPly 10 all birds and all subclasses of birds, as long as

of birds), “generally, ostriches do not fly” (since properties this i.s consisten';,. while the latter says that being able to
of more specific classes should override inherited proper !y With & probability of at leas.95 should only apply to

ties of less specific classes), and “generally, red birds fly”all birds. This is why the formalisms in [30] are generally
(since “red” is not mentioned at all iR B and thus should ~ Much stronger than the ones in [32].
be irrelevant to the ability to fly of birds).

For example, a conditional knowledge bas& may en-
code thestrict logical knowledgéall ostriches are birds”
and thedefault logical knowledgégenerally, birds fly”,
“generally, ostriches do not fly”, and “generally, birds have
wings”. Some desirable conclusions froRB [21] are

e Finally, the papers [31] defineonmonotonic proba-

There are several works in the literature on probabilisticbilistic logics under variable-strength inheritance with
foundations for default reasoning from conditional knowl- overriding which are a general approach to nonmonotonic
edge bases [1, 34, 9], on combinations of Reiter’s defaulfrobabilistic reasoning, which subsumes the approaches
logic with statistical inference [24, 37], and on a rich first- in [32] and [30] as special cases. Roughly, these for-
order formalism for deriving degrees of belief from sta- malisms also allow for handlinstrict logical knowledge
tistical knowledge including default statements [2]. A se- default logical knowledgeanddefault purely probabilis-

ries of recent papers has proposed combinations of modefic knowledge but the inheritance of purely probabilistic
theoretic probabilistic reasoning from conditional con- knowledge is controlled by a strengtre [0, 1]. ForA =0
straints with default reasoning from conditional knowl- (resp.,A=1), these formalisms coincide with the weak

edge bases, which are summarized as follows: (resp., strong) nonmonotonic ones in [32] (resp., [30]).
For example, suppose that we have the default probabilis-

tic knowledge “generally, yellow objects are easy to see
with a probability betweefi.8 and0.9”. In nonmonotonic

eE>robabilistic reasoning of strength(resp.,0.5 and1), we
then conclude “generally, yellow birds are easy to see with
a probability in[0, 1] (resp.,[0.6, 1] and[0.8,0.9])".

e The paper [32] presentgeak nonmonotonic probabilis-
tic logics, which are extensions of probabilistic logic by
defaults as in conditional knowledge bases under Kraus
al.'s SystemP [22], Pearl's Systen& [35], and Lehmann’s
lexicographic entailment [26]. The new formalisms al-
low for expressing in a uniform framewosktrict logical

knowledgeandpurely probabilistic knowledgiom prob-  Tq date, however, there have been no algorithms for non-
abilistic logic, as well aslefault logical knowledgéom  monotonic probabilistic logics under variable-strength in-
default reasoning from conditional knowledge bases. Fomeritance with overriding. Furthermore, there have been
example, consider thstrict logical knowledg€‘all pen- g implementations, neither of these unifying formalisms,
guins are birds”, thelefault logical knowledgegenerally,  nor of the special cases of weak and strong nonmonotonic
birds have legs” and “generally, birds fly”, and therely  propabilistic logics. In this paper, | try to fill this gap. The

probabilistic knowledgépenguins fly with a probability  main contributions can be summarized as follows:

of at most0.05". Obviously, some desired conclusions

are “generally, birds have legs”, “generally, birds fly”, and e | recall the nonmonotonic probabilistic logics under
“penguins fly with a probability of at mogi.05”, since  variable-strength inheritance with overriding presented in
these sentences are explicitly stated above. Two othef31], namely, probabilistic entailment in Syster® of
desired conclusions are “generally, penguins have legs’strength A (or z)-entailmen} and probabilistic lexico-

(since the property of having legs of birds should be in- graphic entailment of strengtth (or lex)-entailmen}.



| also provide several new examples. A world I is a truth assignment to the basic eventsbin
. o . (that is, a mapping : ® — {true, false}), which is in-
e | present an algorithm for deciding consistency of ductively extended to all events as usual (thaf/{g,) =
strength A\, which is based on a reduction to deciding false, I(T)=true, I(-¢) =true iff I(¢)="false, and

satisfiability in model-theoretic probabilistic logic. | also I(¢ ANY) =true iff I(¢)=1(¢) =true). We denote by
present algorithms for computing tight entailed intervals 7, the set of all worlds ford. A world I satisfiesan
underzy- andlex »-entailment, based on reductions to de- event¢, or I is amodelof ¢, denoted! = o, iff 1(¢) =
ciding satisfiability and computing tight logically entailed true. A probabilistic interpretationPr is a probabil-
intervals in model-theoretic probabilistic logic. ity function onZy (that is, a mappingPr: Zs — [0, 1]
) o ] such that allPr(I) with I € Zg sum up to 1). Therob-

e | describe the systemmMPROBLOG, which includes im- ability of an events in Pr, denotedPr(¢), is the sum
plementations of these algorithms. Deciding satisfiabil- ¢ 4 Pr(I) such thatl € T and I |=¢. For eventsp

ity (resp., computing tight logically entailed intervals) in and ¢ with Pr(¢) >0, we write Pr(:|¢) to abbreviate

model-theoretic probabilistic logic are reduced to decid- Pr(¢ A ¢) / Pr(¢). Thetruth of logical constraints and
ing t.he splvability of a system of_ linear constraints (resp., probabilistic formulas® in Pr, denotedPr = F, is induc-
solving linear programs), which is done by “folve”. tively defined by: ()Pr = < ¢ iff Pr( A d) = Pr(¢),
. . . . iy P l,u] iff P =0 P 1,ul,
The rest of this paper is organized as follows. Section ZE::I)) P:';(:p}‘fi# nqé]t iDr |:7;£¢351nd (i?/; P:\(j(l?) Ae C[J) Tf]f

