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Abstract

We utilize second-order probability distributions for
modeling second-order information over imprecise ev-
idence in the form of credal sets. We generalize the
Dirichlet distribution to a shifted version, denoted the
S-Dirichlet, which allows one to restrict the support
of the distribution by lower bounds. Based on the
S-Dirichlet distribution, we present a simple combi-
nation schema denoted as second-order credal combi-
nation (SOCC), which takes second-order probability
into account. The combination schema is based on a
set of particles, sampled from the operands, and a set
of weights that are obtained through the S-Dirichlet
distribution. We show by examples that the second-
order probability distribution over the imprecise joint
evidence can be remarkably concentrated and hence
that the credal combination operator can significantly
overestimate the imprecision.

Keywords. Second-order credal combination, impre-
cise probability, credal sets, second-order probability,
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1 Introduction

One common way of representing belief imprecisely is
by so called credal sets [19], i.e., a closed and convex
set of (discrete) probability distributions. If one uti-
lizes this belief structure in a Bayesian context, where
a prior distribution is updated to a posterior by a like-
lihood function, one ends up with what is referred to
as credal set theory [8, 18], similar to robust Bayesian
theory [1, 2, 4, 14] but without the sensitivity inter-
pretation. Credal set theory can be thought of as a
straightforward generalization of Bayesian theory to
imprecise probability since Bayes’ theorem is applied
point-wise on all elements in a prior credal set and a
set of likelihood functions. In fact, Bayesian theory is
the special case of credal set theory when all sets are
singletons.

Karlsson et al. [18] have previously shown that credal
set theory can yield posterior credal sets that are
highly imprecise and that this extra imprecision can
have a deteriorating effect on decision-making, even
though there exists inherent imprecision in the deci-
sion situation. The main focus in this paper is to take
one step further than only modeling imprecision by
adding information in the form of second-order proba-
bility [9, 20, 28], thus qualifying the imprecision. This
type of research was briefly initiated by Karlsson et
al. [17] where the consequences of modeling second-
order probability was explored by using the uniform
distribution in the simple case where only two states
were present in the state space. In that case, it was
found that the second-order probability over posterior
imprecision can be considerably skewed.

In order to model different second-order probability
distributions, for any number of states, we will here
generalize the Dirichlet distribution to allow for non-
zero lower bounds, denoted the shifted Dirichlet dis-
tribution (S-Dirichlet). Compared to the Dirichlet
distribution, the S-Dirichlet distribution has twice as
many parameters since for each variable there is the
usual Dirichlet parameter but also a lower bound that
allows one to restrict the support of the distribution.
The unique family of second-order distributions that
factorizes into marginals, presented in Sundgren et
al. [27], is a special case of the S-Dirichlet distribu-
tion with fixed Dirichlet parameters. In this case,
the joint second-order distribution equals the normal-
ized product of its own marginal distributions and do
not model any dependencies between first-order prob-
ability other than the necessary requirement that the
probabilities sum to one.

We will utilize the S-Dirichlet distribution for explor-
ing the consequences of modeling second-order prob-
ability over imprecise evidence, in the form of credal
sets, which we combine into a single imprecise joint ev-
idence, also in the form of a credal set, while preserv-
ing second-order information. We introduce a simple



particle based method for performing the computa-
tion and we denote such a schema by second-order
credal combination (SOCC). The purpose is to utilize
this schema in order to explore the concentration and
placement of the resulting particle cloud. Our schema
is based on considering likelihoods as first-order evi-
dence and second-order probability in the form of the
S-Dirichlet distribution, however, it should be noted
that there exists previous approaches where likeli-
hoods has been considered as a possibilistic second-
order (hierarchical) model [5].

The paper is organized as follows: in Section 2, we
formalize and give an overview of the problem of
combining independent pieces of evidence from dif-
ferent sources. In Section 3, we generalize the Dirich-
let distribution to the shifted version. In Section 4,
we present a simple method for performing SOCC.
Lastly, in Section 5, we summarize the paper and pro-
vide our conclusions.

2 Preliminaries

We here present some background material that the
remaining paper relies on. We start by providing a
general overview of the problem of combining inde-
pendent pieces of evidence. Based on this overview,
we then present how the combination problem can
be tackled within the framework of credal sets [19],
namely by using the credal combination operator also
known as the robust Bayesian combination operator
[1, 2].

