1st International Symposium on Imprecise Probabilities and Their Applications, Ghent, Belgium, 29 June - 2 July 1999

A Generalization of the Fundamental Theorem of de Finetti for Imprecise Conditional Probability Assessments

Veronica Biazzo Dipartimento di Matematica, Città Universitaria Viale A. Doria, 6 - 95125 Catania (Italy) biazzo@liotro.dipmat.unict.it

Angelo Gilio Dipartimento di Matematica, Città Universitaria Viale A. Doria, 6 - 95125 Catania (Italy)

gilio@dipmat.unict.it

Abstract

In this paper, based on a suitable generalization of the coherence principle of de Finetti, we consider imprecise probability assessments on finite families of conditional events and we study the problem of their extension. Then, we extend some theoretical results and an algorithm, previously obtained for precise assessments, to the case of imprecise assessments and we propose a generalized version of the fundamental theorem of de Finetti. Our algorithm can be also exploited to produce coherent lower and upper probabilities. Moreover, we compare our approach to similar ones, like probability logic. Finally, we apply our algorithm to some well known inference rules under taxonomical knowledge.

Keywords. Conditional events, imprecise probabilities, generalized coherence, coherence, natural extension, extensions, algorithms, probability logic, probabilistic deduction, probabilistic satisfiability.

1 Introduction

In many artificial intelligence applications we often need to reason with uncertain information under partial knowledge. Then, among the numerical approaches to the treatment of uncertainty, the probabilistic one is well founded and has a clear rationale. A common situation is that in which the probabilistic assessments are defined on a given family of conditional events. Usually, such family has no particular algebraic structure and then the most suitable probabilistic methodology is that of de Finetti, which has been adopted in many papers (see for example [9], [10], [19], [20], [22], [25], [32]). Within this framework one can exploit suitable procedures which can be used to check the coherence of some given (precise or imprecise) conditional probability assessments and to propagate them to further conditional events. Based on the fundamental theorem of de Finetti, the propagation of conditional probability assessments has been studied also in [4], where an algorithm has been proposed to determine the interval [p^′, p^{′′}].

The consistency problem when an imprecise probability assessment is defined on a family of conditional events can be examined by suitably generalizing the concept of coherence (see [8], [9], [18], [19], [21], [34], [36]). In particular, the definitions adopted in [9] and [19] are based on the coherence principle of de Finetti. In [34] (see also [36]) general results and principles are given in the context of lower and upper previsions of random quantities. If we compare them we can see that the definitions adopted in [34] and [36] are stronger than those introduced in [9] and [19]. To avoid possible ambiguities our generalized concept of coherence is renamed g-coherence. It can be shown that for lower and upper probabilities the gcoherence condition is equivalent to the ”avoiding sure loss” property ([33], [34]). As well known, starting with an avoiding sure loss lower probability, a coherent lower probability can be produced exploiting the principle of natural extension ([34]). In [30], based on a characterization theorem for coherent conditional probabilities given in [12], it is proposed a procedure which, given a g-coherent imprecise assessment, determines its ”least-committal” coherent correction. A logical approach to probability corresponding to Walley’s theory of imprecise probabilities has been developed in [37].

In this paper, based on the coherence condition adopted in [19], we generalize some theoretical results obtained in [4] to the case of imprecise probability assessments. Moreover, we propose a version of the fundamental theorem of de Finetti for imprecise assessments. We also describe an algorithm, implemented with Maple V (see [3]), which is based on a previous one proposed in [16] for checking the coherence of precise conditional probability assessments. Such an algorithm, given a g-coherent imprecise assessment A_n, defined on a family F_n of n conditional events, allows to determine its g-coherent extensions to a further conditional event E_{n+1}|H_{n+1}. Notice that our algorithm can be also exploited to produce the coherent lower and upper probabilities obtained by the ”least committal” correction connected with the principle of natural extension.

The paper is organized as follows. In section 2 we recall some preliminary results and algorithms. In section 3 we examine the extension of imprecise probability assessments and we present some theoretical results. Moreover, we give an algorithm. In section 4 we compare our approach to similar ones, like probability logic, probabilistic satisfiability and probabilistic deduction. In this context, we briefly describe how to frame our approach from the probabilistic deduction point of view. In section 5 we examine some computational results, applying our algorithms to some well known inference rules under taxonomic knowledge ([27]). Finally, in section 6 we give some conclusions and final comments.

2 Preliminaries

We recall the following well known result (see [23], [26], [31], [36]).

Theorem 1 Given a coherent probability assessment P_n = (p_1, . . . , p_n) on a family of n conditional events F_n = {E_1|H_1, . . . , E_n|H_n}, let E_{n+1}|H_{n+1} be a further conditional event. Then, there exists a suitable interval [p^′, p^{′′}] ⊆ [0, 1] such that the assessment P_{n+1} = (p_1, . . . , p_n, p_{n+1}) on F_{n+1} = F_n ∪ {E_{n+1}|H_{n+1}} is a coherent extension of P_n if and only if p_{n+1} ∈ [p^′, p^{′′}].

In the case of unconditional events, the above result is known as the fundamental theorem of de Finetti and, for convenience, we will refer in this way also to Theorem 1.

Concerning the study of the consistency and of the extension of imprecise probabilistic assessments, more general results and principles have been stated in the framework of upper and lower previsions of random quantities (see [34], [36]). In particular, in the context of imprecise probabilities the fundamental theorem of de Finetti can be seen as a special type of natural extension (see [34], Corollary 3.4.3; see also [35]). Some definitions of coherence and some algorithms for imprecise probability assessments have been studied in [9] and [19]. In [33], where an approach more adherent to that one proposed in [34] has been adopted, an algorithm to check coherence and to compute natural extensions for upper and lower probabilities has been examined. Moreover, in [30] an algorithm to check the avoiding sure loss property of a lower probability ([34]) and to determine its ”least-committal” correction has been given. The concept of coherence introduced in [19] is weaker than that one adopted by other authors (e.g. [34], [36]) and is equivalent to the avoiding sure loss property of a lower probability ([34], [33]), which can be defined in the following way.

Definition 1 A lower probability P defined on a family of conditional events K avoids sure loss (ASL) iff, ∀n, ∀F = {E_1|H_1, . . . , E_n|H_n} ⊆ K, ∀s_i ≥ 0, i = 1, . . . , n, defining P (E_i|H_i) = p_i, H_0 = H_1 ∨ · · · ∨ H_n and G = n∑ i=1 s_i|H_i|(|E_i| − p_i), it is MaxG|H_0 ≥ 0.