gives Solln':ﬁ tec?_nlcalogrellm(;?anes. tIn_ISecttlons d3t;1n_d 4py = F and Pr |=G. We sayPr satisfiesF, or Pr is a
we recall the notions ofy-andiexy-entaliment, and el ,q016f 1 iff Pr = F. It satisfiesa set of logical con-

semantic properties. In Section 5, we give somefurtherex-stramts and probabilistic formulag, or Pr is a model

gmp)t[es toglltastratgbth?hnotlcl)ns ".251' andflexa—er}(tjqnment. ._of F, denotedPr |= F, iff Pris a model of allF € F. We
ections escribe the algonthms for deciding Cor‘S'S'sayj’-‘ is satisfiableiff a model of 7 exists. A conditional

tency of strength\ and qomputlng tight .entalled intervals constraintC = ()[1, u] is alogical consequencef F,
underzy- andlexy-entailment. In Section 7, we present denotedF |= C, iff each model ofF is also a model of’
the systenNMPROBLOG. Section 8 summarizes the main Itis atight Iogic’al consequenaet , denoted| =y C,

results and gives an outlook on future research. iff 1= inf Pr(v|6) (resp.,u — sup Pr(i|6)) subject to
all modelsPr of F with Pr(¢) > 0. Here, we definé=1
2 Preliminaries andu = 0, when no such modéPr exists.

) ) o A probabilistic knowledge bas&B = (L, P) consists of
In this section, we recall probabilistic knowledge basesg finite set of logical constraints and a finite set of con-
and the main concepts from model-theoretic probabilis-gjtional constraints”. We sayKB is satisfiableiff LU P
tic logic. Furthermore, we define the monotonic notion s satisfiable. A conditional constraifit is alogical con-
of logical entailment of strength € [0, 1]. sequencef KB, denotedkB ||=C, iff LUP|=C. Itisa

tight logical consequencef KB, denotedKB |=y;q1: C,

Probabilistic Knowledge Bases. We now recall proba-  iff L U P |, C. The following example illustrates the
bilistic knowledge bases. We start by defining logical con- syntactic notion of a probabilistic knowledge base.
straints and probabilistic formulas, which are interpreted

by probability distributions over a set of possible worlds. Example 2.1 The strict logical knowledge “all penguins

are birds”, the default logical knowledge “generally, birds
We assume a set dfasic eventsb = {py,...,p,} with have legs”, and the default purely probabilistic knowl-
n>1. We usel andT to denotefalseandtrue, respec- edge “generally, yellow objects are easy to see with a
tively. We defineeventsby induction as follows. Ev- probability between 0.8 and 0.9”, “generally, birds fly
ery element ofpU{L, T} is an event. If¢ and are  with a probability of at least 0.9”, and “generally, pen-
events, then alse¢ and(¢ A v). A conditional events guins fly with a probability of at most 0.1” can be ex-
an expression of the form|¢, wherey and¢ are events.  pressed by the probabilistic knowledge b&de = (L, P),

A conditional constrainthas the form(y|¢)[l, u], where  whereL = {bird < penguin} and P = {(legs|bird)[1, 1],

v and ¢ are events, and,u € [0,1] are reals. We de- (see|yellow)[.8,.9],(fly|bird)[.9,1],(fly|penguin)[0,.1].

fine probabilistic formulagy induction as follows. Every

conditional constraint is a probabilistic formula. Afand Logical Entailment of Strength A\. As a first step to-
G are probabilistic formulas, then als@®’ and (F' A G). wardszy- andlexy-entailment in Section 3, we now de-
We use(F' Vv G) and(F < G) to abbreviate-(~F A =G) fine the monotonic notion dbgical entailment of strength
and—(—F A G), respectively, wherd” andG are either A €]0,1]. It already realizes an inheritance of default
two events or two probabilistic formulas, and adopt the purely probabilistic knowledge controlled by, But, in
usual conventions to eliminate parenthese&gdical con- contrast toz,- andlexy-entailment, it has no overriding
straintis an event of the fornp < ¢. mechanism, and this often produdesal inconsistencies



In the sequel, we use = )\ to abbreviate the probabilis-
tic formula—(¢| T)[0,0] A (¢| T)[A, 1]. Informally, for any
probabilistic interpretatio®r that satisfieg = J, it holds
that Pr(¢) >0, if A=0, and Pr(¢) > A, otherwise. We
define the notion dbgical entailment of strength € [0, 1]
(or simply A-logical entailmentas follows. A conditional
constraintC = (¢|¢)[l, u] is a A-logical consequencef
KB=(L,P), denoted KB |=*C, iff LUPU{¢=\}
|=C. 1t is atight M-logical consequencef KB, de-
notedKB |4, C. iff LU P U{¢ = A} [Frign: C.

Example 2.2 Let KB be as in Example 2.1. Some tight
logical consequences of strengttamong0, 0.2, 0.4, 0.6,

(resp., falsifies)v|¢)[l,u] and satisfiess = \. A set of
conditional constraintg® A-toleratesa conditional con-
straintC' under a set of logical constraintsiff LU P has a
model that\-verifiesC. We sayP is underL in A-conflict
with C' iff no model of L U P A-verifiesC. A conditional
constraint ranking on KB = (L, P) is A-admissiblawith
KB iff every P’ C P that is underL in A-conflict with
someC € P contains somé€" such that (C") < o(C).

