�t— W?—ih?@—ıL?@*5)4 TLtıΛ4 L? W4 ThiUıti ¸ hLM@Mı*ı—ıit @?˙ AΞiıh Σ TT*ıU@—ıL?tcBΞi?—c` i*˝ıΛ4 c2b aΛ?i ´ 2 aΛ*) �bbb

Σ ß hi ˙@*Σ TThL@UΞ — L Π @ıffli ß *@ttı�U@— ıL?

P dufr ] dffidor q LGVLD 0Lvwlwxwr Gdooh P rooh gl Vwxgl vxoo*Lqwhoolj hq˝d Duwlfflfldoh Fruvr Hoyh˝ld 69/ 9¡33 Oxjdqr Vz lw̋huodqg ˝dffidorqClgvld1fk

Σ Mt— h@U—

Frqyh– vhwvri suredelolw— glvwulexwlrqvduhdovr fdoohg fuhgdovhwv1Wkh— jhqhudol˝h suredelolw— wkhru— z lwk vshfldouhjdug wr wkh uhod–dwlrq ri wkh suhflvlrq uh0 t xluhp hqwderxwwkhsuredelolw— ydoxhv1Fodvvlfflfdwlrq/ l1h1/ dvvljqlqj fodvv odehov wr lqvwdqfhvghvfulehg e— d vhwri dwwulexwhv/ lv d w— slfdogrp dlq ri dssolfdwlrq ri Ed— hvldq p hwkrgv/ z khuh wkh qdlyh Ed— hvldq fodvvl0 fflhu lv frqvlghuhg dp rqj wkh ehvwwrrov1 Wklv sdshu h–soruhv wkh fodvvlfflfdwlrq p rghorewdlqhg z khq wkh qdlyh Ed— hvldq fodvvlfflhu lv h–whqghg wr fuhgdo vhwv1 H–dfwdqg hffihfwlyh vroxwlrq surfhgxuhviru fodvvlfflfd0 wlrq duh ghulyhg/ dqg wkh uhodwhg grp lqdqfh fulwhuld duh glvfxvvhg1D p hwkrgrorj — wr lqgxfh wkh fodvvlfflhu iurp gdwd lv sursrvhg1

Nh— z r ugv1 Lp suhflvh suredelolwlhv/ fuhgdovhwv/ fodv0 vlfdwlrq/ qdlyh Ed— hvldq fodvvlfflfdwlrq/ Ed— hvldq qhw0 z runv1

� W?— hL˙ΛU— ıL?

Wkhuhodwlrqvkls ehwz hhq sro— wrslf fuhgdovhwv+fuhgdo vhwv/ iruvkruw, ri glvfuhwhglvwulexwlrqv/ Ed— hvldq qhw0 z runv +EQv, dqg fodvvlfflfdwlrq lv vwxglhg lq wklv sd0 shu1Fuhgdovhwv^46‘duhsro— wrshvri glvwulexwlrqvdqg fdq dovr eh vhhq dvwkh frqyh– kxoori d fflqlwh qxp ehu ri glvwulexwlrqv1 Fuhgdovhwv surylgh d iudp hz run wr irup dol˝h xqfhuwdlq grp dlqv lq d p ruh ıh–leoh z d— dv frp sduhg wr suredelolw— wkhru— 1 Lq idfw/ dowkrxjk fuhgdovhwv nhhs wkhlu urrwv lq wkh d–lrp v ri sured0 elolw— / wkhlu frqwhp srudu— wuhdwp hqwri p dq— glvwul0 exwlrqv doorz v wkh suhflvlrq uht xluhp hqwri suredelo0 lw— wkhru— wr eh uhod–hg1Wkh suhflvlrq uht xluhp hqwlv uhodwhg wr wkh qhhg ri suhflvho— ghfflqlqj wkh suredelo0 lw— ydoxhv lq d suredelolvwlf p rgho1Yhu— riwhq/ iru d qxp ehuri uhdvrqv+lj qrudqfhderxwwkhskhqrp hqrq/ hfrqrp lf ru whp srudofrqvwudlqwv/ hwf1,/ wkh odwwhu lv qrwd uhdolvwlf dvvxp swlrq1Wkhuhiruh/ p dq— dxwkruv frqvlghu suhflvlrq wkh p rvwfulwlfdosrlqwiru wkh ds0 solfdwlrq ri suredelolw— wkhru— 1