To avoid confusions, the concept of coherence adopted in this paper will be denoted by the term ASLcoherence or g-coherence (generalized-coherence). A stronger concept (total coherence) has been introduced in [21].

Given a family F_n = {E_1|H_1, . . . , E_n|H_n} and a vector A_n = (α_1, . . . , α_n) of lower bounds P (E_i|H_i) ≥ α_i, with i ∈ J_n = {1, . . . , n}, we consider the following definition ([19]).

Definition 2 The vector of lower bounds A_n on F_n is said g-coherent if and only if there exists a precise coherent assessment P_n = (p_1, . . . , p_n) on F_n, with p_i = P (E_i|H_i), which is consistent with A_n, that is such that p_i ≥ α_i for each i ∈ J_n.

We denote by Π_n the set of coherent precise assessments P_n on F_n which are consistent with A_n. The Definition 2 can be also applied to imprecise assessments like α_i ≤ P (E_i|H_i) ≤ β_i , i ∈ J_n, since each inequality P (E_i|H_i) ≤ β_i amounts to the inequality P (E^c_i |H_i) ≥ 1 − β_i, where E^c_i denotes the contrary event of E_i.

Given the pair (F_n, A_n), associated with the set J_n, denote by IP the partition of Ω obtained by expanding the expression ⋀ i∈Jn (E_iH_i ∨ E^c_i H_i ∨ H^c_i ) (1)

and by C_1, . . . , C_m the atoms or constituents of IP contained in H_0 = ⋁ j∈Jn H^j . For r = 1, . . . , m and i ∈ J_n define v_{ri} = 1 , if C_r ⊆ E_iH_i , 0 , if C_r ⊆ E^c_i H_i , α_i , if C_r ⊆ H^c_i .

Given an imprecise assessment A_n = (α_1, . . . , α_n) on F_n, we denote by (S_n) the following system with nonnegative unknowns λ_1, . . . , λ_m. { ∑_m r=1 λ_rv_{ri} ≥ α_i, i ∈ J_n, ∑_m r=1 λ_r = 1, λ_r ≥ 0, r = 1, . . . , m. (2)

We say that (S_n) is associated with the pair (F_n, A_n). In an analogous way, given a set J ⊂ {1, 2, . . . , n}, we denote by (F_J , A_J ) the pair associated with J and by (S_J ) the system associated with (F_J , A_J ). Then, the following result can be proved ([19]).

Theorem 2 The imprecise probability assessment A_n on F_n is g-coherent if and only if, for every J ⊆ J_n, the system (S_J ) is compatible.

We denote respectively by Λ and S the vector of unknowns and the set of solutions of the system (2). Moreover, for every j we denote by Γ_j the set of subscripts r such that C_r ⊆ H_j , by F_j the set of subscripts r such that C_r ⊆ E_j H_j and by Φ_j (Λ) the linear function (associated with H_j ) ∑ r∈Γj λ^r. Moreover, we denote by I_0 the (strict) subset of J_n defined as I_0 = {j ∈ J_n : Max_{Λ∈S} Φ_j (Λ) = 0}. (3)

Then, we have the following necessary and sufficient condition ([19]).

Theorem 3 The imprecise assessment A_n on F_n is g-coherent if and only if the following conditions are verified:

1. the system (S_n) is compatible ;

2. if I_0 ≠ ∅, then A_0 is g-coherent.

Denoting by (F_0, A_0) the pair associated with the set I_0, the following procedure can be used to check (in a finite number of cycles) the g-coherence of A_n.

Algorithm 1 Let be given the triplet (J_n, F_n, A_n).

1. Construct the system (2) and check its compatibility;

2. If the system (2) is not compatible then A_n is not g-coherent and the procedure stops, otherwise compute the set I_0 defined by (3);

3. If I_0 = ∅ then A_n is g-coherent and the procedure stops, otherwise set (J_n, F_n, A_n) = (I_0, F_0, A_0) and repeat steps 1-3.

The Algorithm 1 is a modified version of a previous one (see [16], [17], [18]) proposed for checking the coherence of precise conditional probability assessments.

3 Extension of imprecise probability assessments

In this section we examine the extension of a g-coherent imprecise probability assessment, defined on a finite family of conditional events, to a further conditional event. We give the following definition.

Definition 3 Let A_n = (α_1, . . . , α_n) be a g-coherent imprecise assessment on a family F_n = {E_1|H_1, . . . , E_n|H_n}. Given a conditional event E_{n+1}|H_{n+1} and a real number α_{n+1}, the assessment P (E_{n+1}|H_{n+1}) ≥ α_{n+1} is a g-coherent extension of A_n on F_n to E_{n+1}|H_{n+1} iff the imprecise assessment A_{n+1} = (α_1, . . . , α_n, α_{n+1}) on F_{n+1} = F_n ∪ {E_{n+1}|H_{n+1}} is g-coherent.

Notice that the extension α_{n+1} = 0 is g-coherent, therefore (g-coherent) imprecise assessments are always extendible. We also observe that, as it follows from Theorem 3, the following result holds.

Theorem 4 Given α_{n+1} > 0, a necessary condition for the g-coherence of the imprecise assessment A_{n+1} on F_{n+1} is the compatibility of the following system { ∑_m r=1 λ_rv_{ri} ≥ α_i, i = 1, . . . , n + 1 ∑_m r=1 λ_r = 1, λ_r ≥ 0, r = 1, . . . , m. (4)

Moreover, we have

Lemma 1 Given a g-coherent imprecise assessment A_n on F_n and an extension A_{n+1} of it to F_{n+1}, if the system (4) is compatible and MaxΦ_{n+1} > 0 then A_{n+1} is g-coherent.

Proof. From g-coherence of A_n it follows the gcoherence of every sub-assessment of A_n on the corresponding subfamily. Then, applying the Algorithm 1 to A_{n+1} we have that n + 1 /∈ I_0, so that the subassessment A_0 associated with I_0 is g-coherent and hence, based on Theorem 3, A_{n+1} is g-coherent. ♦

We also have the following result.