2.1 Combination of Evidence

Combination of independent pieces of evidence from
multiple sources, e.g., sensors, is a problem that has
been extensively studied within many different vari-
ants of evidence theory, e.g., [10, 22, 24]. Common to
all these theories is that evidence are represented im-
precisely by so calledmass functions which operate on
the power set of some state space. Pieces of evidence
are combined utilizing a so called combination oper-
ator, e.g., Dempster’s rule of combination [22]. One
important aspect to consider when performing such
combination is that of independence. Loosely, this
means that one piece of evidence should not be infor-
mative regarding the other piece (see further [23]).

The problem of combining evidence has not been
equally well studied under a Bayesian perspective or
within the framework of credal sets. However, Arn-
borg [1, 2] has explored the relationship between ro-
bust Bayesian theory [4, 14], which can be considered
a sensitivity interpretation of credal sets, and evidence
theory. He found that the results of these theories can

even be disjoint. One key observation when consid-
ering the combination problem within a Bayesian or
credal framework is that it is the likelihoods that con-
stitute evidence. Let us further elaborate on this in
the next section.

2.2 Credal Combination of Evidence

Since the credal combination operator [15, 18], intro-
duced as the robust Bayesian combination operator by
Arnborg [1, 2] (we deliberately avoid using this ter-
minology since it imposes a sensitivity interpretation
of the imprecision), is a direct generalization of its
Bayesian counterpart, we start by elaborating on how
the latter can be derived. The derivation is similar
to Karlsson et al. [18], and is inspired by Arnborg
[1, 2]. Assume that we have a random variable X
for which we are uncertain about the true value. Let
the state space for X be denoted by ΩX ,

⋃n

i=1{xi}
and that we can obtain observations y1 ∈ ΩY1

and
y2 ∈ ΩY2

. We can then use Bayes’ theorem in order
calculate the posterior distribution, or belief, regard-
ing the true value of X given these observations:

p(X |y1, y2) =
p(y1, y2|X)p(X)
∑

x∈ΩX

p(y1, y2|x)p(x)
. (1)

From the above equation, we see that the observations
y1 and y2 only affect the posterior through the joint
likelihood p(y1, y2|X), which hence constitutes the ev-
idence based on the observations. Now by assuming
conditional independence, we obtain:

p(y1, y2|X) = p(y1|X)p(y2|X), (2)

i.e., one observation is not informative about the
other given that we know the true state of X . The
above equation is essentially all that we need in
order to combine two pieces of evidence in the form
of likelihood functions into a single joint evidence.
However, in order to avoid a monotonically decreas-
ing joint evidence, it is convenient to normalize the
joint evidence to a probability function. By also
normalizing the likelihoods, we have constructed
an operator where both the operands and result
are evidences in the form of probability functions.
Note that these normalizations do not affect the
resulting posterior distribution since it is only the
relative strengths of likelihoods that determines the
posterior (see further Karlsson et al. [18] for more
detail). Based on this line of reasoning, we are now
ready to define the Bayesian combination operator
[1, 2, 15, 18]:



Definition 1. The Bayesian combination operator
ΦB is defined as

ΦB(p̂(y1|X), p̂(y2|X))) ,
p̂(y1|X)p̂(y2|X)
∑

x∈ΩX

p̂(y1|x)p̂(y2|x)
, (3)

where p̂(yi|X), i ∈ {1, 2}, are normalized likelihood
functions satisfying conditional independence in the
sense of Equation (2). The operator is undefined iff
∑

x∈ΩX
p̂(y1|x)p̂(y2|x) = 0.

Let us continue by elaborating on how the credal com-
bination operator can be derived based on Def. 1.
Since we now move into the domain of imprecise prob-
ability, we are allowed to utilize a closed and convex
set of probability distributions, i.e., a credal set [19].
Convexity enables one to perform computation by the
sets’ extreme points (see further Karlsson et al. [18,
Theorem 2]). Now, instead of evidence in the form
of a single normalized likelihood function, we have
credal sets of such functions, denoted by P̂(y1|X) and
P̂(y2|X), which we want to combine into a single joint
evidence P̂(y1, y2|X). In order to regard the evidences
as independent, the extreme points needs to factorize,
denoted strong independence [7], i.e., for each extreme
point p̂e(y1, y2|X) we have:

p̂e(y1, y2|X) = p̂(y1|X)p̂(y2|X) (4)

where p̂(yi|X) ∈ P̂(yi|X), i ∈ {1, 2}. The combi-
nation is then performed by the credal combination
operator, which simply applies the Bayesian combi-
nation operator point-wise on each combination of
functions from the operand sets and as last step one
applies the convex-hull operator [1, 2, 15, 18]:

Definition 2. The credal combination operator ΦC is
defined as

ΦC(P̂(y1|X), P̂(y2|X))) ,

CH

({

ΦB(p̂(y1|X), p̂(y2|X))) :

p̂(yi|X) ∈ P̂(yi|X), i ∈ {1, 2}

})

,

(5)

where P̂(yi|X), i ∈ {1, 2}, are credal sets of nor-
malized likelihood functions satisfying strong indepen-
dence in the sense of Eq. (4), ΦB is the Bayesian
combination operator, and CH denotes the convex
hull. The operator is undefined iff there exist a pair
p̂(y1|X) ∈ P̂(y1|X) and p̂(y2|X) ∈ P̂(y2|X) for which
ΦB is undefined.

Note that when only singleton sets are used as
operands, the credal combination operator is equiv-
alent to the Bayesian counterpart.

One important type of credal set that we will use
throughout the article is the probability simplex, i.e.,
the set of all probability distributions over a given
state space, formally defined as:

Definition 3. The set of all probability distributions
P∗(X), i.e., the probability simplex, over a given state
space ΩX is defined as

P∗(X) ,

{

p(X) : p(x) ≥ 0,
∑

x∈ΩX

p(x) = 1

}

. (6)

Another important concept with respect to imprecise
probability is the degree of imprecision of a credal
set. When we refer to “imprecision” in this article we
perform averaging of the imprecision for single states
[29, 16]:

Definition 4. The degree of imprecision I(P̂(y|X))
of a credal set of normalized likelihood functions
P̂(y|X) is defined as:

I(P̂(y|X)) ,
1

|ΩX |

∑

x∈ΩX

(

max
p̂(y|X)∈P̂(y|X)

p̂(y|x)

− min
p̂(y|X)∈P̂(y|X)

p̂(y|x)

)
(7)

Please note that we only include the above definition
to unambiguously declare the term imprecision. It
will not be utilized for any computation in the paper.

3 Shifted Dirichlet Distributions

Probability values can be considered as random vari-
ables themselves and the corresponding distributions
over such variables is referred to as a second-order
probability distribution [9, 20, 28]. Any probability
distribution that has support on the probability sim-
plex (Def. 3), e.g. a Dirichlet distribution, can be seen
as a second-order probability distribution.

The Dirichlet family of distributions can be general-
ized to have support on subsets of the probability sim-
plex by using lower bounds li on the random variables
Pi corresponding to first-order probabilities. Just as
with related models such as possibility measures [30],
belief functions [22], Choquet capacities of order 2 [6]
and coherent upper and lower probabilities [25], lower
bounds li of probabilities determine upper bounds by
1 −

∑

j 6=i li. There are other possibilities for lower
and upper bounds for the support of second-order
probability distribution, e.g., it is possible to give
lower and upper bounds for all but one of the first-
order probabilities as in, e.g., Sundgren et al. (2009)
[26], but for simplicity we give lower bounds li to all



n = |ΩX | random variables Pi such that
∑n

i=1 li ≤ 1
and

∑n

i=1 Pi = 1, li ≤ Pi ≤ 1−
∑

j 6=i li.

A probability distribution whose support has been
shifted needs renormalization to remain a probabil-
ity distribution. Let us then look at the probability
density function of the Shifted Dirichlet family that
allows for non-zero lower bounds. If

∑n

i=1 li ≤ 1 and
∑n

i=1 Pi = 1, li ≤ Pi ≤ 1−
∑

j 6=i li then the function:

f({Pi}
n
i=1,{αi}

n
i=1, {li}

n
i=1) =

Γ

(

n
∑

i=1

αi

)

n
∏

i=1

(Pi − li)
αi−1

(

1−

n
∑

i=1

li

)

∑
n

i=1
αi−1 n

∏

i=1

Γ(αi)

,
(8)

is the probability density function of a probability dis-
tribution, where Pi are random variables, αi are the
parameters of a proper Dirichlet distribution and li
are parameters that determine lower bounds of the
variables Pi (see the Appendix for a proof). Note
that f is a function of Pi only ({αi}

n
i=1 and {li}

n
i=1

are parameters).