We are now ready to define the notion bfconsistency.
We say KB is A-consistentff there exists a conditional
constraint ranking on KB that isA-admissible withX B.

The following theorem characterizes theconsistency

0.8, and1 are shown in Table 1 (less desired intervals areof KB through the existence of an ordered partitiorof

bold). We observe an inheritance of default logical knowl-
edge along subclass relationships, which is independenT
from \. E.g., the default logical property of having legs is
inherited from birds down to yellow birds. Furthermore,
we observe an inheritance of default purely probabilistic
knowledge along subclass relationships, which depends o
the strength\. E.g., being easy to see with a probability

in [.8,.9] is inherited from yellow objects down to yellow
birds, but the new intervals afe, 1], [0, 1], [.5, 1], [.67, 1],
[.75,1], and [.8,.9], respectively. Finally, forx >1/9,

heorem 3.1 A probabilistic knowledge basEB = (L,
P) is A-consistent iff an ordered partitio0F, ..., P)
of P exists such that eacR;, 0 <i <k, is the set of all
C e U:_, P; that are \-tolerated undetZ. by | J}_, P.

Hhe unique ordered partitioPy, ..., P;) of P in The-
orem 3.1 is called thezy-partition of KB = (L, P).
Hence,KB is A-consistent iff itsz)-partition exists. The
following example shows somg -partitions.

there are local inconsistencies related to penguins (as béexample 3.2 Let KB = (L, P) be as in Example 2.1. For

ing able to fly with a probability of at leaét9 is inherited

every\ € [0,1/9], thez,-partition is given by Fy) = (P).

from birds down to penguins, and there it is inconsistentFor every A€ (1/9,1], the zj-partition is given by

with being able to fly with a probability of at most1).

Strength\

0 02 04 06 08 1
legs|bird L1 LY LY L1 L1 L1
legs|yellowAbird 1,1] [1,1] [1,1] [1,1] [1,1] [1,1]
legs|penguin [1,1] [1,0] [1,0] [1,0] [1,0] [1,0]
legs|yellowApenguwin [1,1] [1,0] [1,0] [1,0] [1,0] [1,0]
fly|bird [.9,1][.9,1] [.9,1] [.9,1] [.9,1] [.9,1]
flylyellowAbird [0,1] [.5,1][.75,1][.83,1][.88, 1] [.9, 1]
flylpenguin [0,.1] [1,0] [1,0] [1,0] [1,0] [1,0]
flylyellowApenguin_[0,1] [1,0] [1,0] [1,0] [1,0] [1,0]
see|yellow [.8,.9]].8,.9][.8,.9] [.8,.9] [.8,.9][.8, .9]
see|yellowAbird [0,1] [0,1] [.5,1] [.67,1][.75,1][.8,.9]
see|yellowApenguin [0,1] [1,0] [1,0] [1,0] [1,0] [1,0]

Table 1:Some tight\-logical consequences.

3 Nonmonotonic Probabilistic Logics

In this section, we recall the notions of- and lex)-

(Po, P1) = (P \ {(flylpenguin)|0, 1]}, {(fly|penguin)
[0,.1]}). Thus,KB is A-consistent, for al\ € [0, 1].

It can also be shown thdtB = (L, P) is A-consistent iff
a probability rankings exists that ishA-admissible with
KB. Formally, aprobability rankingx maps each prob-
abilistic interpretation oy to a member of0,1,...} U
{oo} such thatx(Pr) =0 for at least one interpretation
Pr. It is extended to all logical constraints and proba-
bilistic formulas F' as follows. If F' is satisfiable, then
k(F)= min{k(Pr)| Pr = F}; otherwises(F)=o00. A
probability rankingx is A-admissiblewith a probabilis-
tic knowledge base&(B = (L, P) iff x(—F)=oc for all
FelL and k(¢ =) <oo and k(¢ = AA (¥]9)[l,u]) <
k(¢ = AN (4]8)[1, u]) for all (¢]¢)[l, u] € P.

System Z of StrengthA. We next recall the notion of
zx-entailment) € [0, 1], for A-consistentXB = (L, P).

It is linked to a conditional constraint ranking on KB
and a probability ranking**. Let (P, ..., Py) be thez)-

entailment from [31]. They are parameterized through apartition of KB. For everyj € {0, ..., k}, eachC € P;is

value X € [0, 1] that describes thetrengthof the inheri-
tance of default purely probabilistic knowledge.

Consistency of StrengthA. We now recall the notion
of consistency of strength (or A\-consistency) for proba-
bilistic knowledge base&B = (L, P).

A probabilistic interpretatiorPr A-verifies(resp.,\-falsi-
fieg a conditional constrainty|¢)[l, u] iff Pr verifies

assigned the valugunderz,. Then,x** on all probabilis-
tic interpretationsPr is defined as follows:

00 if PrjEL
kA (Pr) = {0 if Prie LUP
1+ max 2z)(C) otherwise.
CeP: PriEC

The probability ranking:** defines a preference relation



on probabilistic interpretations: For probabilistic interpre- Lexicographic Entailment of Strength A.  We finally

tations Pr and Pr’, we say Pr is zy-preferableto Pr’

iff x*>(Pr)<r(Pr'). A model Pr of a set of logical

constraints and probabilistic formul&s is a z,-minimal
modelof F iff no model of F is z,-preferable taPr.