Theorem 5 Given two real numbers p, p, with p < p, assume that the following imprecise assessments (A^′) : P (E_i|H_i) ≥ α_i , i ∈ J_n, P (E_{n+1}|H_{n+1}) = p , (A^{′′}) : P (E_i|H_i) ≥ α_i , i ∈ J_n, P (E_{n+1}|H_{n+1}) = p , defined on the family F_{n+1} are g-coherent. Then, for every p_{n+1} ∈ [p, p] the following assessment A

P (E_i|H_i) ≥ α_i, i ∈ J_n, P (E_{n+1}|H_{n+1}) = p_{n+1}, (5)

on F_{n+1} is g-coherent.

Proof. Given J ⊆ J_n, denote by H^∗ the event ( ⋁ j∈J H_j ) ∨ H_{n+1} and by G^∗ the following random quantity (which in the betting scheme can be interpreted as a random gain) ∑ j∈J s_j |H_j |(|E_j | − α_j ) + s_{n+1}|H_{n+1}|(|E_{n+1}| − p_{n+1}) = G_J + s_{n+1}|H_{n+1}|(|E_{n+1}| − p_{n+1}), where s_j ≥ 0, j ∈ J. Based on the equivalence between our concept of g-coherence and the ASL property, we need to prove that, for every J ⊆ J_n, it is Max G^∗|H^∗ ≥ 0 . (6)

We observe that, considering the quantities

G_1 = G_J + s_{n+1}|H_{n+1}|(|E_{n+1}| − p) , G_2 = G_J + s_{n+1}|H_{n+1}|(|E_{n+1}| − p) ,

from the hypotheses it follows Max G_1|H^∗ ≥ 0 , Max G_2|H^∗ ≥ 0 . Assuming s_{n+1} ≥ 0, we have Max G^∗|H^∗ ≥ Max G_2|H^∗ ≥ 0 . On the contrary, if s_{n+1} < 0, we have Max G^∗|H^∗ ≥ Max G_1|H^∗ ≥ 0 . Therefore, the condition (6) is always satisfied and the assessment (5) is g-coherent. ♦

Given a g-coherent assessment A_n, for each precise assessment P_n on F_n such that P_n ∈ Π_n (that is P_n consistent with A_n) we denote by [p^′, p^{′′}] the interval of g-coherent extensions of P_n to E_{n+1}|H_{n+1}. Then, introducing the set Σ = ⋃ Pn∈Πn[p^′, p^{′′}] and considering the interval (p_∘, p^∘), where

p_∘ = inf_P n∈Πn p^′, p^∘ = sup_P n∈Πn p^{′′}, (7) from the Theorem 5 it follows

Theorem 6 For every p_{n+1} ∈ (p_∘, p^∘) the imprecise assessment (5) on F_{n+1} is g-coherent.

Actually, based on some general results, one has

Theorem 7 For every p_{n+1} ∈ [p_∘, p^∘] the imprecise assessment (5) on F_{n+1} is g-coherent, that is

Σ = [p_∘, p^∘] . (8)

A direct proof of (8) is given below.

Proof. For each given p_{n+1} > p^∘, the imprecise assessment A P (E_i|H_i) ≥ α_i , i ∈ J_n, P (E_{n+1}|H_{n+1}) ≥ p_{n+1} , on F_{n+1} is not g-coherent. Therefore, there exist a subset J ⊆ J_n, some non negative real numbers s_j , j ∈ J, and a positive real number s_{n+1} such that, defining H^∗ = ( ⋁ j∈J H_j ) ∨ H_{n+1} and G = ∑ j∈J s_j |H_j |(|E_j |−α_j )+s_{n+1}|H_{n+1}|(|E_{n+1}|−p_{n+1}), it is Max G|H^∗ < 0. Then, for a sufficiently small ϵ > 0, defining

G_ϵ = G + ϵs_{n+1}|H_{n+1}||E_{n+1}| = ∑ j∈J s_j |H_j |(|E_j |−α_j )+s_{n+1}|H_{n+1}|(|E_{n+1}|−(p_{n+1}−ϵ)), it is Max G_ϵ|H^∗ < 0. Therefore, the imprecise assessment

(A_ϵ) : P (E_i|H_i) ≥ α_i , i ∈ J_n, P (E_{n+1}|H_{n+1}) ≥ (p_{n+1} − ϵ), on F_{n+1} is not g-coherent. This means that, if for p_{n+1} = p^∘ the corresponding assessment A were not g-coherent then, for a suitable p_{n+1} = p^∘ − ϵ, A would be not g-coherent too. But, this contradicts the Theorem 6, therefore the assessment A^∘

P ((E_i|H_i) ≥ α_i , i ∈ J_n, P (E_{n+1}|H_{n+1}) = p^∘ on F_{n+1} is g-coherent.

By a symmetrical reasoning, considering the gcoherent extensions of A_n to E^c_{n+1}|H_{n+1}, we have that the assessment

(A^c) : P (E_i|H_i) ≥ α_i , i ∈ J_n, P (E^c_{n+1}|H_{n+1}) = (1 − p_∘), on F_n ∪ {E^c_{n+1}|H_{n+1}} is g-coherent, so that the assessment A_∘ P (E_i|H_i) ≥ α_i , i ∈ J_n, P (E_{n+1}|H_{n+1}) = p_∘ on F_{n+1} is g-coherent too and hence (8) follows. ♦

Now, we will explicitly consider interval-valued probability assessments. Given on a family F_n a g-coherent imprecise probability assessment

(A_n) : α_i ≤ P (E_i|H_i) ≤ β_i , i ∈ J_n, (9) denoted A_n = {[α_i, β_i], i ∈ J_n}, let us examine the g-coherence of the extension [α_{n+1}, β_{n+1}] of A_n to a further conditional event E_{n+1}|H_{n+1}. We still denote by [p_∘, p^∘] the set of values of p_{n+1} such that the assessment

(A) : α_i ≤ P (E_i|H_i) ≤ β_i , i ∈ J_n, P (E_{n+1}|H_{n+1}) = p_{n+1} (10) on F_n ∪ {E_{n+1}|H_{n+1}} is g-coherent. Then, based on the previous theorems and on the Definition 3, we obtain the following result which can be looked at as a generalization of the fundamental theorem of de Finetti to the case of interval-valued conditional probability assessments.