4 Second-Order Credal Combination

Now assume that two agents, i ∈ {1, 2}, for two dif-
ferent types of sensors, have extracted features yi and
that the agents based on this express imprecise in-
dependent evidence through lower bounds on normal-
ized likelihoods {lji ≤ p̂(yi|xj)}

n
j=1 where

∑n

j=1 l
j
i ≤ 1.

These lower bounds can then be utilized in order to
construct evidence in the form of credal sets of nor-
malized likelihoods by:

P̂(yi|X) ,

{

p̂(yi|X) :

lji ≤ p̂(yi|xj),

n
∑

j=1

p̂(yi|xj) = 1

}

.

(9)

In addition, the agents also express theirs beliefs over
these imprecise operands by specifying alpha-values
for the S-Dirichlet distribution, i.e., {αi

j}
n
j=1. The

goal then is to construct a schema for combination
that do not only takes evidence in the form of credal
sets into account but also second-order probability in
the form of S-Dirichlet distributions. We will de-
note such schema by second-order credal combination
(SOCC).

In order to achieve a computationally feasible schema
for SOCC, we propose a simple method for approx-
imating the second-order distribution over the joint
evidence by simulation [12, 3]. Typically, these types

of simulation utilize a set of so called particles1, i.e.,
samples, and a set of corresponding weights of these
particles. Such a representation has, as an example,
previously been proposed as a model for epistemic
reliability by Gärdenfors and Sahlin [11]. Now, we
can obtain a set of particles, denoted {p̂j(yi|X)}mj=1

where each p̂j(yi|X) ∈ P̂j(yi|X), and a set of weights,
denoted {wi

j}
m
j=1, by expanding a grid with a given

precision over each operand. At each point in the
grid we can compute the density value of the S-
Dirichlet and then normalize with respect to all points
in the grid [12, Chapter 11]. We can then use the
grid as a basis for drawing m particles with replace-
ment. Given these particles {p̂j(yi|X)}nj=1, and the
S-Dirichlet density, we can obtain the corresponding
weights by:

wi
j =

f({p̂j(yi|xk)}
n
k=1, {α

i
j}

n
j=1, {l

i
j}

n
j=1)

n
∑

j=1

f({p̂j(yi|xk)}
n
k=1, {α

i
j}

n
j=1, {l

i
j}

n
j=1)

. (10)

where f is the S-Dirichlet density defined by Eq. (8).
Since we now have particles and weights:

Λi , {(p̂j(yi|X), wi
j)}

m
j=1 (11)

from each operand i ∈ {1, 2}, we can compute an
approximation of the second-order distribution over
the joint evidence by combining pairs of particles:

Λ1,2 ,

{(

ΦB(p̂j(y1|X), p̂j(y2|X)),

w1
jw

2
j

∑m

j=1 w
1
jw

2
j

)}m

j=1

.

(12)

We can combine the above representation with a new
operand by drawing a number of particles with re-
placement from Λ1,2 where the sampling probability
for each particle is given by its weight (similar to re-
sampling in the case of particle filtering [3]). The
difference is that since we already have a particle rep-
resentation for Λ1,2 we do not have to expand a grid
for that operand.

In addition to the above described combination
schema one can also perform credal combination, i.e:

P̂(y1, y2|X) , ΦC(P̂(y1|X), P̂(y2|X))) . (13)

By doing so, one preserve information about the ex-
treme values, which could be valuable for a decision-
maker in applications where there exists a strong risk
component.

1The term “particle filtering” is frequently used in the track-
ing literature [3].
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Figure 1: The figures depict the probability simplex for three states where the upper figures show operands
for Eq. (14) and Eqs. (15) – (17), and the lower figures show the result of performing SOCC. The intensity of
grey shows the weights of the particle (identical particles have been merged by adding the weights), i.e., darker
particles have more weights. Squares show extreme points of the credal sets, triangles show the expected value
with respect to the particles, diamonds show the centroid of the credal sets, and the uniform distribution over
ΩX is indicated with a cross. The grid used for the operands has been obtained through probability vectors of
rational numbers (a, b, c)/40, where a+b+c = 40, satisfying the lower bounds. In the figures, m = 200 particles
have been sampled.