We are now ready to define the notion gf-entailment

as follows. A conditional constrainf = (v|¢)[l, u] is
a zy-consequencef KB, denotedKB |~ **C, iff ev-
ery zy-minimal model of LU {¢ = A} satisfiesC. It is
a tight zy-consequencef KB, denotedKB |~ 2, C,
iff 1= inf Pr(¢y|¢) (resp.,u= sup Pr(v|¢)) subject to
all zy-minimal modelsPr of LU{¢ = A}.

The following example shows that the notion of-

recall the notion oflex,-entailment for A\-consistent
KB=(L,P). Note that, likezy-entailment, it can also
be given in terms of a unique probability ranking 5.

We use thez,-partition (P, ..., P;) of KB to define

a lexicographic preference relation on probabilistic in-
terpretations as follows. For probabilistic interpretations
Pr and Pr’', we say Pr is lexy-preferableto Pr’ iff
somei € {0, ..., k} exists such tha{ Ce P;|Pr = C}| >
{CeP;| Pr' =C}| and|{CeP; | Pri=C}| = [{CeP; |
Pr'|=C}| for all i<j<k. A model Pr of a set of logical
constraints and probabilistic formul#sis alex ,-minimal
modelof F iff no model of F is lex \-preferable taPr.

entailment realizes an inheritance of default logical andWe now define the notion ofex-entailmentas fol-
default purely probabilistic properties from classes to non-lows. A conditional constrain® = (¢|¢)[l, u] is alex -
exceptional subclasses, where the inheritance of defaultonsequenceof KB, denoted KB |~ '“">C, iff every

purely probabilistic properties depends on the strength

lezx-minimal model of LU {¢ = A} satisfiesC. It is

However, z-entailment does not inherit properties from g tight jex,-consequencef KB, denotedkB wal_e% C,
classes to subclasses that are exceptional relative to somg ; — inf Pr(i|¢) (resp.,u= sup Pr(y|¢)) subljgelct to
other property (and thus, like its classical counterpart,y|| /e, -minimal modelsPr of L U {¢=\}.

shows the problem ahheritance blockiny

Example 3.3 Let KB= (L, P) be as in Example 2.1.

Some tightz,-consequences, wherec {0,0.2,0.4, 0.6,

The following example shows that the notion ffx -
entailment realizes an inheritance of default properties,
without showing the problem of inheritance blocking.

0.8,1}, are shown in Table 2. Observe that, in contrast to .
Table 1, there are no empty intervald /0]", that is, no ~ Example 3.4 Let KB =(L, P) be as in Example 2.1.
local inconsistencies. Then, observe that the default log=S0me tightex -consequences, wheke {0, 0.2,0.4,0.6,

ical property of having legs is inherited from the class of 0-8, 1}, are shown in Table 3. In particular, for every
birds down to yellow birds, independently froly while ~ StrengthA € [0, 1], the default logical property of having
the default purely probabilistic property of being easy to !€9s is inherited from the class of birds to the exceptional
see with a probability betweehs and0.9 is also inherited ~ Subclass of penguins, while the default purely probabilis-
from the class of yellow objects to yellow birds, but this is tic property of being easy to see with a probability between
controlled byA. Furthermore, for every strengt>1/9, 0.8 and0.9 is also inherited from the class of yellow ob-
these properties are not inherited down to the exceptional€cts to the exceptional subclass of yellow penguins.
classes of penguins and yellow penguins, respectively.

Note that for every strength < 1/9, the default logical Strength\
property of having legs is inherited down to penguins, ' 0O 02 04 06 08 1
since there is only some weak inheritance of default purely ‘¢9s|bird , [1,1] [1,2] [1,1) (1,1} [1,1] [1,1]
probabilistic knowledge, and thus no conflict between theizz}z;}ﬁ;z;\b"d H’H H’H H’H E’H E’H E’H
abilities to fly of birds and penguins. legs| yellow Apenguin [1:1] [1:1] [1:1] [1:1] [1:1} [1:1]
fly|bird [.9,1] [.9,1] [.9,1] [.9,1] [.9,1] [.9,1]
Strengthh fylyellowAbird  [0,1] [.5,1] .75, 1][.83, 1][.88, 1] [.9, 1]
. 0092 04 06 05 I fiy|penguin [0,.-1] [0,..1] [0,..1] [0,.1] [0,.1] [0,.1]
legs|bird L1 [L,1] [L,1] [L,1] [1,1] 1,1
egs| bin . (LA L1 1,1 1,1 1,1 f1,1) flylyellowApenguin [0,1] [0,.5] [0, .25][0,.17][0, .13] [0, .1]
legs|yellowAbird —[1,1] [1,1] [1,1] [L,1) [L,1] (L1 o ono 18, 918, 918, 9] [.8,.9] [.8,.9] .8, .9]
ﬁegsipe?lgmx , EH %g’ H %g’ H %g’ H {3’ H %g’ H see|yellownbird  [0,1] [0,1] [5,1] [.67, 1][.75, 1][.8, .9]
egs|yetlow/A\penguin 5 9 5 9 N 9 1l . 1 1 ) 111 111. 111.
AiyTbird 0101 [0.1] [0.1] [0.1] [0.1]  ‘elyetlownpenguin [0,1] [0,1] [5,1] [67,1][.75, 1][8, 9
flylyellowNbird [0,1] [.5,1][.75,1][.83,1][.88,1][.9,1] Table 3:Some tightex»-consequences.
fly|penguin [0,.1] [0,.1] [0,.1] [0,.1] [0,.1] [0,.1]
fly|yellowApenguin [0,1] [0,.5] [0, .25][0,.17][0, .13] [0, .1]

0

see|yellow [.8 8

see|yellowAbird [0,1] [0,1] [.5,1] [.67,1][.75,1][.8,.9]
0,1] [0,1]

[0,1] [0,1] [0,1] [0, 1]

Table 2:Some tightz,-consequences.

