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Not everything that counts cal
be countedand not eerything
that can be counted counts.

(attributed to Einstein)



To rephrase MarlAntony,
~'| come to conbPne standar
probablilitynot to condemn it."”
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The 1O in SIRT

¥ ImpreciseO is a negatiord, suggesting a
defect as compaed to preciseO.

¥ In factSIPA is the most concerned of the

statistical societies with matching the
orecision of a mathematical model of
orobabillity to the accuracy inhent in a
probability concept.




¥ If it were just about pecisionthen even the
real umbers ae imprecise compard to the
nonstandad reals.

¥ The true issue is to match prision to the
accuracy inhemt in the concept at hand.

¥ This is a central concern to SIRENd our
focus this afternoon.



Overview

¥ We are motivated ly some general wes
about gplied mathematics and

¥ by their specibc implicationerf
mathematical models of a variety of
concepts of pobability



Thoughts orApplied
Mathematics

¥ Applied mathematics ster from
applications and mees to mathematical
models that ae@ then worked out to provide
understanding o§nd working technigues
for,these @plications.

¥ A mathematical model lies in armal
domainunlike most gplications.

¥ There is a potentiayl treacheous shift of
cate@ries.



¥Theory of measuement as deeloped ly
Supped,uce and others viess the
application as being in ampircal domain
and the model in gormal or mathematical
domain.

¥ Important relationsn the empirical domain
are homomorphicayt mgped into
convenient relations in the mathematical
domain.



¥ The expessivenes$ a model is its ability tc
host relations that peseive the signibcant
distinctions in the pplication domainA
model mg beinsufbcientgxpressie and
unable to host all of the empirica¢lations.

¥ We also desk that a model not be so
expressie that it offers maiy distinctions
that point onl to phantom distinctions in
the empirical domainn such a caséhe
model iIsexcessiveixpressie.



¥ We do not wish to be pedantic about this
rendering.

¥ Distinctions should be ones of signibcanc

¥ Some excess expssieness will he to be
tolerated.

¥ It is not about a glee ptting a hand.



Male everything as simple as
possiblebut not simpler
(Albert Einstein)



¥ Nor should the g@al be an werarching
mathematical theaor of probabillity that
accommodates to all pbability concepts.

¥ Excess® generality comes at the expense
sa/ing \ery little of specibc intaeyst.

¥ We need mathematical theories clogel
attuned to individual mbability concepts.



Accuracy and Fcision

¥In engineering and scientibc ternvsg, talk
aboutaccuacy andprecision.

¥ We might hse an “a@plicationOO0 or conce
of, say, “expetrtise in pobability theoyO and
be able to compar some pairs of individua
as to who i1s moe expet than whom.

¥We surely hare no understanding that
enables us to meaningfuéompae all pairs.



¥If we attachsay, integers to each individual
to represent expetise, with a larger integer
representing geater expetise, then we have
an unealistic total odering.

¥ Furthermore, what ae we to male of one
level of expetise haing twice the rating of
another?

¥ The precision or expessieness of the
representation exceeds the inhamt
accuracy of the expdise concept.



Mathematical Caution

¥Mapping a nondrmal system into agrmal
system comes at a necessaslgnibcant
cost In translation

¥We are establishing a coespondence
between diferent categ@ries of objects

¥ Mathematics has it®ots in empirical
phenomena butdilows its avn creatie patr



bhn von Neumann

¥...mathematical ideas originate in empirict
although the genealggs sometimes long
and obscue. But,once they are so
conceled,the subject begins to kva
peculiar li¢ of its ovn and Is better
compaed to a ceative one governed by
almost entiely aesthetical motivationg)an
to anything else andak patticularto an
empirical science



But there Is a grege danger that the subje
will develop along the line of least
resistancegthat the steamgso far flom its
source, will separate into a miltitude of
iInsignibcant branchemd that the
discipline will become a disorganized m
of detalls and complexitiek other words,
at a geat distance tsm its empirical
source, or after much "abstract”
Inbreedinga mathematical subject is In
danger of degeneration.



At the inception the style is ususll
classicalivhen it shavs signs of becomin:
barogue, then the danger signal i1s.up

In ary event,wheneser this stage Is
reachedthe only remedy seems to me fc
be the rejuvenating eturn to the source:
the re-injection of moe or less diectly

empirical idead.am cowinced that this
was a necessgicondition to conseve the
freshness and the vitality of the subject :
that this will rmain equafitrue in the
future.