Dq dssolfdwlrq ri suredelolw— wkhru— lvwkhwdvn ri fodv0 vlfflfdwlrq1Fodvvlfflfdwlrq lvd w— slfdop dfklqh ohduqlqj wdvn/ z khuh fodvvodehovp xvweh dvvljqhg wr lqvwdqfhv ghvfulehg e— d vhwri dwwulexwhv1 I ru h–dp soh/ z khq wkh sureohp lv wkh uhfrj qlwlrq ri kdqg0z ulwwhq fkdu0 dfwhuv/ wkh fodvv odehov duh wkh doskdehwlfdov— p erov/ z kloh wkh dwwulexwhvfdq eh wkh errohdq yduldeohvfru0 uhvsrqglqj wr wkh sl–hov ri d e2z glj lwdo lp djh1 Lq wklv fdvh/ grlqj fodvvlfflfdwlrq lv ht xlydohqwwr rxwsxw wkh fkdudfwhu wkdwehvwp dwfkhv wkh lp djh ghvfulehg e— wkhmrlqwvwdwhri wkh sl–hov1Lq jhqhudo/ wkhfodvvlffl0 fdwlrq wdvn lvri edvlf lp sruwdqfh lq wkh fflhogvri gdwd dqdo— vlv dqg sdwwhuq uhfrjqlwlrq1 Ed— hvldq p hwkrgv duhyhu— hffihfwlyhlq wkhfflhog ri fodvvlfflfdwlrq1Lq sduwlf0 xodu/ lwlvuhfrjql˝hg wkdwwkhqdlyh Ed— hvldq fodvvlfflhu +QEF/ vhfwlrq 515, lv frp shwlwlyh z lwk wkh vwdwh0ri0 wkh0duwfodvvlfflhuv ^7/ 9‘1Wkh qdlyh Ed— hvldq fodvvlfflhu lv d sduwlfxodu fdvh ri Ed— hvldq qhwz run1D Ed— hvldq qhwz run lvd judsklfdop rghoiruwkhghfrp srvlwlrq ri d mrlqwsuredelolw— glvwulexwlrq/ z klfk lvfxuuhqwo— wkh ohdglqj p rghoirusuredelolvwlf uhdvrqlqj ^43‘1Fodvvl0 fflhuvedvhg rq wkh p ruh jhqhudosdudglj p ri Ed— hvldq qhwz runvkdyh dovr ehhq sursrvhg ^: ‘1

Dwwkhvdp hwlp h/ Ed— hvldq qhwz runvkdyhehhq lqyhv0 wljdwhg lq uhodwlrqvkls z lwk fuhgdovhwv^5/ 6/ 8‘1Lq wklv fdvh/ wkh j udsklfdop rgholv h–whqghg wr wuhdwvhwv ri glvwulexwlrqvlqvwhdg ri d vlqjoh mrlqwglvwulexwlrq dqg fdq ehfdoohg fuhgdoqhw1Fuhgdoqhwvuhdol˝hwkheulgj h ehwz hhq fuhgdovhwvdqg suredelolvwlf uhdvrqlqj lq wkh irup ri Ed— hvldq qhwz runv1