Theorem 8 Given a g-coherent imprecise assessment A_n = {[α_i, β_i], i ∈ J_n} on the family F_n = {E_i|H_i, i ∈ J_n}, the extension [α_{n+1}, β_{n+1}] of A_n to a further conditional event E_{n+1}|H_{n+1} is g-coherent if and only if the following condition is satisfied [α_{n+1}, β_{n+1}] ∩ [p_∘, p^∘] ≠ ∅ . (11)

Remark 1 If in particular α_i = β_i = p_i for each i ∈ J_n, then A_n coincides with the precise assessment P_n = (p_1, . . . , p_n) and it follows [p_∘, p^∘] = [p^′, p^{′′}]. Moreover, if α_{n+1} = β_{n+1} = p_{n+1}, then the condition (11) is satisfied if and only if p_{n+1} ∈ [p^′, p^{′′}]. Therefore, in this particular case the Theorem 8 amounts to the fundamental theorem of de Finetti.

We recall that a necessary condition for the gcoherence of an imprecise assessment like (10) on F_{n+1} is the compatibility of the following system ∑ r∈Fn+1 λ^r = p^{n+1} ∑ r∈Γn+1 λ^r , α_j ≤ ∑_m r=1 v_{rj} λ_r ≤ β_j , j ∈ J_n, ∑_m r=1 λ_r = 1, λ_r ≥ 0, r = 1, . . . , m. (12)

Then, it obviously holds

Lemma 2 Given an imprecise g-coherent probability assessment A_n on F_n and a further conditional event E_{n+1}|H_{n+1}, consider the values p_0, p^0 defined by (7) and the interval [γ^′, γ^{′′}] of the values p_{n+1} such that the system (12) is compatible. Then [p_0, p^0] ⊆ [γ^′, γ^{′′}].

By Lemma 2 we also obtain

Lemma 3 If the probability assessments α_i ≤ P (E_i|H_i) ≤ β_i , i ∈ J_n, P (E_{n+1}|H_{n+1}) = γ^′ and α_i ≤ P (E_i|H_i) ≤ β_i , i ∈ J_n, P (E_{n+1}|H_{n+1}) = γ^{′′} on F_{n+1} are g-coherent, then [p_0, p^0] = [γ^′, γ^{′′}].

Moreover, from [p_0, p^0] ⊆ [γ^′, γ^{′′}] it follows

Proposition 1 If γ^′ = γ^{′′} = γ, then p_0 = p^0 = γ.

We also have

Proposition 2 If there exists a solution Λ of the system (12) such that Φ_{n+1}(Λ) = 0, then [γ^′, γ^{′′}] = [0, 1].

From the previous results it follows

Theorem 9 If A_n = ([α_1, β_1], . . . , [α_n, β_n]) is a g-coherent assessment on F_n = {E_1|H_1, . . . , E_n|H_n} and for p_{n+1} = 0 the system (12) is not compatible, then p^′ = γ^′. Moreover, if for p_{n+1} = 1 the system (12) is not compatible, then p^{′′} = γ^{′′}.

Proof. Assuming A_n g-coherent, if for p_{n+1} = 0 the system ( 12) is not compatible then γ^′ > 0. This implies Φ_{n+1}(Λ) > 0 for every solution Λ of (12), so that by Lemma 1 the assessment A^′_{n+1} = ([α_1, β_1], . . . , [α_n, β_n], [γ^′, γ^′]) on F_{n+1} is g-coherent and γ^′ ∈ [p_0, p^0]. Then, by Lemma 2 it follows p^′ = γ^′.

Concerning the value p^0, if for p_{n+1} = 1 the system ( 12) is not compatible then γ^{′′} < 1. This implies Φ_{n+1}(Λ) > 0 for every solution Λ of (12), so that by Lemma 1 the assessment A^{′′}_{n+1} = ([α_1, β_1], . . . , [α_n, β_n], [γ^{′′}, γ^{′′}]) on F_{n+1} is g-coherent and γ^{′′} ∈ [p_0, p^0]. Then, by Lemma 2 it follows p^0 = γ^{′′}. ♦

The determination of γ^′ (when γ^′ > 0) and/or γ^{′′} (when γ^{′′} < 1) can be carried out by solving two fractional programming problems, which can be translated (see [7]) in the following linear programming ones:

Compute: γ^′ = Min ∑ r∈Fn+1 λ^r, and/or: γ^{′′} = Max ∑ r∈Fn+1 λ^r, subject to: ∑ r∈Fj λ^r ≥ α^j ∑ r∈Γj λ^r j ∈ J^n, ∑ r∈Fj λ^r ≤ β^j ∑ r∈Γj λ^r, j ∈ J^n, ∑_m r∈Γn+1 λ^r = 1, λ^r ≥ 0, r = 1, . . . , m.

(13)

The determination of p_0 (respectively p^0) when for p_{n+1} = 0 (respectively p_{n+1} = 1) the system (12) is compatible, that is when γ^′ = 0 (respectively γ^{′′} = 1), is based on some theoretical results given below.

Theorem 10 Given a g-coherent imprecise assessment A_n on F_n and a further conditional event E_{n+1}|H_{n+1}, assume that for p_{n+1} = 0 the system (12) is compatible. Moreover, consider the following alternatives :

1. M_{n+1} > 0;

2. M_{n+1} = 0, M_j > 0 for every j ≠ n + 1;

3. M_j = 0 for j ∈ I_0 = J ∪ {n + 1}, with J ≠ ∅.

In the first two cases it is p_0 = 0. In the third case, denoting by (F_J , A_J ) the pair associated with J there exists an interval [p_∗, p^∗] such that each given extension [α_{n+1}, β_{n+1}] of A_J on F_J to E_{n+1}|H_{n+1} is g-coherent if and only if [α_{n+1}, β_{n+1}] ∩ [p_∗, p^∗] ≠ ∅. Then, it is p_0 = p_∗.

Proof. If M_{n+1} > 0 then by the Lemma 1 the assessment A_{n+1} = ([α_1, β_1], . . . , [α_n, β_n], [0, 0]) on F_{n+1} is g-coherent and hence p_0 = 0.

In the second case, applying the Algorithm 1 to the pair (F_{n+1}, A_{n+1}), at step 3 one has I_0 = {n + 1}. Then the Algorithm 1 is applied again to the pair (F_0, A_0), with F_0 = {E_{n+1}|H_{n+1}}, A_0 = [0, 0], and at step 3 it results I_0 = ∅, so that the assessment A_{n+1} is g-coherent and hence p_0 = 0.

Now assume that the third alternative holds and consider the pair (F_J , A_J ) associated with the set J. Of course, the g-coherence of A_n implies the g-coherence of A_J . Moreover, since F_J ⊂ F_n it is [p_0, p^0] ⊆ [p_∗, p^∗], so that p_∗ ≤ p_0.