Focus on Pobability

¥ We will goply the bregping general
considerations to a critical examination of
the suitability of standdrprobabilitythat
due either to Koimogorov or to de Finetti,
to a variety of examples of cgifent
concepts of pobability

¥ We will bnd the standarmodel can be
either insufpcienglor excessigly
expressie.



lllustrative Piobability Concepts

¥ Plysicalf-determined pobability in quantur
mechanics.

¥The accuacy of bnite relagvrequency

¥ Relatie frequency and CP in the longr

¥ Asymptotics and LLNsrfrelatie frequency
¥ Stationay random sequences.

¥ Epistemic probabilitgrfinductie suppot.

¥ Subjectie probability



Physical-Determined
Probability

¥ Probability determined sm physical
properties,not from other probabillities

¥ Classical pbability---@proximate
symmetry, classical mechanies)d sensite
dependence on initial conditions

¥ Statistical mechaniasg. Boltzmanrsav

¥ Quantum mechanics



Quantum
Mechanics

Max Born€)1926 interpetation
of Schodinger®©ware function as
yielding a pobability density

Randomness in the ghical ealr
IS Inextricaby entrenched in QM




Observables and State in QM

¥ The state space is a closé@ubnite-
dimensional Hilbdrspace

¥ Observables corespond to Hermitian
operators on the state space

¥ The state and the operator yield the
probabilities ér possible meas@ments.

¥ Observation of eents coresponds to
closed linear subspaces of the Hilbspace



HeisenbergOsUncer tain ty Relation

¥If AB & BA, then the op-
erator s do not comm ute.

¥ Obser vables corresponding
to non-comm uting opera-
tor s are not simultaneously
measur able. The order of
measur ement matter s.

¥While we can measur e each
of A and B arbitr arily ac-
cur ately, we cannot do so
for both A and B.

¥Ther eis an irreducible min-
Imum to the product of the
variances of the two mea-
surements.

¥Boolean event logic fails and
the event collection is a non-
Boolean lattice.



Failur e of Mo dularity

¥If Aand B do not comm ute
and Ay and By are sets of
possible measured values,
then

P(Aa! By) = P(Ag)+P(Bp)#P(Aa$Byp).

¥ Hence, the Kolmogor ov for -
mulation of standar d prob-
abilit y is inapplicable to quan-
tum mechanics.

¥This Is a failur e of the ex-
pressivit y of standar d prob-
abilit y.



Failue of Expessieness of Standdr
Probability in QM

¥ The order of obsewation of canonicajl
conjugate obserables aé#icts the state

¥ The collection of obserable @ents is non-
Boolean.

¥ Distributivity of union and intersection fail:

¥A consequent failar is that QM pobability
does not obg the brmula br the
probability of a non-disjoint union of v
events.



Physicists & Finite lequencies

¥ Plysicists interpet the theory-determined
probabillities and expected valueduced
oy QM through samplewerages of Pnitgl
mary repeatedunlinled experiments.

¥ They are satisbed with the variance of suc
estimates coverging to zeo at rate 1/n.



Propensity Interpetation

¥ QM probabilityapplying as it does to the
single case@s more understandable as a
Popperian popensity

¥ On the propensity account & can ma&
sense of pobability br a single experiment

outcome as com
¥ The displg of pro

outedybQM.

pensity eturns us to Pnite

relative frequency



lllustrative Probability Concept:

¥ Physicajl-detemined probability in quantur

mechanics.

¥ The accuracy

of Pniteelative frequency

¥ Relatie frequency and CP in the longr

¥Asymptotics and LLNsrfrelatie frequency

¥ Stationay ranc

om sequences.

¥ Epistemic pro

pabilitgrfinductie suppot.

¥ Subjectie probability



Finite Relatie Frequency

¥For relative frequency r_n(A) based on
obsewvationsa change of 1/n sufPces to
render distinguishableslative frequencies.

Precision of elatie frequency is to within
1/n changes.

¥However, the relative frequency Is intended
as an estimator of P(A) and the accuracy
only order of squae-root of n.



Accur acy

¥Ho e! dingOsand ChebychevOs
Inequalities demonstr ate that
gccuracy Is only to within
c/n.
¥To match precision to ac-
cur acy, intr oduce the fam-

Ily of inter vals

Ik = [Ke, (k+3)d] for k= 0,..., 51 2,

€
¥ For simplicit y, we ignor e Oend

el ectsO at the boundar ies
of the unit interval [0, 1]
¥Map a relativ e frequency

rn(A)" Ip,
where (p+ 1)e# rn(A) # (p+ 2)e.