Wklv sdshu dqdo— ˝hv wkh wdvn ri fodvvlfflfdwlrq z khq lwlv uhdol˝hg e— d qdlyh Ed— hvldq fodvvlfflhu h–whqghg wr fuhgdovhwv1 Wr wklv sxusrvh/ ffluvw/ wkh p dlq frq0 fhswv duh lqwurgxfhg lq vhfwlrq 5¿ khuh d vxuyh— ri fuhgdovhwv/ Ed— hvldq qhwz runv dqg wkhlu uhodwlrqvkls lvj lyhq1I xuwkhup ruh/ fodvvlfflfdwlrq lvghvfulehg z lwk uhjdug wr lwv lp sohp hqwdwlrq z lwk d qdlyh Ed— hvldq fodvvlfflhu1Wkhq/ wkh h–whqvlrq ri qdlyh Ed— hvldq fodv0 vlfflfdwlrq wr fuhgdovhwv lv ghyhorshg +vhfwlrq 6, dqg wz r doj rulwkp v duh ghulyhg¿wkh ffluvwdoj rulwkp +vhf0

wlrq 614, frp sxwhv srvwhulru suredelolw— lqwhuydov iru wkh fodvvlfflfdwlrq yduldeoh¿ vxfk lqwhuydov doorz wkh vwdwhv ri wkh fodvvlfflfdwlrq yduldeoh wr eh +sduwldoo— , udqnhg wkurxj k wkh vwrfkdvwlf grp lqdqfh fulwhulrq

+vhfwlrq 616,1 Krz hyhu/ vlqfh qrwdoogrp lqdqfhv duh fdswxuhg e— vwrfkdvwlf grp lqdqfh z khq fuhgdo vhwv duh xvhg +vhfwlrq 617,/ wkh p ruh jhqhudofulwhulrq ri fuhgdogrp lqdqfh lv sursrvhg1 Wkh vhfrqg doj rulwkp doorz v fuhgdogrp lqdqfh wr eh whvwhg1Vhfwlrq 7 gh0 vfulehvdq h–dp soh ri qdlyh fuhgdofodvvlfflfdwlrq1Vhf0 wlrq 8 vkrz vwkdwwkhsursrvhg p hwkrg iruqdlyhfodv0 vlfflhuv fdq eh gluhfwo— h–whqghg wr wkh p ruh jhqhudo

Ed— hvldq qhwz runv fodvvlfflhuv/ li wkh sdwwhuqv wr fodv0 vli— gr qrwsuhvhqwp lvvlqj ydoxhv1I lqdoo— / dq lqgxfhu iruqdlyh fuhgdofodvvlfflhuv+QFFv, lvsursrvhg lq vhf0 wlrq 9/ z khuh dovr wkh uhvxowvri vrp h h–shulp hqwvrq uhdogdwdvhwvduh uhsruwhg1

2 ` @tıUß L?Ui T— t

Wklvvhfwlrq eulhı— lqwurgxfhvwkh p dlq frqfhswvglv0 fxvvhg lq wkhsdshu/ wkdwlv/ fuhgdovhwv/ Ed— hvldq qhw0 z runv dqg wkh QFF1

514 F uhgdoVhwv dqg Ed— hvldq Qhwz r unv

Lq wkh suhvhqwsdshu/ wkh whup fuhgdovhwlvxvhg irud forvhg dqg erxqghg jhrp hwulf uhj lrq ghvfulehg e— olq0 hdu frqvwudlqwv/ l1h1/ d sro— wrsh/ z khuh hyhu— srlqwlv d suredelolw— glvwulexwlrq1 Fuhgdovhwwkhru— j hqhudo0 l˝hvsuredelolw— wr xqfhuwdlqw— derxwwkhglvwulexwlrq= p ruhsuhflvho— / lwdvvxp hvwkdwsuredelolw— lvd surshu z d— ri ghdolqj z lwk xqfhuwdlq grp dlqv/ exwfulwlfl˝hv wkh uht xluhp hqwri suhflvlrq lq wkh suredelolw— ydo0 xhvuht xluhg e— suredelolw— wkhru— 1Wklveulqjvwr wkh p ruh jhqhudoylhz ri vhwvri glvwulexwlrqv1Wkh frkhu0 hqfh z lwk wkh d–lrp vri suredelolw— lvp dlqwdlqhg iru hyhu— glvwulexwlrq lq wkh vhw¿krz hyhu/ wkh mrlqweh0 kdylruri wkh fuhgdovhwghwhup lqhvp dq— qhz fkdudf0 whulvwlfvri wkh wkhru— / vxfk wkdwfuhgdovhwvfdqqrweh vhhq vlp so— dv dq h–whqvlrq ri fodvvlfdo+srlqw, sure0 delolw— 1