4 Semantic Properties

In this section, we briefly summarize some semantic prop-
erties ofA-logical, z)-, andiex y-entailment.



“ R is subset ofR>”

Ry ————— Ry

“ R, is special case aRy”

Figure 1:Relationships between probabilistic and ordinary formalisms.

General Nonmonotonic Properties. The notions ofi- consistency for sucliB coincides with the notion of-
logical, z,-, andlex-entailment all satisfy probabilis- (or alsop-) consistency for the default counterpart/oB.

tic versions of the postulateRight WeakeningReflexiv-

ity, Left Logical EquivalenceCut, Cautious Monotonicity  Relationship to G-Coherent Entailment. Similarly to
andOr proposed by Kraus et al. [22], which are commonly z,- andiex-entailment, one can also define a probabilis-
regarded as being particularly desirable for any reasonabléic generalization of entailment in Syste® of strength
nonmonotonic entailment [31]. All three notions also sat- A € [0, 1], called py-entailment which is strictly weaker

isfy the desirable property dtational Monotonicity22], than z)-entailment (see Fig. 1). However, since entail-
which describes a restricted form of monotony and allowsment in SystemP does not realize a general property in-
to ignore certain kinds of irrelevant knowledge. heritance along subclass relationships, als@ntailment

does not have such an inheritance, and in particular gen-
Relationships between Probabilistic Formalisms. As ~ €rally does not depend ok (see Table 4, which shows

for the relationships between the three formalisms, it holdsS°Me tightpy-consequences froft3 of Example 2.1).
that \-logical entailment is stronger than balir:- and For A =0, this notion ofp,-entailment coincides with the

2y-entailment. Moreoveigz,-entailment is stronger than  notion of g-coherent entailment (see, e.g., [9]).
zx-entailment. These relationships betweelogical, z) -,

andlezy-entailment are illustrated in Fig. 1. Strength)
0 02 04 06 08 1

In general, A-logical entailment is strictly stronger than iegs|bird [1,1] [1,1] [1,1] [1,1] [1,1] [1,1]
lex y-entailment, which in turn is strictly stronger than legs|yellownbird  [0,1] [0,1] [0, 1] [0,1] [0,1] [0, 1]
zx-entailment. However, in the special case whiea T, legs|penguin [0,1] [0,1] [0,1] [0,1] [0, 1] [0,1]
the three notions of\-logical, z,-, and lexy-entailment  legs|yellow Apenguin [0, 1] [0, 1] [0,1] [0,1] [0,1] [0, 1]
of (1)|¢)[1, u] from A-consistenk B = (L, P) all coincide. ~ flylbird 19, 1] [.9,1] [.9,1] [.9,1] [.9,1] [.9,1]
Furthermore, also whelk UP U {¢ = \} is satisfiable, ~JfiulvellowAbird [0,1] 10,1] [0,1] [0,1] [0,1] [0, 1]
the three notions of\-logical, zy-, and lezy-entailment Jly|penguin _ 10,.11[0,.1} [0,.1] [0,.1] [0, .1} [0, .1]
of (¥|¢)[l, u] from A-consistent B = (L, P) all coincide fiylyellowrpenguin_[0,1] [0,1] 10,1] [0,1] [0,1] [0, 1]
’ ’ ’ see|yellow [.8,.9][.8,.9][.8,.9][.8,.9] [.8,.9] [.8,.9]
see|yellowAbird [0,1] [o,1] [0,1] [0,1] [0, 1] [0, 1]
Probabilistic and Classical Special Cases.For A\=0,  see|yellowApenguin [0,1] [0,1] [0, 1] [0,1] [0,1] [0,1]

the notion of A\-logical entailment fromKB coincides
with standard logical entailment frodkB. For A=0
(resp.,A = 1), the notions ofx)- andlex -entailment co-
incide with weak (resp., strong) probabilistie and lez- 5 Further Examples

entailment introduced in [32] (resp., [30]). Furthermore,

for A= 0, the notion of\-consistency coincides with the |n reasoning from statistical knowledge and degrees of be-
notion of g-coherence (see, e.g., [9]). lief, z;- and lez;-entailment show a similar behavior as
As for classical special cases,- and lex-entailment referen.ce—class reasoning [23, 36] in a number of uncon-
of (8la)[1, 1] from A-consistent probabilistic knowledge troversial examples. But, they also aqu many drawbacks
bases of the formkB = (L, P), where P = {(v;|é:) of reference-class reasoning. In detail, they can handle
[1,1]|i € {1,...,n}}, coincide with the classical notions complex scenarios and even purely probabilistic subjective
of Pearl’'s entailment in Syster@ and Lehmann’s lexi- knowledge as input. Moreover, conclusions are drawn in
cographic entailment of the default— o from the de- a global way from all the available knowledge as a whole.
fault counterpart ofKB. Furthermore \-logical entail- See [30] for further deta_ils. The foIIowing example illgs—
ment of (8]a)[1, 1] from suchK B coincides with proposi- trates the use dkz;-entailment for reasoning from statis-

tional logical entailment of <= « from the propositional tical knowledge and degrees of belief.
counterpart ofKB (see Fig. 1). Finally, the notion of- Example 5.1 Suppose that we have the statistical knowl-

Table 4:Some tightp,-consequences.