¥t follows that

Ir(A)! PA)" !

#S (AN ! P(A)" rp(A)+!
S P(A) %I,

¥Letting != c/n,

!

11 2e' ¢ P(rn(A)! P(A)" c/n)

"P(P(A) %l~).

¥Values of relativ e frequen-
cies that sharethg same subin-
ter vals of width  ¢/n can
nearly equally accurately es-
timate the unknown P(A)
In the sense provided by
conbdence Inter vals.



¥ This establishes that we have
matc hed the precision of our
measur ement of relativ e fre-
guencies to the accuracy of
our resulting infer ence about
the probabilit y of an event.

¥While ther e aren+1possi-
ble di! erent values of rp(A),
ther eareno morethan n/c
distinct subin ter vals quan-
tizing these relativ e frequency
values.



lllustrative Probability Concept:

¥ Physicajl-detemined probability in quantur

mechanics.

¥The accuacy of Pnite relagvreguency

¥ Relatie frequency and CP in the long run.

¥Asymptotics and LLNsrfrelatie frequency

¥ Stationay ranc

om sequences.

¥ Epistemic pro

pabilitgrfinductie suppot.

¥ Subjectie probability



bhn\Venn on the Long Run

¥ ...viev of Probability
adopted in this
Essg ...which egads it
as taking cognisance of
laws of things and not of
the lawvs of our own
minds in thinking about
things,




¥ ...That the science of Bbabilityon this viev
of It, contains something merimportant
than the esults of a system of mathematic
assumptionss obvious.

¥ ...the fundamental conception which the
reader has to Px in his mind as clgaabk
possiblels,...a series of a peculiar kioag
of which no better compendious descripti
can be gien than that which is contained i
the statement that it combines individual
Irregularity with agggate egularity This Is
a statement which will mrbab¥y need some
explanation.



¥ So in Pobabilitythat unibrmity which is
found in the long runand which pesents sc
great a contrast to the individual disoer,
though durable is not\verlastingKeep on
watching it long enoughnd it will be dund
almost irvariaby to Buctuateand in time
mey prove as uttery irreducible to ruleand
therefore as incpable of pediction,as the
iIndividual cases themses:

¥ -—-a Bw instances a not sufbcient to
disply a lav at all;a considerableumber
will sufpce to displait; but it takes a ery
great rumber to establish that a change is
taking place in theva



Frequentist Comparatey Piobability

¥ Can the egularities in somehat unstable
long-run elative frequencies be modeled/k
comparatie probability (CP) oders?

¥ Might the educed pecision of CP aders
better match the educed accuracy of
unstable fequentist souces?

¥ Are there CP oders with no elation to
standad probability?



CP Axioms

¥A! Bisread “A is at least
as probable as B”
¥de Finetti axiomatized CP

on an algebra A of subsets
of !

¥CP1l.(order) ! is a total on
order on A.

¥CP2.(nontrivial) ! I ",

¥ CP3.(positive) (#A $ A) A !

¥ CP4.(cancellation)
A!' B%& A' B! B' A.
Implications include:
(a) A( B& A! B;
(b) A! B %& B®! AS;
(c) A! B,C! D A)C& A*C! B*D



CP Orders and Probabillit y

¥The CP order = is additive
If ther e exists a pr obabilit y
measure P (generally, not
unique) and

A-B!" PA)# P(B).

¥~ Is almost additive If ther e
exists P and

A-B" PA)# P(B).
¥~ Is weakly additive if ther e
exists P and
P(AA)# P(B)" A =~ B.
¥~ Is (strictly) nonadditive
If none of the above hold.



¥ CP-based conditions deter -
mining additivit y, almost ad-
ditivit y, and nonadditivit y
were develop ed by Mic hael
Kaplan.

¥The additiv e CP ordersare
the only ones that admit
of ajoint order of indep en-
dent type for any number
of repetitions of agiven CP
order.

¥ These conditions under line
the nontrivialit y of assum-
Ing the existence of joint
experimentsNin this case,
of joint CP orders.



Partial CP Orders

¥ For convenience, we assume
antisymmetr ic CP orders(no
equiv alent distinct events).

¥A partial CP order is tr an-
sitiv e, irref3exive, and sat-
Isbes CP2, CP3, CP4, and
consequence (a) of mono-
tonicit y with respect to set
Inclusion.