Dv idu dv judsklfdop rghov duh frqfhuqhg/ Ed— hvldq qhwz runv duh wkh fxuuhqwohdglqj p rgho iru sured0 elolvwlf uhdvrqlqj ^43‘1 D Ed— hvldq qhwz run lv d frx0 soh ‖J >S↕ z khuh J @ ‖Q>D↕ lv d gluhfwhg df— folf j udsk/ z krvh qrghv +Q, duh lqwhusuhwhg dv yduldeohv dqg z krvh dufv +D, h–suhvv wkh gluhfwghshqghqfhv ehwz hhq wkhp 1 Hdfk yduldeoh +qrgh, ♭ ▽ fl^♭ kdv d frqglwlrqdo glvwulexwlrq/ S ^♭ ⇕Sd+♭ , ‘/ iru hyhu— srvvleoh vwdwh Sd+♭ , ri lwv gluhfwsuhghfhvvru qrghv

+sduhqwv,1 Lwlv srvvleoh wr vkrz wkdwwkh mrlqwglvwul0 exwlrq ryhu wkh yduldeohv ri wkh j udsk lv rewdlqhg e— p xowlso— lqj wkhfrqglwlrqdoglvwulexwlrqvri wkhqrghv= S ^♭^4>///>♭^q ‘@ ⋂ l▽ Q S ^♭ l ⇕Sd+♭ l, ‘1

Fuhgdovhwvfdq eh sxwryhuEd— hvldq qhwz runve— do0 orz lqj d fuhgdovhwwr eh xvhg lq wkh sodfh ri hdfk frqglwlrqdoglvwulexwlrq ri wkh qhw1Wkdwlv/ d fuhgdo qhwz run lvd frxsoh‖J >�↕/ z khuh J lvolnh deryhz lwk wkh glffihuhqfh wkdwhdfk qrgh ♭ qrz p dlqwdlqv dv p dq— +fuhgdo, vhwv�_{S d+♭ ,}^♭ ri frqglwlrqdoglvwulexwlrqv dvp dq— mrlqwvwdwhvSd+♭ , ri wkh qrghv*sduhqwvh–0 lvw1 � lv wkh vhwri doowkh srvvleoh mrlqwglvwulexwlrqv

S ryhu wkh yduldeohv ri wkh qhw/ z klfk lv rewdlqhg e— p dnlqj dq— srvvleoh fkrlfh ri wkh frqglwlrqdoglvwul0 exwlrqvlq wkh fuhgdovhwvorfdowr wkh qrghv/

� @ ⟩ S ^♭^4>///>♭^q ‘@ ⋂ l▽ Q S ^♭ l ⇕Sd+♭ l, ‘> v/w/S ^♭^m⇕Sd+♭^m, ‘▽ �_{S d+♭ m,}^{♭ m} >m@4///q / / Uhp dun 4 Qrwlfh wkdwwkhuh duh rwkhu srvvleoh zd— v ri h–whqglqj Ed— hvldq qhwzrunv wr vhwv ri glvwulex0 wlrqv1I ru h–dp soh/ lqvwhdg ri ghfflqlqj d sro— wrsh iru hdfk mrlqwvwdwh ri d qrgh*v sduhqwv/ lwzrxog eh srv0 vleoh wr xvh d vlqjoh/ kljkhu0glp hqvlrqdo/ sro— wrsh iru hdfk qrgh1Lq sduwlfxodu/ frqvlghu wkh qdlyh fodvvlfflhu¿ dffruglqj wr wkh ffluvwghfflqlwlrq ri fuhgdoqhwv/ qrgh