edge “all penguins are birds”, “between 90% and 95% Some tight intervals forapp|leucahighA pain.rel and
of all birds fly”, “at most 5% of all penguins fly", and appleucahighA pain_rel Arec_pain, respectively, from
“at least 95% of all yellow objects are easy to see”. KB under A-logical, z,-, lexy-, and py-entailment are
Moreover, assume that we believe “Sam is a yellow pen-shown in Tables 6 and 7, respectively.

guin”. What do we then conclude about Sam’s property

of being easy to see? Under reference-class reasoning, Strengthi

which is a machinery for dealing with statistical knowl- 0 02 0.4 0.6 0.8 1

edge and degrees of belief, we conclude “Sam is easy |Frgn ][.08,.99][.38,.93] 48, .91] [.53,.9] .56, .9]

to see with a probability of at least 0.95”. This is ex- Mg ] [-08,.99] [.38,.93] [.48, .91] [.53, .9] [.56, .9]
]11.08,.99][.38,.93] [.48, .91] [.53, .9] [.56, .9]
]

[
[
actly what we obtain using the notion bfz; -entailment. I~ igne |
[ [0,1] [0,1] [0,1] [0,1] [0,1]

0,1

0,1

0,1
The above statistical knowledge can be represented by |~ signs (0,1
the probabilistic knowledge bas€B = (L, P), where
L = {bird < penguin} and P = {(fly|bird)[.9,.95],
(fly|penguin)[0,.05], (see|yellow)[.95,1]}. It is then
not difficult to verify that KB is 1-consistent, and that
(see|yellowApenguin)[0.95, 1] is a tight conclusion from

)

Table 6:Tight intervals forapp|leucahigh A pain_rel.

Strength\
0 02 04 0.6 0.8 1

: . s =2 1]]0,1] [.41,1] [.57,1] [.66,.92] [1,
KB under lex;-entailment. Some other tight intervals H_tzi?ff [0 1}{0, 1} [ 4L, 1] 57, 1}[.66,.92] [1, 0]
. . v jeo[0,1] [0, 1] [.41, 1] [.57, 1] [.66, .92] [.7, .75]
for see|yellowApenguin from KB under A-logical, zy-, Hvz‘iL [0, 1] [0, 1] [.41, 1] [.57, 1] [ 66, .92] [0, 1]
- - I i tight ’ ) EL I <00, . )
lex -, andpy-entailment are shown in Table 5. 25 0,1][0,1] [0,1] [0,1] [0,1] [0,1]
Strength\ Table 7:Tight intervals forapgleucahighApain_relArec_pain.
0 0.2 0.4 0.6 0.8 1
IFfgne [0,1] [1,0] [1,0] [1,0] [1,0] [1,0] .
hoieer [0,1][.75,1] [.88, 1] [.92, 1] [.94, 1] [.95, 1] 6 Algorithms
I~ ione [0,1] [0,1] [0,1] [0,1] [0,1] [0,1]
I~ i [0,1] [0,1] [0,1] [0,1] [0,1] [0,1] Algorithm consistency in Fig. 3 decides whether a given

probabilistic knowledge bas&B = (L, P) is A-consis-
tent. If KB is A\-consistent, thewonsistency also returns

] ) ) . the z,-partition of KB. It is similar to an algorithm for
The next example is from the area of medical diagnosis. deciding g-coherence by Biazzo et al. [8], which in turn is
Example 5.2 In a hospital, physicians have to diagnose a probabilistic generalization of an algorithm for deciding
whether patients with acute abdominal pain are sufferinge-consistency in default reasoning [20]. More precisely,
from appendicitis or not. Diagnosing appendicitis is a dif- if p—¢, then Step 1 returns the empty partition if L
ficult task, since a lot of different symptoms (_a_s, e.g., highjg satisfiable; anail, otherwise. IfP (), then Steps 2-8
temperature, a high rate of leucocytes, vomiting, and Valyy to compute the:-partition P of KB, and Step 9 re-

ious types of pains) can indicate appendicitis, but OﬁenturnsP if this succeeds: andil. otherwise
only the joint occurrence of several of these symptoms re- ' ' ' '

liably supports the diagnosis. Here, we only consider fourAlgorithmstight-s-consequence, with s =z ands = lex, in
possible symptoms of appendicitiapp), namely a high  Figs. 4 and 5 compute tight intervals undgr andlez -
rate of leucocytegleucahigh) and the following three  entajiment fromkB = (L, P), respectively. They are sim-
different types of pain: rectal paiflecpain), pain when jjor ¢4 aigorithms from [32] for computing tight entailed
releasedpain.rel), and rebound tenderne@eb.tende). 0415 under weak probabilistic and lez-entailment,

Thus, our view on this area is a very simplified one. ; - . . o
Let our knowledge about the relationships betweep, respectlyely. Similarly to algorithms for ngu_:ographlc in-
leucahigh, and the three types of pain be expressed byference in [6], they are based on a compilation step. More

the following probabilistic knowledge bagéB = (L, P),  Precisely, ifKB is not A-consistent, thefil, 0] is returned

Table 5:Tight intervals forsee|yellow Apenguin.

whereL = () and P is given as follows: in Step 2. IfKB is A-consistent, and U {« = A} is unsat-
isfiable, then[1, 0] is returned in Step 4. Otherwise (that
P = {(reb.tender painrel)[.70,.75], is, KB has azy-partition (Py, ..., P), andL U {a = \}
(reb-tender| leucahigh)[.70, .75], is satisfiable), we use the following Theorem 6.1 saying
(app| rec_pain A pain_rel)[.70,.75], that then a seD? (KB) C 27, s € {2y, lex}, exists such
(app| rec_pain A reb_tendep[.65, .70], that KB |° (B|a) [l u] iff LUH U{a = A} = (Bla)[l, u]
(app| pain_rel A reb_tenderA leucahigh)[.80, .85} . for all H € D5 (KB). In this case, we comput®? (KB)