4.1 Examples

Let us now study SOCC through some examples
where we use the S-Dirichlet distribution for express-
ing belief over imprecise operands and explore the
appearance of the second-order distribution over the
imprecise joint evidence. Assume that the two agents
provide the following lower bounds on normalized like-
lihoods:

l1 = (0.1, 0.4, 0.1)

l2 = (0.4, 0.1, 0.1) ,
(14)

which then can be used in Eq. (9) for constructing
P̂(y1|X) and P̂(y2|X), respectively. Given these lower
bounds, we will explore the result of SOCC for three
different, somewhat arbitrarily chosen although with

some intuition, S-Dirichlet distributions:

α1 = α2 = (1, 1, 1) (15)

α1 = α2 = (3, 3, 3) (16)

α1 = (1, 3, 1), α2 = (3, 1, 1) , (17)

where Eq. (15) corresponds to the uniform (Bayes-
Laplace) distribution; Eq. (16) is a case where the
center of the credal sets is reinforced; and Eq. (17) is
a case where the corner closest to some state has been
reinforced. The result of applying SOCC on Eq. (14)
and Eqs. (15) – (17) is shown in Fig. 1.

We see that the uniform distribution, i.e., Fig. 1(a)
and 1(d), yields a particle cloud that is more scat-
tered compared to the other S-Dirichlet distributions.
Furthermore, we see that utilizing the S-Dirichlet
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Figure 2: The figures depict the probability simplex for three states where the upper figures show operands for
Eq. (18) and Eqs. (15) – (17), and the lower figures shows the result of performing SOCC. The indicators and
other settings are identical as in Fig. 1.

distribution that emphasizes the corners, defined by
Eq. (17) and shown in Figs. 1(c) and 1(f), yields an
expected value that has a lower probability for state
x3 than the others.

One key observation shown by Figs. 1(e) and 1(f), is
that the particle cloud is fairly concentrated within
the credal set, which in a sense means that the credal
combination operator to some degree overestimates
the imprecision. Such an overestimation is even more
evident in the following example defined by:

l1 = (0.01, 0.7, 0.01)

l2 = (0.7, 0.01, 0.01) ,
(18)

and shown in Fig. 2. If one would have ignored the
particle cloud in this example and only base a deci-
sion upon the posterior imprecision, it is quite likely
that the true state could be x3 since the lower right
extreme point is quite close to the lower right ex-
treme point of the simplex. Such results are some-
what counter-intuitive when interpreting what the ev-
idence from the agents actually express, i.e., evidence

for x1 and x2, and both pieces constitute counter evi-
dence against x3 since the operands are positioned far
away from the corner corresponding to x3. However,
when combining the two lower right extreme points
of the operands, the states x1 and x2 are more or less
eliminated by the agents, since both of these extreme
points are close to the boundary of the simplex where
the probability of the these states is close to zero, in
contrast to the probability of state x3, which is not
close to any boundary in relative terms. Therefore
these lower right extreme points of the operand credal
sets gets reinforced to the lower right extreme point of
the joint evidence. This case bares close resemblance
to Zadeh’s counter example [31] against Dempster-
Shafer theory [22]. In that example, when combining
evidence in the form of mass functions, one ends up
with a result where all mass lies on the single state
that the pieces of evidence only weakly indicated (see
further Karlsson et al. [18]). In contrast, from the
particle clouds and expected values, we see a clear
concentration around the left boundary of the joint



evidence; hence in agreement with the intuition that
the true state is not likely to be x3. If the mass instead
are concentrated around the lower extreme points of
the operands, e.g., by using an S-Dirichlet with the
following parameters instead:

α1 = (1, 1, 3), α2 = (1, 1, 3) , (19)

we obtain the results seen in Fig. 3. In contrast to the
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Figure 3: The figures depict the probability simplex
for three states where the operands are defined by
Eqs. (18) – (19). The indicators and other settings
are identical as in Fig. 1.

former case, the mass is fairly uniformly distributed
over the joint credal set.

The cases shown in Figs. 2 – 3 demonstrates that
second-order information could be valuable to a
decision-maker when imprecision in decision problems
are modelled.