To prove that p_0 = p_∗ it is enough to verify that the assessment A_{n+1} = ([α_1, β_1], . . . , [α_n, β_n], [p_∗, p_∗]) on F_{n+1} is g-coherent.

We denote the system (12) respectively by (S^0) when p_{n+1} = 0 and by (S^′) when p_{n+1} = p_∗. Moreover, we denote by S^0 and S^′ the corresponding sets of solutions. Finally, we denote by I^0_0 and I^0_0 the set of subscripts determined in Step 2 of the Algorithm 1 when applied to A_{n+1} = ([α_1, β_1], . . . , [α_n, β_n], [0, 0]) and A^′_{n+1} = ([α_1, β_1], . . . , [α_n, β_n], [p_∗, p_∗]), respectively. Since n+1 ∈ I^0_0 , then the system (12), for each real number p_{n+1} and in particular for p_{n+1} = p_∗, is compatible. If I^0_0 = ∅ or I^0_0 = n + 1 and M_j > 0 for every j ≠ n + 1, then A^′_{n+1} is g-coherent and p_0 = p_∗. Therefore, we only need to examine the case when M_j = 0 for j ∈ I^0_0 = J^0 ∪ {n + 1}, with J^0 ≠ ∅. For each vector Λ = (λ_1, . . . , λ_m), since it is M_{n+1} = 0 for both systems (S^0) and (S^′), then Λ ∈ S^0 if and only if Λ ∈ S^′; that is S^0 = S^′. Then it follows I^0_0 = I^0_0 and, based on the Theorem 3, from g-coherence of A_0 on F_0 we obtain the g-coherence of A^′_{n+1} on F_{n+1}, so that p_0 = p_∗. ♦

By a similar reasoning we can prove

Theorem 11 Given a g-coherent imprecise assessment A_n on F_n and a further conditional event E_{n+1}|H_{n+1}, assume that for p_{n+1} = 1 the system (12) is compatible. Moreover, consider the following alternatives :

1. M_{n+1} > 0;

2. M_{n+1} = 0, M_j > 0 for every j ≠ n + 1;

3. M_j = 0 for j ∈ I_0 = J ∪ {n + 1}, with J ≠ ∅.

In the first two cases it is p^0 = 1. In the third case, denoting by (F_J , A_J ) the pair associated with J there exists an interval [p_∗, p^∗] such that each given extension [α_{n+1}, β_{n+1}] of A_J on F_J to E_{n+1}|H_{n+1} is g-coherent if and only if [α_{n+1}, β_{n+1}] ∩ [p_∗, p^∗] ≠ ∅. Then, it is p^0 = p^∗.

Based on the previous results, the computation of p_0 (respectively p^0) can be made by the following procedure.

Algorithm 2 Let be given the pair (F_n, A_n) and the conditional event E_{n+1}|H_{n+1}. Moreover, denote by J_{n+1} the set {1, . . . , n + 1}.

• Step 0. Expanding the expression ⋀ j∈Jn+1 ( E_j H_j ∨ E^c_j H_j ∨ H^c_j ) , denote by C_1, . . . , C_m the constituents contained in H_0 = ⋁ j∈Jn+1 H^j . Then, construct the system (12) in the unknowns λ_1, . . . , λ_m, p_{n+1}.

• Step 1. Check the compatibility of system (12) under the condition p_{n+1} = 0 (respectively p_{n+1} = 1). If the system (12) is not compatible go to Step 2, otherwise go to Step 3;

• Step 2. Solve the following linear programming problem

Compute : γ^′ = Min ∑ r∈Fn+1 λ_r (respectively : γ^{′′} = Max ∑ r∈Fn+1 λ_r )

subject to: α_j ≤ ∑_m r=1 v_{rj} λ_r ≤ β_j , j ∈ J_n, ∑ r∈Γn+1 λ^r = 1, λ^r ≥ 0, r = 1, . . . , m. The minimum γ^′ (respectively the maximum γ^{′′}) of the objective function coincides with p_0 (respectively with p^0) and the procedure stops;

• Step 3. For each subscript j, compute the maximum M_j of the function Φ_j , subject to the constraints given by the system (12) with p_{n+1} = 0 (respectively p_{n+1} = 1). We have the following three cases:

1. M_{n+1} > 0;

2. M_{n+1} = 0 , M_j > 0 for every j ≠ n + 1; 3. M_j = 0 for j ∈ I_0 = J ∪ {n + 1} , with J ≠ ∅. In the first two cases it is p_0 = 0 (respectively p^0 = 1) and the procedure stops.

In the third case, defining I_0 = J ∪ {n + 1}, set J_{n+1} = I_0 , (F_n, P_n) = (F_J , P_J ) and go to Step 0.

The procedure ends in a finite number of cycles by computing the value p_0 (respectively p^0).

Remark 2 We observe that, starting with a gcoherent assessment A_n on F_n, the Algorithm 2 can be exploited to make the ”least-committal” correction (see [30]) of A_n, obtaining in this way the coherent (lower and upper) probability A^∗_n on F_n which would be produced by applying the natural extension principle proposed in [34]. In order to determine A^∗_n, we just need to apply, for each j ∈ J_n, our algorithm to E_{n+1}|H_{n+1} = E_j |H_j , using as probabilistic constraints on the conditional events of F_n the g-coherent assessment A_n.

4 A comparison with other approaches

In this section we compare our approach to similar ones, like probabilistic logic, probabilistic deduction, or probabilistic satisfiability (see, e.g., [28], [29], [14], [24], [27]). The approach developed in the framework of probabilistic logic or probabilistic satisfiability is based, like ours, on the linear programming technique.