D^l kdv d froohfwlrq ri ⇕fl^F ⇕fuhgdovhwv=�_F^{Dl} / F ▽ fl^F 1

I ru d jlyhq vwdwh f ri F/ wkh jhqhulf yhfwru lq wkh fuhgdovhwlv Ŝ D̂^l ⇕f‘‘^{Dl ▽ fl D l} 1 Lqvwhdg/ zlwk wkh vhf0 rqg ghfflqlwlrq ri fuhgdo qhwv/ wkhuh zrxog eh d vlq0 joh vhw/ zkhuh wkh jhqhulf hohp hqwzrxog eh d yhfwru olnh Ŝ D̂^l ⇕F ‘‘^{Dl ▽ fl D l >F ▽ fl F} 1 Wkh odwwhu ghfflqlwlrq lv p ruh jhqhudo/ vlqfh lwlqfoxghv wkh irup hu fdvh dqg jlyhv wkh ixuwkhu fkdqfh ri xvlqj frqvwudlqwv ehwzhhq glffihuhqwfrqglwlrqdoglvwulexwlrqv ri wkh vdp h qrgh1

Krzhyhu/ wkh hffihfwv ri vxfk d juhdwhu jhqhudolw— duh qrwfohdudqg/ p ruhryhu/ wkh lp solfdwlrqvrq frp sxwd0 wlrqdofrp soh–lw— duh vwurqj1Wklv lv glvfxvvhg lq vhf0 wlrq 615161 I ru wkh deryh uhdvrqv/ wklv sdshu dgrswv wkh lqlwldoghfflqlwlrq ri fuhgdoqhwv1

P dnlqj lqihuhqfh lq d fuhgdo qhwlv vlp lodu wr wkh

Ed— hvldq qhwfdvh/ wkdwlv/ frp sxwlqj wkh srvwhulru suredelolw— ri d yduldeoh j lyhq d vhwri lqvwdqwldwhg qrghv/ fdoohg wkh hylghqfh qrghv1P ruh suhflvho— / li H lv wkh vhwri hylghqfh qrghv/ vxfk wkdwH @h lv wkhlu nqrz q vwdwh/ wkh lqihuhqfh +ruxsgdwlqj, lvghfflqhg dv wkh frp sxwdwlrq ri S ^♭ ⇕H @h‘/ irud qrgh ♭ lq wkh judsk1Exwqrwlfhwkdwz khuhdvlq d Ed— hvldq qhwz run

S ^♭ ⇕H @h‘ lvd qxp ehu/ lwlvdq lqwhuydoirud fuhgdo qhw1 Lq idfw/ lwlv= S ^♭ ⇕H @h‘ ⪰ S ^♭ ⇕H @h‘ ⪰

S ^♭ ⇕H @h‘/ z khuh wkh h–wuhp hv ri wkh lqwhuydoduh wkh vroxwlrqv uhvshfwlyho— wr wkh p lqlp l˝dwlrq dqg p d–lp l˝dwlrq sureohp vehorz /

S ^♭ ⇕H @h‘ @ p lq S ^♭^4 >///>♭^q ‘▽ � S ^♭ ⇕H @h‘>+4, S ^♭ ⇕H @h‘ @ p d– S ^♭^4 >///>♭^q ‘▽ � S ^♭ ⇕H @h‘/+5,