5 Summary and Conclusions

We have generalized the Dirichlet distribution to the
S-Dirichlet distribution, where the Dirichlet parame-

ters can be used to model different second-order prob-
ability distributions over a restricted region defined
by lower bounds. Based on the S-Dirichlet distri-
bution, we presented a simple combination schema,
denoted as second-order credal combination (SOCC),
which takes second-order probability into account.
The combination schema is based on a set of particles,
sampled from the operands, and a set of weights that
are obtained through the S-Dirichlet distribution. We
then gave some example of SOCC utilizing different
types of S-Dirichlet distributions. By the examples,
we showed that the particle cloud over the joint evi-
dence can be remarkably concentrated in comparison
to the credal set obtained by credal combination.

One new feature that is enabled through SOCC is
that it provides a grounded way of selecting a single
probability function from the credal set to base one’s
decision upon; simply use the expected value with re-
spect to the particle cloud. Such a schema is useful
when a single decision is necessary, something that is
common in many application scenarios, and is simi-
lar to what Smets and Kennes [24] has proposed in
the transferable belief model, i.e., as long as a single
decision does not have to be implemented, use mass
functions, otherwise transform the mass function to
a single probability function and use that for decid-
ing on a single state. Utilizing the expected value of
the particle cloud should be put in contrast to utiliz-
ing the centroid distribution, i.e., the expected value
with respect to a uniform second-order distribution
over the joint evidence. Since uniformity is in general
not the case, as is seen in Figs. 2(d) – 2(f) (see also
Karlsson et al. [17]), there is in principle no reason
to utilize the centroid. Another alternative is utilizing
the maximum entropy distribution [1, 2], representing
a cautious choice, however, in applications without a
risk component, the maximum entropy distribution is
likely to be too cautious.

Given the examples where the particle clouds seems to
be quite concentrated in comparison to the resulting
credal sets, one legitimate question is whether or not
it is reasonable to utilize the credal combination oper-
ator solely, i.e., without modeling second-order prob-
ability. Could it be so that it is always preferable to
model second-order probability when imprecision ap-
pears in a decision problems? Perhaps the credal com-
bination operator can be appropriate to utilize when
the imprecise operands are a consequence of small
perturbations of some precise evidence as is done in
sensitivity analysis (robust Bayesian theory) [4, 14].
In such a setting it seems reasonable to only model
imprecision, and not second-order probability, due to
that only low degrees of imprecision in the operands
are considered. For these cases one is likely to infer



the same conclusions irrespective of any second-order
probability since the perturbation of the operands is
performed so that every point in the perturbed set is a
reasonable precise evidence. Consequently, every per-
turbed point in the resulting joint evidence is a rea-
sonable joint evidence that a decision maker should
be willing to act upon, irrespective of the amount of
density such a point possesses.

When the imprecise operands are not a consequence
of sensitivity analysis, i.e., when the degree of impre-
cision of the operands could be considerably higher,
then, as our results suggest, second-order probabil-
ity is likely to be an important modeling tool that
cannot be neglected without consequences. In our fu-
ture research, we will therefore continue by exploring
how one can perform different modeling tasks using
second-order probability, i.e., how SOCC can be ap-
plied in an application scenario.
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Appendix

We here prove Eq. (8). Let us use the following short-
hand notation (n = |ΩX |):

γ ,

Γ

(

n
∑

i=1

αi

)

n
∏

i=1

Γ(αi)

. (20)

We need to show that:

∫

∑
n

i=1
Pi=1

Pi≥li

γ

n
∏

i=1

(Pi − li)
αi−1

(

1−

n
∑

i=1

li

)

∑
n

i=1
αi−1

dP = 1 . (21)

Since a proper Dirichlet distribution has probability
density function:

f({Pi}
n
i=1, {αi}

n
i=1) = γ

n
∏

i=1

Pαi−1
i , (22)

we know that:

∫

∑
n

i=1
Pi=1

Pi≥0

γ
n
∏

i=1

Pαi−1
i dP = 1 . (23)

Let us replace Pi with Pi− li and restrict the support
from

∑n

i=1 Pi = 1, Pi ≥ 0 to
∑n

i=1 Pi = 1, li ≤ Pi ≤
1−

∑

j 6=i li. Then, through the variable change:

Yi =
Pi − li

1−

n
∑

i=1

li

, (24)

where i ∈ {1, . . . , n}, we find that:
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∏
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∏
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(25)

Therefore:
1

(

1−

n
∑

i=1

li

)

∑
n

i=1
αi−1

(26)

is the normalization factor required for compensating
the restricted support.
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