Finite Frequentist CP

e Choose a minimal sample
size no.

e As a brst of four alter na-
tiv es, debPne

Al B
"# ($ng %) %n) I’j(A) > I’j(B).

eWe do not require Ocon-
vergenceOof relativ e frequen-

cles.
o If the relativ e frequencies

are converging to a mea-
sure P, then the CP order

will have an agreeing rep-
resentation

Al 1B "# P(A)> P(B).



¥ Ther e exists fr equentist long
run data for which ! 1 Is
only a partial order.



¥For the remaining alter na-
tiv es, debne
P(A)= min r;j(A) and
No! J!' n
A"o2B #% P(A)> P(B).
P(A)= max rj(A) and
no! J!' n
A"3B #3% P(A)> P(B).
A"4B #% P(A)> P(B).
¥In the absence of equiva-
lences, " »2," 3 are total or-
ders. However, these or-
ders need not satisfy CP4
nor the consequence (b) of
complemen tation reversing
ordering.



¥! 4 Is typically only a par-
tial order.

¥! 4 satisPes the complemen-
tation consequence (b)

¥When ! 4 is a total order,
then it Is additiv e.

¥! 5.1 5 can be nonadditiv e
CP orders.

¥In this case, additiv e nu-
mer ical probabilit y is insuf-
bciently expr essive.

¥When any of these order-
Ings are additiv e, then nu-
merical probabilit y is ex-
cessively expr essive asther e
need not be a unique rep-
resentation.



lllustrative Piobability Concepts

¥ Physicajl-detemined probability in quantur
mechanics.

¥The accuacy of Pnite relagvreguency
¥ Relatie frequency and CP in the longr

¥ Asymptotics and LLNf relatie
frequency

¥Stationay random sequences.
¥ Epistemic probabilitgrfinductie suppot.
¥ Subjectie probability



AsymptoticsLavs of Large
Numbers

¥ Mises postulated caergence of fequencie:
In his collectie as necess#rto a plysicay
meaningful account of pbability

¥ He also imposed a randomness condition
invariance under place selectionOO.

¥ The assumption of corgence in the long
run Is a claim about the evld that can neer
be \eribed or contradicted.



¥ “The essentiallnew idea...was to considel
probabllity as a science of the sameler as
geometly or theoretical mechanic€.0

¥ *...pobability theoy deals with mass
phenomena andapetitive eventsOO



¥bffrey rebuts Mises W likening Mises limit C
the hypothetical comergent inPnite
seguence to a measement of the mass of
an lypothetical tenth planet.

¥ Not only are the sequencesyipotheticalput
SO IS their postulated limit.



TheAnthropic Principle

¥ A possible argumenbf approximate long-
run stability

¥ The eminent pisicist SteenWeinberg
debnes this contiversial notion asdilows.

¥ “BrieRy statedthe anthiopic principle has |
that the world Is the wg It Is,at least In
part, because otherwise therwould be no
one to ask wl it iIs the wg It is.There are a
number of diférent versions of this
principle.OO



¥ Can we use the anttwpic principle in the
form of aunivesal conditioningent U?

¥ This eent is not a true @ent to which we
can assign pbability

¥ It suggests that the long run phenomena
Interest to us ae likely ones ve have co-
existed withThey will hare some érm of
long-range pproximatel stable behaor.

¥ A “factOO0 that philosppannot justify



LLNs without Corvergence

¥ As obsewed by\Venn and efffrey, the
assumption of covergence in the long run
metgohysics and noten a plausible
hypothesis.

¥ Accepting the fipothetical long-run
frequentist dataye eliminate the
assumption of a limitingekative frequency
for P(A).



Lower and Upp er Probabillit y

¥Let rh(A) denote the rela-
tiv e frequency with which
event A Is observed Iin the
outcomes x" of the brst n
repeated experiments.

¥As In the discussion of the
long run, debne lower pr ob-
abilit y P and upp er prob-
abilit y P thr ough

P(A) = Iinrlr,]infrn(A)
P(A) = Iinl)lsuprn(A).

¥P and P will exist for all
possible (hyp othetical) se-
guences of outcomes x



¥The following are proper-

ties of lower and upp er prob-
abilit y:

(a) 1! P(A)! P(A)! O;

(b) P(A®%)=1" P(A);

(©A#BS$ P(A)! P(B)
and P(A)! P(B)

(d (A &B) P(A" B)! P(A)+ P(B)

(e) P(A' B)( P(A)+ B(B).