Actually, the probabilistic entailment problem in probability logic essentially coincides with the methodology based on the fundamental theorem of de Finetti (in particular, for what concerns the case of unconditional events see [5]). The basic difference between our approach based on coherence and the other ones is that, within our framework, conditional probabilities can be assigned directly, with no need of assuming positive probability for the conditioning events. On the contrary, in many approaches not based on coherence often some inconsistent definitions are given when conditioning events have zero probability. Notice that allowing that some (or possibly all) conditioning events may have zero probability not only provide us with a more general approach, but also with general algorithms by means of which, as suggested in [11], zero probabilities could be exploited to reduce the computational complexity. The approach based on linear programming is globally complete, that is it produces the tightest bounds entailed by the initial probability assessment. Hovewer, it generally runs in exponential time on the size of the given family of (conditional or unconditional) events. To overcome these problems, many researchers have worked on local techniques based on inference rules (see, for example, [1], [15]). In [27] four inference rules are examined and it is shown that they are locally complete for probabilistic deduction under taxonomic knowledge. We can frame our approach from the probability logic point of view. Given, on a family F_n of n conditional events, an interval-valued probability assessment A_n like (9), we can look at the pair (F_n, A_n) as a probabilistic knowledge base, where each imprecise assessment α_i ≤ P (E_i|H_i) ≤ β_i is a probabilistic formula denoted by (E_i|H_i)[α_i, β_i]. In our approach a probabilistic interpretation is just a coherent precise conditional probability assessment P_n on F_n. A probabilistic interpretation P_n = (p_1, . . . , p_n) is a model of a probabilistic formula (E_i|H_i)[α_i, β_i] iff P_n |= (E_i|H_i)[α_i, β_i], that is α_i ≤ p_i ≤ β_i. P_n is a model of the probabilistic knowledge base KB = (F_n, A_n), denoted P_n |= KB, iff P_n |= (E|H)[α, β] for every (E|H)[α, β] ∈ KB. Therefore, P_n is a model of KB = (F_n, A_n) iff P_n is consistent with A_n. A set of probabilistic formulas KB is satisfiable iff a model of KB exists, therefore the concept of satisfiability of KB = (F_n, A_n) coincides with that of g-coherence of A_n on F_n. A probabilistic formula (E_{n+1}|H_{n+1})[α_{n+1}, β_{n+1}] is a logical consequence of KB = (F_n, A_n), denoted KB |= (E_{n+1}|H_{n+1})[α_{n+1}, β_{n+1}], iff denoting by I the set of real values p such that there exists a model of KB ∪ {(E_{n+1}|H_{n+1})[p, p]} it is

α_{n+1} ≤ inf I , β_{n+1} ≥ sup I .

As shown by the condition (11), in our approach this means that the following equality is satisfied

[α_{n+1}, β_{n+1}] ∩ [p_∘, p^∘] = [p_∘, p^∘].

A probabilistic formula (E_{n+1}|H_{n+1})[α_{n+1}, β_{n+1}] is a tight logical consequence of KB = (F_n, A_n), denoted KB |=_{tight} (E_{n+1}|H_{n+1})[α_{n+1}, β_{n+1}], iff α_{n+1} = inf I , β_{n+1} = sup I , that is α_{n+1} = p_∘ , β_{n+1} = p^∘ .

Considering a probabilistic query (E_{n+1}|H_{n+1})[α, β], where α and β are two different variables, to a probabilistic knowledge base KB = (F_n, A_n) a correct answer is any [α, β] = [α_{n+1}, β_{n+1}] ⊇ [p_∘, p^∘], that is such that KB |= (E_{n+1}|H_{n+1})[α_{n+1}, β_{n+1}]. The tight answer is [α, β] = [p_∘, p^∘]. Notice that our technique for probabilistic deduction is (obviously) sound and globally complete because for any given probabilistic query it determines all the correct answers and also the tight answer. Moreover, in our approach we can manage all the types of logical relations among events because the taxonomic knowledge is given as an input to the automatic procedure which generates the constituents.

Of course, being based on the linear programming technique, our method has the same computational limits of other similar approaches. But, concerning this point, some promising procedures for a local checking of coherence have been proposed in some recent working papers (see [2], [6]). Other methods have been proposed in [24]. Further work is needed to integrate these results in our algorithms.

5 Examples

In this section we apply our algorithm, implemented with Maple V, to some well known inference rules (see [1], [13], [15], [27]) assuming some taxonomical knowledge, that is some logical relations among the given events.

Example 1 (Chaining rule).

Let us consider the family F = {B|A, A|B, C|B, B|C}, with AC ⊆ B, and the vector

A = ([ 3 5 , 4 5 ], [0, 1 3 ], [ 1 5 , 2 5 ], [ 4 5 , 1])

of lower and upper probability bounds on F. It can be verified that A is coherent.

Then, consider the extension of A to the conditional event C|A.

The constituents, C_0, . . . , C_6, are respectively A^cB^cC^c, AB^cC^c, A^cBC^c,

ABC^c, A^cBC, ABC, A^cB^cC. Then, we have

Φ_A = λ_1 + λ_3 + λ_5, Φ_B = λ_2 + λ_3 + λ_4 + λ_5,

Φ_C = λ_4 + λ_5 + λ_6. The associated system

λ_5 = p(λ_1 + λ_3 + λ_5), λ_3 + λ_5 ≥^3_5 (λ_1 + λ_3 + λ_5), λ_3 + λ_5 ≤^4_5 (λ_1 + λ_3 + λ_5), λ_3 + λ_5 ≤^1_3 (λ_2 + λ_3 + λ_4 + λ_5), λ_4 + λ_5 ≥^1_5 (λ_2 + λ_3 + λ_4 + λ_5), λ_4 + λ_5 ≤^2_5 (λ_2 + λ_3 + λ_4 + λ_5), λ_4 + λ_5 ≥^4_5 (λ_4 + λ_5 + λ_6), λ_1 + λ_2 + λ_3 + λ_4 + λ_5 + λ_6 = 1, λ_r ≥ 0,

with the position p = 0 is compatible.

Moreover, MaxΦ_A is positive and the value p_∘ is 0. Concerning the computation of p^∘, we observe that the previous system with the position p = 1 is compatible and J = {1}, I_0 = {1, 5}. Then, applying again the algorithm we extend the assessment A_J = [^3_5 ,^4_5 ] defined on F_J = {B|A} to C|A. The constituents, C_0, . . . C_3, are respectively A^c, ABC, ABC^c AB^cC^c Then, we have

Φ_A = λ_1 + λ_2 + λ_3,

The associated system

λ_1 = p(λ_1 + λ_2 + λ_3), λ_1 + λ_2 ≥^4_5 (λ_1 + λ_2 + λ_3), λ_1 + λ_2 ≤^3_5 (λ_1 + λ_2 + λ_3), λ_1 + λ_2 + λ_3 = 1, λ_r ≥ 0,

with the position p = 1 is incompatible.

Then, the following linear programming problem must be solved.

Compute Max λ_1, subject to:

λ_1 + λ_2 ≥^4_5 (λ_1 + λ_2 + λ_3), λ_1 + λ_2 ≤^3_5 (λ_1 + λ_2 + λ_3), λ_1 + λ_2 + λ_3 = 1, λ_r ≥ 0.