. . . along thez,-partition of KB in Steps 5-9 (resp., 5-17),
Suppose now that Judy is a patient showing the symp- o . -
toms leucahigh and painrel. Which is the probability and the requested tight interval in Step 10 (resp., 18-22).
that Judy has appendicitis? Which is the probability thatFor G, H C P, we sayG is z,-preferableto H iff some

she has appendicitis given that she also feels rectal pain?e {0,.. ., k} exists such thaP; C G, P, £ H, andP; C



G and P; C H for all i <j<k. We sayG is lexy-pre-
ferableto H iff somei € {0, ..., k} exists such thaiG N
P| > |HNP|and|GNP;| = |HN P foralli<j<k.
For DC2F andse {z),lex)}, we sayG is s-minimal
in Diff G €D and noH €D is s-preferable ta-.

Theorem 6.1 Let KB = (L, P) be A-consistent,3|«a be
a conditional event, and. U {« = A} be satisfiable. Let
s€{zy,lexy} andD: (KB) be the set of alk-minimal el-
ementsi{H C P|LUHU{a = \}is satisfiablé. Then,
I (resp.,u) such thatKB ””iight (Bla)[l, u] is given by
I = min ¢ (resp.,u = max d) subjecttoL UH U{a = A}

Algorithm consistency

Input : probabilistic knowledge bas&B = (L, P) and strength\.
Output: zy-partition of KB, if KB is A-consistentpil otherwise.

©CXNoarONE

if P=0thenif L is satisfiablehen return () else returnnil;
R:= P,

1= —1;

repeat
i:=1+1;
D[i] .= {(¥|¢)[l,u] € R | LURU {¢ = \} is satisfiablé;
R:= R\ D[i]

until R=0 or D[i] =0;

if R=0thenreturn (D[0],..., D[s]) else returnnil.

|Ftignt (Bl ¢, d] and H € DG (KB).

The above three algorithms are based on reductions to (i

Figure 3:Algorithm consistency

deciding whether a givelkB = (L, P) has a modelPr
such thatPr(«) > 0 for a given eventy, and to (ii) com-
puting tight logically entailed intervals from a givekiB

for a given conditional evert|a. The number of tasks (i)
and (ii) to be solved in the first two algorithms (resp., the
third algorithm) is inO(| P|?) (resp.,0(2!71)). The task

() can be reduced to deciding whether a system of lineat
constraints is solvable, while (ii) can be reduced to com-
puting the optimal values of two linear programs. These
two well-known results are summarized as follows.

Theorem 6.2 Let KB = (L, P) be a probabilistic knowl-
edge base, and, 3 be events. LeR={I €Iy | I = L}.
Let LC denote the system of linear constraints in Fig. 2

Algorithm tight-z-consequence
Input: probabilistic knowledge bas&€B=(L, P),

conditional evenp3|«, and strength\.

Output: interval [l, u] C [0, 1] such thatk B | 22, (Ble)[l, u].

e

POOO®NOOEWNE

‘P := consistency(KB, \);

if P = nil then return [1, 0];

(Po,...,Pk) =P, R:=1L;

if RU{a > A} is unsatisfiabléhen return [1, 0];

Ji=k;

while j >0and RU P; U {«a = A} is satisfiabledo begin

R:= RUP;j;
ji=j—1
end;

compute, u € [07 1] s.tRU {a = )‘} ”:tight (ﬂ‘a) [l7 ’U,},
return [1, u].

over the variableg, (r € R). Then, (a)L U P has a model
Pr such thatPr(«) > 0iff LC is solvable. (b) IL U P has
a modelPr such thatPr(«) > 0, thenl (resp.,u) such that

Figure 4:Algorithm tight-z-consequence

LU P |=tight (Bla)[l, u] is the optimal value of the follow-
ing linear program over the variableg. (r € R):

minimize (resp., maximize) . y, subjecttoLC.

TER
ri=B8Aa

S —lyr + S (A= yr
reR recR
rE=YAd rEvAS
> uyr + 20 (u—1)yr
reR reR
riE—p AP rEYAG Z yr =

TER
rEe Yy >

WV

0 (forall (1]$)[l, u] € P, 1>0)

\Y%
o = o

(forall (¢|¢)[l,u] € P, u<1)

(forallr € R)

Figure 2:System of linear constraints.

7 The SystemMNMPROBLOG

The systemNMPROBLOG is written in the programming
language C, and uses “kplve 5.1” for deciding the solv-
ability of systems of linear constraints and for comput-
ing the optimal values of linear programs. The graphical
user interface (GUI) okMPROBLOG has been built using
“glade 2.6". Its main components are the main window,

Algorithm tight-lex-consequence
Input: probabilistic knowledge bas€B=(L, P),

Output: interval [{, ] C [0, 1] such thatKB |~ fezx

conditional evenp3|«, and strength\.