¥ Walley and Fine showed that
P is the lower envelope of
the class M ! of all lim-
its of pointwise convergent
subsequences of relative fre-
quencies of events calculated
along the given sequence X'

P(A) = inf{u(A) :p" My }

P(A) = sugu(A) :p" My }.
¥In addition, the class of P
generated as above as we
range over all possible X'
is precisely the class of all
lower envelopes on the given
event algebra A.



e When the relativ e frequen-
cies converge then

P(A)= P(A)= P(A) = Iim rn(A).

e The room for di! erence is
found In how we deal with
the inPnite data sequence
x when relativ e frequen-
cies do not converge.

e \We can use this data in all
cir cumstances by keeping
tr ack of the structur e of per-
sistent Buctuations and not
just the ter minal value of
relativ e frequency.



Sets of Measis

¥ If there is a knevn or learnable time
variation in choice of meases on each
trial, then you would not follow our
suggestions.

¥ Fine Fierens Re@ have introduced a “sets
of measuesOO model that\aBdor a fairly
arbitrary choice of measwron each trial.

¥ Results obtained include conditions undel
which the set of meases being used can |
estimated eliaby from long Pnite data
sequences.



lllustrative Piobability Concepts

¥ Physicajl-detemined probability in quantur
mechanics.

¥The accuacy of Pnite relagvreguency

¥ Relatie frequency and CP in the longr

¥ Asymptotics and LLNsrfrelatie frequency
¥ Stationay random sequences.

¥ Epistemic probabilitgrfinductie suppot.

¥ Subjectie probability



Stationay Random Sequence

¥ Kumar Grize, Pgpamacou,and Sadshefazi
developed lawver and upper pobability
models br stationary random seguences o
bounded random variables.

¥ The lower pro

pabllity function Is time shift

iInvariant and thezfore stationay.

¥ It is also monotonsl contiruous along
convergent sequences of cylinder sdte
obsewvable &ents.



¥ Paticular attention was paid to thevent of
convergence of elative frequencies in this
model.

¥The stationaty corverg@ncetheoem of
standad probability assds that esery
stationaly random pocess of bounded
random variables has timeeaages that
converge almost sualy (possib} to a non-
degenerate random variable).



¥ The gal was to shw that this was not
necessam true of lower probability models

¥ That this was indeed the case demonstra
that the imposition of comergence in all
cases i standad probability was too
restrictive.

¥ In this sensgstandad probability is
iInsufbcienyl expressie and brces an
unwaranted met@ghysical commitment.



LP Mo dels Vacuous on Tail Events

¥Let S denote the set of lower
pr obabilities that are sta-
tionar y and monotonely con-
tin uous along C.

¥ A lower probabilit y P Is vac-
uous on A if P(A) = 0,®(A) =
1.

¥ A theor em (5.8) by Sadrol-
hefazi asserts that given any
lower probability Pg! S
and an integer n " 1 and
O< ! <1, ther e exists P!
S that Is vacuous for all events
In the tail algebra T and
satisbes

(#C ! Dn) [P1(C)$ Po(C)| %!,
and | (C)$ FH(C)| %!.



e Given any lower probabil-
ity Pgthat Is stationar y and
monotonely contin uous on
the cylinder sets, ther e ex-
Ists a lower probabilit y Pq
that agreeswith it, within
any positiv e specibed ¢, on
cylinder sets of span no more
than n, yet P4 Is vacuous
or maximally noncommital
on all taill events including
those concerning convergence
of time averages.

e Py can be a standar d sta-
tionar y pr obabilit y measur e.



¥Lower probabilit y allows us
to avoid assertions about
what is, in principle, unob-
servable, while at the same
time being able to mimic
any other stationar y and mono-
tonely contin uous lower prob-
abilit y on the fundamen tally
observable class of cylinder
sets.

¥ Standar d probabilit y does
not have this desirable op-
tion and must make spe-
cibc commitmen ts to un-
observable events.



lllustrative Probability Concept:

¥ Physicajl-detemined probability in quantur
mechanics.

¥The accuacy of Pnite relagvreguency

¥ Relatie frequency and CP in the longr

¥ Asymptotics and LLNsrfrelatie frequency
¥Stationay random sequences

¥ Epistemic pobability br inductive suppot.
¥ Subjectie probability



Inductive Suppot. Epistemic
Probability

¥ Kyburg and Le are well-known for their
efforts to develop theories of inducte
SUppot.