The value p^∘ is^4_5 .

Example 2 (Combination rule). Given the family F = {B|A, A|B, C|B, B|C}, with A ⊆ C, and the imprecise assessment

A = ([ 3 5 , 4 5 ], [ 1 4 , 1 3 ], [0, 2 5 ], [ 7 10 , 4 5 ]), on F, consider the extension of A to the conditional event AB|C. It can be verified that A is g-coherent, but is not coherent. Applying the algorithm we can determine its least committal coherent correction by considering the extension of A to every conditional event of F, obtaining

A^∗ = ([ 3 5 , 4 5 ], [ 1 4 , 1 3 ], [ 1 4 , 2 5 ], [ 7 10 , 4 5 ]). Now, we can examine the extension of A^∗ to the conditional event AB|C.

The constituents, C_0, . . . , C_5, are respectively A^cB^cC^c, A^cBC^c, A^cBC, ABC, A^cB^cC, AB^cC. Then, we have

Φ_A = λ_3 + λ_5, Φ_B = λ_1 + λ_2 + λ_3,

Φ_C = λ_2 + λ_3 + λ_4 + λ_5.

The associated system

λ_3 = p(λ_2 + λ_3 + λ_4 + λ_5), λ_3 ≥^3_5 (λ_3 + λ_5), λ_3 ≤^4_5 (λ_3 + λ_5), λ_3 ≥^1_4 (λ_1 + λ_2 + λ_3), λ_3 ≤^1_3 (λ_1 + λ_2 + λ_3), λ_2 + λ_3 ≥^1_4 (λ_1 + λ_2 + λ_3), λ_2 + λ_3 ≤^2_5 (λ_1 + λ_2 + λ_3), λ_2 + λ_3 ≥^7_{10} (λ_2 + λ_3 + λ_4 + λ_5), λ_2 + λ_3 ≤^4_5 (λ_2 + λ_3 + λ_4 + λ_5), λ_1 + λ_2 + λ_3 + λ_4 + λ_5 = 1, λ_r ≥ 0,

with the position p = 0 is incompatible.

Then, the following linear programming problem must be solved.

Compute Min λ_3, subject to:

λ_3 ≥^3_5 (λ_3 + λ_5), λ_3 ≤^4_5 (λ_3 + λ_5), λ_3 ≥^1_4 (λ_1 + λ_2 + λ_3), λ_3 ≤^1_3 (λ_1 + λ_2 + λ_3), λ_2 + λ_3 ≥^1_4 (λ_1 + λ_2 + λ_3), λ_2 + λ_3 ≤^2_5 (λ_1 + λ_2 + λ_3), λ_2 + λ_3 ≥^7_{10} (λ_2 + λ_3 + λ_4 + λ_5), λ_2 + λ_3 ≤^4_5 (λ_2 + λ_3 + λ_4 + λ_5), λ_2 + λ_3 + λ_4 + λ_5 = 1, λ_r ≥ 0.

The value p_∘ is^7_{16} . Concerning the computation of p^∘, we observe that the system (2) with the position p = 1 is incompatible.

Then, the following linear programming problem must be solved.

Compute Max λ_3, subject to the previous constraints.

The value p^∘ is^4_5 .

Example 3 The aim of this last example is to point out that, given a probabilistic assessment A defined on a family F, before propagating A to further events a preliminary checking of its coherence is necessary, otherwise some inconsistency may arise. In [15](see Example 4, pp. 107-108), among other examples, the following imprecise assessment A_6

([0.6, 1], [0.8, 0.9], [0.9, 1], [0.5, 0.8], [0.8, 0.9], [0, 0.2])

is considered on the family F_6 = {A, A → B, A → C, B → D, C → D, D}, where A → B is the event A^c ∨ B, and so on. Then, by iteratively applying some inference rules, in the quoted paper it is examined the extension of A to the event BC, obtaining the tightest entailed interval [0.3, 0.4]. But, as it can be verified, the assessment A is not g-coherent. In fact, extending the assessment

A_5 = ([0.6, 1], [0.8, 0.9], [0.9, 1], [0.5, 0.8], [0.8, 0.9])

defined on the family F_5 = {A, A → B, A → C, B → D, C → D} to the event D we obtain the interval [0.3, 0.8]. Then, as the intervals [0.3, 0.8] and [0, 0.2] are disjoint the assessment A_6 is not g-coherent. Notice that if we consider the assessment A^∗_6, obtained from A_6 by replacing the interval [0, 0.2] with [0.3, 0.8], then the tightest entailed interval obtained for BC is [0.3, 0.9]. The same interval is also obtained, by applying some inference rules, at an intermediate step in the example examined in [15]. It can be verified that the assessment A^∗_6 is coherent.

6 Conclusions

In this paper we have considered the problem of the extension of g-coherent imprecise probability assessments defined on finite families of conditional events. We have generalized some theoretical results and an algorithm, already obtained for precise assessments, to the case of imprecise assessments. Moreover, we have proposed a version of the fundamental theorem of de Finetti for g-coherent imprecise assessments. We have remarked that, with reference to the principle proposed in [34], our algorithm can be also exploited to compute natural extensions of g-coherent imprecise assessments. We have compared our approach with similar ones, like probability logic, and we have given some applications to some well known inference rules under taxonomic knowledge. Further work is needed to improve the computational efficiency of our algorithms. For what concerns this aspect some promising local methods for checking coherence have been proposed in recent working papers.

References

[1] S. Amarger, D. Dubois, H. Prade (1991). Constraint propagation with imprecise conditional probabilities. In Proc. of the 7th Conference on Uncertainty in Artificial Intelligence, Morgan Kaufmann Publishers, 26-34.

[2] M. Baioletti, A. Capotorti, S. Tulipani, B. Vantaggi (1999). A procedure for probabilistic coherence. Convegno del progetto di ricerca cofinanziato MURST ”Modelli per il trattamento della conoscenza parziale nel processo decisionale”, Perugia, Italy, 7-9 Aprile 1999, Dip. Matematica e Informatica, 43-47.

[3] V. Biazzo (1998). Algorithms for the extension of precise and imprecise conditional probability assessments: an implementation with Maple V. Sixth Valencia International Meeting on Bayesian Statistics, Spain, May 30th-June 4th, 1998. Poster session.