(Bla)[l, u]-

tight
‘P := consistency(KB, \);
if P = nil then return [1,0];
(Po,...,Pg) :=P; R:=1L;
if RU{a = A} is unsatisfiabl¢hen return [1,0];
H = {0};
for j := k downto 0 do begin
n:=0;
H =0
foreachG C P; andH € H do
if RUGU H U {a = \} is satisfiablehen
if n=|G|thenH' :=H' U{GUH}
else ifn < |G| then begin

H ={GUHY},
n:= |G|
end,
H:=H";

end;

(L, u) :==(1,0);

for each H € H do begin
Compute:, de[oz 1] S. t'RUHU{O‘ = )‘} ”:tight (5‘01) [Cv d}’
(I,u) := (min(l, ¢), max(u, d))

end;

return [I, u].

one window each for checking satisfiability, for check-
ing A-consistency, and for computing thg-partition (see

Figure 5:Algorithm tight-lex-consequence




1> legs, 1> see, 1> yellow, and bird > penguin to de-
clare the basic events iIKB and to express the logical
" nmproblog <4> constraints inL.. The “.prb"-file contains the statements
Sz pamtitme legs bird 1.0 1.0, see yellow 0.8 0.9, fly bird 0.9 1.0,
and fly penguin 0.0 0.1 to express the conditional con-
straints inP. After reading the “.tax”- and the “.prb™-

rength: .50 & ("] J
shrenoth 928 file, one can open the window for computing tight conse-
0: (fiy|bird)[0.900000,1.000000] guences in Fig. 7 and, forlexample, compute the tight in-
0: (see|yellow)[0.800000,0.900000] terval[l, u] such thatk B [ ;0 (see|yellow A bird)|l, u],
LI PR L s g L A= 0.5, which is given by[l, u] =[0.6, 1] (see Fig. 7).

1: (fly|penguin)[0.000000,0.100000]
Example 7.2 Fig. 8 shows the time used IWPROBLOG

on a chain ofn correlated basic event&{ variables and
4(n—1)+1 constraints in the generated linear optimization
problems) for checking satisfiability andconsistency, as
well as computing the,-partition and tight entailed inter-

X Cancel] | Clear | |_oPOK vals under\-logical, zy-, lex -, andpy-entailment. Here,
. _ _ B all the above reasoning tasks can be solved in few minutes,
Figure 6:Window for computing the:x-partition. even when large linear optimization problems are gener-

ated (up to 16384 variables and 53 linear constraints).

. nmproblog <5> =]

Compute tight consequence: 360 T tl‘ght p-COnSeqU‘enCe
tight z- and lex-consequence -
Notion of entailment: Strength: 300 | consistency and z-par‘[ition ,,,,,,,,,, ]
satisfiability and tight logical consequence
logical entailment z-entailment a
0.50 «
* lex-entailment p-entailment 240 +
Query (conditional event): Result (tight entailed interval): E
o 180 r
see yellow & bird ‘ |0.600000 ‘ 1.000000 g
X Cancel % Clear All % Clear Result ok 120
. o - - 60 |
Figure 7:Window for computing tight entailed intervals.
0 i —— ‘
10 11 12 13 14
Fig. 6), as well as one window for computing tight entailed number of correlated basic events n

intervals (esul) for any conditional eventquery) under ] ] . .
Mlogical, zy-, lexy-, andpy-entailment (see Fig. 7), for Figure 8: Time used byNMPROBLOG for different reasoning

anystrength € {i/100 | € {0, ...,100}}. tasks on a chain af correlated basic event8( worlds).

The systemNMPROBLOG loads from a file with suf-

fix “.tax” a set of statements of one of the following forms: 8 Summary and Outlook

() p=1, wherep is a nonempty string, to declageasT,

(i) p=0, wherep is a nonempty string, to declapeasL, | have recalled nonmonotonic probabilistic logics un-
(iif) p<1, wherep is a nonempty string, to declafeas  der variable-strength inheritance with overriding, namely,
a basic event, and (i) > ¢, wherey> and ¢ are events  the notions ofz,- andlex-entailment, along with their

(in which “™, “&”, and "#” encode~, A, andV, respec-  semantic properties and some new examples. | have
tively), to express thap implies+. Furthermore, itthen presented algorithms for decidingconsistency and for
loads from a file with suffix “.prb” a set of statements of computing tight entailed intervals undek- and lezx -

the form ) ¢ [ u”, where ) and¢ are events as above, entailment, which are based on reductions to the problems
and! andu are real numbers, to encode the conditional of deciding satisfiability and of computing tight logically

constraint(:'|¢)[l,u]. Note that every basic event in the entailed intervals in model-theoretic probabilistic logic.
“.prb”-file and in queries (window for computing tight en-

tailed intervals) must be declared in the “.tax’-file. Furthermore, | have presented the systeMPROBLOG

which comprises an implementation of these algorithms,
Example 7.1 Consider again the probabilistic knowledge and which is available dtttp://www.kr.tuwien.
baseKB = (L, P) given in Example 2.1. The “.tax’-file ac.at/staff/lukasiew/nmproblog.tar.gz
contains the statements> bird, 1> penguin, 1> fly, NMPROBLOG allows for (i) checking the sat|sf|ab|llty



of probabilistic knowledge basesB, (ii) checking the
A-consistency of{ B, and (iii) computing the:-partition
of KB, as well as (iv) computing tight entailed intervals
under any among-logical,lex -, z)-, andp-entailment,

for any strength A € {i/100|:€{0,...,100}}.

In par-

ticular, it thus also allows for probabilistic and default
reasoning in all the special cases)afogical, lex -, z)-,
andp,-entailment that are summarized in Section 4.

(13]

(14]
(15]

(16]

A topic of future research is to explore whether there arell7]
techniques for more efficient or even tractable inference in

nonmonotonic probabilistic logics under Var'able'Strength[ 8] A. Gilio. Probabilistic consistency of conditional probabil-

inheritance with overriding (e.g., along the lines of [8] and
[13]), and to eventually include them inkoMPROBLOG.
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