¥ They both rely on upper and loer
probabillities to el3ect their understanding
that epistemic pobability need not be as
precisey dePned as standhprobability

¥ We believe that uppers and lvers ae too
precise



¥ Stat with information expessed in a
possily natural languageé.

¥ Translate or encodeddence and ypothesi
statements IirL into a obrmal language

¥ Evidence is postulated to be knao.

¥ An hypothesis is a statement of intst that
we wish to patially justify on the basis of
the evidence



¥ Induction requires us to determine some
form of expression of this justibcation or o
the suppot lent by evidence to an
hypothesis.

¥Expressions of inductessuppot need not
be pat of our formal language



¥ We hold that standat probability and uppe
and laver probability ae too expressie to
model iInductie suppot.

¥ We seek instead partial ordeingof the
suppott hle lentto h by e

¥ We follow the lines of algrithmic or
Kolmogorov complexity

¥ Our account is a higltentative one!



Syntax

¥ Our syntax is that of bnite-length strings
from a Pnite alphabet (that can be éakto
be binay).

¥This syntax permits concatenation of strin
to form new strings.

¥ There is no Boolean logic associated with
our syntax.



Semantics

¥ Strings a@ encodings or translations of
expressions in another languabe

¥ L has a semantics perpsincluding objects
datasuch as elative frequencies in Yourg®
epistemological mbability

¥ The semanticelations ofl_are no longer
accessible to us.



¥ In the absence of arppropriate semantics,
we cannot identify truth-peseing
operations such as the usual rules of
deductie logic

¥ Our semantics is based instead upon the
evaluatiomf a string p as mducing another
string g thiough a selected urevsalluring
machine (UTM) computation

T(p)=q.



¥ The choice of encoding and UTM seem
arbitrary.

¥We desie our eventual measuss of suppor
to be robust with respect to computable
choices of translationsdm L and choices o
the evaluation mechanism



Explanations

¥A string p Is arexplanatioof a string g If
T(p)=0

¥Given aly evidence string e andybothesis
string hthere exist inbPnitglt matry strings p
such that
h=T(pe)

¥This IS a consequence bfbeing a UTM.



The Explanatoy Suppot Set

¥The explanatoy suppot set P(hle) Is the
set of all supplements p to thevelence e
such that their concatenation is an
explanationdr h: T(pe)=h.

¥ Use ofP(h|e) bllows the Epicuean
prescription of leeping all arguments in
favor of a conclusiomot just the bestOO
one.



¥ While P is an inbnite setye plausib male
it Pnite by limiting it to supplementar
explanations p that arnot much longer
than those needed to generate h while
ignoring the gidence e

¥ More precisey, for a UTM T, there is a
constante such that ér any evidence e and
any h there exists a string h’g function ony
of h,whose length |h"*|e+|h|+2log(]h]),
and T(h*e)=h.

¥ We omit supplementar explanations that
are longer than a dect description.



ComparingP(hle) to P(hOleQ

¥I\/Iot|vated ly Keyneswe compae the
Inductive suppot hle,lent to h by e with hO
eQent to hOypeO.

¥ Given our minimal semantics and syntar,
ignore the ““contentOO of the strings and
focus ony on thelength®f strings inP(h|e)
and P(hOl|eO).



Summar izing an Explanator y Support Set

¥Intr oduce the unnor malized
cumulativ e distr ibution func-
tion
Fhie(z) = H{Ipl:p " P(hle) and [p[# Z}!.
¥The function Fpe contains

all the infor mation relevant
to Induction.



¥Fh|e(z) IS nondecr easing In
Z, Is zero for negativ e z and
reaches a maxim um for z !
Ih |.

¥Fpe(2) Is the number of ex-
planations for h given e that
have lengths no greater than
Z.

¥ A compar ison of the induc-
tiv e supports h|e and h#e”
IS then a compar ison be-
tween the two correspond-
Ing cumulativ e distr ibution
functions Fhllel’ Fh2|92'



Partially Ordering Inductiv e Support

¥ OccamOsRazor suggests fa-
voring shorter strings over
longer ones as explanations.

¥We recall the idea of sto-
chastic dominanc e X ! Y
of the random variable Y
by the random variable X
that Is deter mined by their
corresponding (nor malized)
cdfs thr ough

XTY "# (32 %R) Fx(2) & Fy (2).
¥The binar y relation ! Is tr an-
sitiv e but provides only a

partial ordering between pair s
of random variables.