[4] V. Biazzo, A. Gilio (1998). The fundamental theorem of de Finetti for conditional events: a linear algorithm to determine the interval [p^′, p^{′′}]. Sixth Valencia International Meeting on Bayesian Statistics, Spain, May 30th-June 4th, 1998. Poster session.

[5] G. Bruno, A. Gilio (1980). Applicazione del metodo del simplesso al teorema fondamentale per le probabilità nella concezione soggettivistica. Statistica 40, 337-344.

[6] A. Capotorti, S. Tognoloni, B. Vantaggi (1999).

Local coherence. Convegno del progetto di ricerca cofinanziato MURST ”Modelli per il trattamento della conoscenza parziale nel processo decisionale”, Perugia, Italy, 7-9 Aprile 1999, Dip. Matematica e Informatica, 63-67.

[7] A. Charnes, W. W. Cooper (1962). Programming with linear fractional functionals, Naval Research Logistics Quaterly 9, 181-186.

[8] G. Coletti (1993). Numerical and qualitative judgements in probabilistic expert systems. In ”Probabilistic Methods in Expert Systems”, Scozzafava, R. (ed.), S.I.S., Roma, 37-55.

[9] G. Coletti (1994). Coherent numerical and ordinal probabilistic assessments. IEEE Trans. on Systems, Man, and Cybernetics 24 (12), 1747-1754.

[10] G. Coletti, R. Scozzafava (1996). Characterization of coherent conditional probabilities as a tool for their assessment and extension. Journal of Uncertainty, Fuzziness and Knowledge-based Systems 4 (2), 103-127.

[11] Coletti G., Scozzafava R. (1997). Exploiting zero probabilities. In Proc. of EUFIT’97, Aachen, Germany, ELITE foundation, 1499-1503.

[12] L. Crisma (1993). Prolungamenti di probabilità condizionate localmente coerenti. Quad. n. 5/93 del Dip. Mat. Appl. ”B. de Finetti”, Univ. di Trieste.

[13] D. Dubois, H. Prade, J. M. Toucas (1990). Inference with imprecise numerical quantifiers. In Intelligent Systems, Ellis Horwood, chapter 3, 53-72.

[14] R. Fagin, J. Y. Halpern, N. Megiddo (1990). A logic for reasoning about probabilities. Information and Computation 87, 78-128.

[15] A. M. Frisch, P. Haddawy (1994). Anytime Deduction for Probabilistic Logic. Artificial Intelligence 69, 93-122.

[16] A. Gilio (1993). Algoritmi per la coerenza di probabilità condizionate. Atti del 17^0 Convegno A.M.A.S.E.S., Ischia, 8-11 Settembre 1993, 991- 993.

[17] A. Gilio (1993). Probabilistic consistency of knowledge bases in inference systems, Lecture Notes in Computer Science 747 (Eds. M. Clarke, R. Kruse, S. Moral), Springer-Verlag, 160-167.

[18] A. Gilio (1995). Algorithms for precise and imprecise conditional probability assessments. In ”Mathematical Models for Handling Partial Knowledge in Artificial Intelligence”, Coletti, G., Dubois, D., Scozzafava, R. (eds.), Plenum Press, New York, 231-254.

[19] A. Gilio (1995). Probabilistic consistency of conditional probability bounds. In ”Advances in Intelligent Computing”, Lecture Notes in Computer Science 945, Bouchon-Meunier, B., Yager, R. R., Zadeh, L. A. (eds.), Springer-Verlag, Berlin Heidelberg, 200-209.

[20] A. Gilio (1996). Algorithms for conditional probability assessments. In ”Bayesian Analysis in Statistics and Econometrics”, Wiley, New York, 29-39.

[21] A. Gilio, S. Ingrassia (1998). Totally coherent set-valued probability assessments. Kybernetika 34 (1), 3-15.

[22] A. Gilio and R. Scozzafava (1994), ”Conditional events in probability assessment and revision. IEEE Trans. on Systems, Man, and Cybernetics 24 (12), 1741-1746.

[23] S. Holzer (1985). On coherence and conditional prevision. Boll. Un. Mat. Ital. 4 (6), 441-460.

[24] B. Jaumard, P. Hansen, and M. P. de Aragão (1991). Column generation methods for probabilistic logic. ORSA Journal of Computing 3, 135- 147.

[25] F. R. Lad, J. M. Dickey, M. A. Rahman (1990).

The fundamental theorem of prevision. Statistica, anno L, 1, 19-38.

[26] R. S. Lehman (1955). On confirmation and rational betting. The Journal of Symbolic Logic, 251- 262.

[27] T. Lukasiewicz (1998). Magic inference rules for probabilistic deduction under taxonomic knowledge. Proc. of the 14th Conference on Uncertainty in Artificial Intelligence, Madison, Wisconsin, USA, July 1998, 354-361.

[28] N. J. Nilsson (1986). Probabilistic logic. Artificial Intelligence 28, 71-87.

[29] G. Paaß(1988), ”Probabilistic logic”, Non- Standard Logics for Automated Reasoning, chapter 8, Academic Press, London, 213-251.

[30] R. Pelessoni, P. Vicig (1998). A consistency problem for imprecise conditional probability assessments. Proceedings of the Seventh International Conference on “Information Processing and Management of Uncertainty in Knowledge-Based Systems” (IPMU ’98), Paris, July 6-10, 1998, 1478- 1485.

[31] E. Regazzini (1985). Finitely additive conditional probabilities. Rend. Sem. Mat. Fis. Milano 55, 69- 89. [32] R. Scozzafava (1994). Subjective probability versus belief functions in artificial intelligence. Int. J. General Systems 22, 197-206.

[33] P. Vicig (1996). An algorithm for imprecise conditional probability assessments in expert systems. Proceedings of the Sixth International Conference on “Information Processing and Management of Uncertainty in Knowledge-Based Systems” (IPMU ’96), Granada, July 1-5, 61-66.

[34] P. Walley (1991). Statistical reasoning with imprecise probabilities. Chapman and Hall, London.

[35] P. Walley (1997). Coherent upper and lower previsions. The Imprecise Probabilities Project (http://eepkibm2.rug.ac.be/ ipp).

[36] P. M. Williams (1975). Notes on conditional previsions. Technical Report, School of Mathematical and Physical Sciences, University of Sussex.

[37] N. Wilson, S. Moral (1994). A logical view of probability. Proc. of the 11th European Conference on Artificial Intelligence (ECAI-94), Amsterdam, The Netherlands, August 8-12, 1994, 386- 390.