¥Partially order pairs hjle;
thr ough

hilep ! 1 holes
"% ($ %z %min(h®, |hg))

Fhyje(2) % Fh,je,(2).

¥It Is evident that the par-
tial ordering between pair s
{hijle;} Is not one induced
by some conditional prob-
abilit y P(hij|e).

¥Such a conditional proba-
bilit y would induce a total
ordering.



¥The expr essivenessof! | as
arepresentation of strength
of inductiv e support, is far
short of that of a numeri-
cal representation.

¥However, remarks by Keynes
and di! culties encounter ed
by other s suggest that this
might be a step in the right
dir ection.

¥Ther e is little a priori  or
Intuitiv ereason to think that
Inductiv e support can be
identibed between any pair
of hypotheses given their
iIndividual supporting evi-
dence.



Robustness

¥Glv en the arbitr ariness of
tr anslation of a statement
s! L in our base language
INnto our syntax via an en-
coding E, and the arbitr ari-
nessin our choice of seman-
tics thr ough a choice of UTM
T, we need to examine how
robust the compar isons are
to specibc encodings of what-
ever our original infor ma-
tion might beinto our string
syntax and to changes of
UTM.

¥This iIs a work in progress.



lllustrative Probability Concept:

¥ Physicajl-detemined probability in quantur

mechanics.

¥The accuacy of Pnite relagvreguency

¥ Relatie frequency and CP in the longr

¥ Asymptotics and LLNsrfrelatie frequency

¥ Stationay ranc

om sequences.

¥ Epistemic pro

pabilitgrfinductie suppot.

¥ Subjectie probability



Subjectie Piobability

¥ There is no doubt that easoning about
uncettainty is an activity critical to our

survival and &

¥ And this incluc

l-being.

es Its impdoance to much of

the animal kingdom asen.

¥ Such skills ar critical to the suwival of
iIndividuals and of species.



¥ There is also no doubt that none of this
reasoning&lies upon mathematics---unles
you want to gie mice a lot of cedit.

¥ Subjectie probability is in peril when it
addresses individual decision-making und
uncettainty without serious eference to the
actual mental gaacities of individuals.

¥ At an extreme we can askdr clainoyance



¥ Perhagps mathematics can assist us ame fr
us flom forms of error---from the
‘paradxesO of decision theor

¥ However, | doubt that this mathematics is
that of standad or Pnitely aditive
probability



¥ Coherence or Dutch book arguments that

force rumerical

pobability ae compelling

only in contrived cicumstances.

¥Such argumentswvariaby require you to

extend your pre

erences fom the gambles

you cale about to a full set of combination:
you had no need to consider



¥ There is a needdr far more insight obtaine
by psychologists into h@ we reasonlargey
unconscious| about situations of risk and
opportunity when chance pja a ole.

¥We have prematuely adopted mathematic:
models bafre we understood sufpbciemtl
what it was ve were modeling.



¥ The lack of sufbcient understanding of
reasoning under unceinty has licensed a
reign @verned ly mathematical taste and
cornvenience

¥ The compay of mathematics is seduaivo
the adeptas wn Neumann warned us.



¥I\/Iy doubts extend as &ll to upper and
lower previsions---to buying and selling
prices oféred to all comers in all
combinations.

¥ Having said thid,also think thawalley®
Statistical Reasoning with égipe Bbabllity
IS a masterpiece and one of the most
important and inneatie treatments of
statistical thinking of the past tiyr years.



In Summation

¥ Applicationsand their thoughtful
considerationcome brst!

¥ They are the souce of a mmber of well-
entrenched distinct concepts of
““probabilityO@ fandom,chanceand
uncertain phenomena that arstill e/olving.

¥ |t is essential to match model @eision to
the inheent accuracy of the concept.



¥ Moving fom either the natural or subjecti
worlds into the brmal mathematical arid
perforce requires some degge of distotion.

¥ Mathematics can pduce irvaluable
development of our conceptual
understanding.

¥ However, mathematics has itsam dynamic
which can (mis)lead us faom our entry
point.



¥Thus arise issues of @cision/impecision,
accuracyor of expressieness:

¥issues of hw faithfuly will selected models
represent key aspects of mbability In Its
natural and subjectvrealms;

¥ and of the extent to which these models
iIntroduce misleading distinctions pointing
non-existent eal-world phenomena.



¥ We have focussed on the ex@ssieness
fallures of standal mathematical mbability

¥ These failues were identibed in quantum
mechanicsan the use of Pnitealatie
frequenciesnoderatey unstable ®equentist
datajaws of large nmbersstationay
processesand in a basic look at induativ
SUppPOt.



Availability of the Slides

¥If you send a equest to me at
tibne@ececornell.edu
| will send pu a copy of the slidesdr this
talk together with a nmber of references.



mailto:tlfine@ece.cornell.edu
mailto:tlfine@ece.cornell.edu

Thanks!

¥ Again, | regret not being able to joingu in
person br the full round of professional ant
personal interactions that makSIPA
meetings so valuable

¥ My thanks to the Steering Committeerf
proposing and making this "high techO ta
possible

¥ and | paticularly thank our host Jirina who
patiently aranged all this!






¥ Boltzmann was the brst to
express a pisical lav in terms
of probabillities

¥ Maxwell-Boltzmann statistics
for classical pdicles

1 l PUB IIhIH]I R th 1[

: *_J 1844

i' J_IH'!.‘I

|1 |]'1".J'5-E'['r

o des Physikers

'l-uin;m MANN




¥Let F denote an exter nal
force acting on the parti-
cles (e.qg., gravity).

¥Let m bethe common mass
of an individual particle.

¥The density f satisbes Boltz-
mannOs collisionless equa-
tion

of P of +F of

ot mox %_O'




My General Intellectual Debts

¥ Andrei Kolmogprov for standad probability
and the complexity gproach

¥Jimmie Sage dr his deep insight into
personalist pobability and wide-ranging
scholarship

¥ Glen Shadr for A Mathematical heory of
EvidenceOO ancoomgjcritical and aratie
nistorical studies

¥ Patrick Suppe®f measuement theory and
for bringing to bear a deep understanding
logic and philosophof science on aery
wide range of inquy



¥ Henry Kyburg and Isaac iefor
conversations and their sustained
examination of epistemic/epistemological
probability using upper andue@r probability

¥ Peter Wallgy for *Statistical Reasonin@0
and some gars of collaborations.

¥ Ming Li and Pawitaryi for - Kolmogprov
ComplexityTheoryOO



Ho e! ding Bound

elet X; be the {0, 1}-valued
random variable that is 1 if
A occurs and O other wise.
e The Pnite relativ e frequency
estimator Is debPned by
p!"
rn(A) = n 1Xi-
| =
e The Hoe! ding inequalit y pro-
vides us with a conbdence
interval [rn(A)! ', rn(A)+1]
that, In advance of being
observed, will contain the
unknown P(A) with prob-

abilit y at least
Prn(A)+!" PA)" rn(A)! D
11 2t M



¥As with all conbdence in-
ter vals, this is a claim made
about the unknown P(A) in
advance of measuring or ob-
serving rn(A).
¥ Once we have observed rp(A),
the caseof real inter est, we
can no longer make this claim.
¥We can rewrite the bound
| as "

P rn(A)+ % > P(A) > rn(A) — —

/n
>1-—2e



Expressiveness of U/L Probability

e We can use P and P to de-
fine a variety of CP rela-
tions, exactly as was done
in the long run case.

e Standard probability P is
insu! ciently expressive in
that it cannot accommodate
to the case of asymptoti-
cally divergent relative fre-
quencies, except by mak-
ing a model for how these
relative frequencies change.



Relation to Compar ativ e Probabillit y
¥With this class of lower en-
velopeswe can describ e all
possible compar ativ e pr ob-
abilit y (CP) orders satisfy-
ing de FinettiOs axioms.
¥For all bnite Aand! aCP
order relation ther e exists
x' such that P as debned
thr ough the Ilimit infer ior
along this sequence repre-

sents this order thr ough
"ALB#A)A! B $% P(A) & P(B).
¥All CP orders can now be
Infer red from data that is
an inbnite sequences of out-

comes of repeated random
experiments.



¥Of course, in practice we
will only observe a finite
length data sequence.

¥ Walley and Fine used such
sequences to estimate the
unobtainable limiting ver-
sions.



¥ Of course, If the variations
In relativ e frequency have
a knowable str uctur e, then
one would use this struc-
tur e.

¥ Use of possible structur eis
emphasized in arelated ap-
proach of Cozman and Chr is-
man focusing on subsequences
of x' .

¥They consider the set of lim-
iting relativ e frequencies of
InPnite subsequences of the
data sequence x' .

¥Walley and Fine emphasize
the subsequences of rela-
tiv e frequencies calculated

along all of x' .