Wkh lqwhuydoh–suhvvhvwkh ljqrudqfh derxwwkh srvwh0 ulru suredelolw— wkdworj lfdoo— iroorz v iurp wkh lj qr0 udqfh derxwwkh mrlqwglvwulexwlrq wkdwlv sduwri wkh fuhgdoqhwp rgho1 H–dfwo— vroylqj sureohp v ri w— sh +4, dqg +5, lvd glȷ fxowwdvn lq wkh j hqhudofdvh1Wkh rqo— nqrz q dojrulwkp ^5‘ kdv dq h–srqhqwldo z ruvw fdvh frp soh–lw— dovr iru vlqj o— 0frqqhfwhg qhwv1 Uh0 vwulfwlqj wkh dwwhqwlrq wr d vxevhwri fuhgdoqhwv fdq khos wr ghyhors p ruh hffihfwlyh dojrulwkp v¿iru h–dp 0 soh/ vlqjo— 0frqqhfwhg fuhgdoqhwvz lwk elqdu— yduldeohv dgp lwd vroxwlrq dojrulwkp z klfk lvolqhduwr wkh vl˝h ri wkh j udsk ^8‘1Wkh suhvhqwsdshu hp skdvl˝hv wkdw fodvvlfflfdwlrq lvd fflhog wkdwfrqvwlwxwhvdqrwkhuh–dp 0 soh lq z klfk dq hȷ flhqwlqihuhqfh doj rulwkp fdq eh uhdol˝hg1Wklvlvgxh wr wkh sduwlfxoduw— sh ri frp sx0 wdwlrq wr eh uhdol˝hg lq wkh qhwz run1

Z lwk vshfldo uhjdug wr vroxwlrq doj rulwkp v/ d ed0 vlf surshuw— ri fuhgdoqhwz runv lv wkdwsureohp v +4,/ +5, fdq eh wudqvirup hg wr frp elqdwruldorswlp l˝dwlrq sureohp v1Lq rwkhu z rugv/ lwlv srvvleoh wr frp sxwh wkh p lqlp xp dqg wkh p d–lp xp e— h–dp lqlqj d ffl0 qlwh qxp ehu ri srlqwv1 Lq sduwlfxodu/ iru hdfk fuhgdo vhwlq wkh qhwz run/ lwlv vxȷ flhqwwr frqvlghu wkh +ffl0 qlwh, vxevhwri h–wuhp h srlqwv1 Wkh h–wuhp h srlqwv fruuhvsrqg wr wkhyhuwlfhvri wkhsro— wrshuhsuhvhqwhg e— wkh fuhgdovhw1I ru wklv uhdvrq/ wkh glvwulexwlrqv fruuhvsrqglqj wr yhuwlfhv ri wkh sro— wrshv duh fdoohg h–wuhp h glvwulexwlrqv1

515 Qdlyh Ed— hvldq F odvvlfflfdwlr q

Wkh qdlyh Ed— hvldq fodvvlfflhu lv wkh sduwlfxodu fdvh ri Ed— hvldq qhwz run ghslfwhg lq ffljxuh 41 C

A_1 Ai An

I lj xuh 4=Wkh Qdlyh Ed— hvldq Fodvvlfflhu

Wkh qdlyh fodvvlfflhu kdv d vlqjoh urrwqrgh +F, z klfk fruuhvsrqgvwr wkh fodvvlfflfdwlrq yduldeoh dqg lwvfklo0 guhq qrghv duh wkh dwwulexwh yduldeohv1Hdfk qrgh ♭ lq wkhqhwz run kdvwkh xvxdofrqglwlrqdoglvwulexwlrqv S ^♭ ⇕Sd+♭ , ‘ ri wkh qrgh jlyhq wkh vwdwh ri wkh sdu0 hqw+v,/ Sd+♭ ,/ z klfk duhhvwlp dwhg iurp gdwd ruiurp rwkhuw— shvri nqrz ohgj h1J lyhq d sduwlfxodulqvwdqfh/ D_4 @ d_4>///>D_q @ d_q / ri wkh dwwulexwh yduldeohv/ wkh fodvvlfflfdwlrq lvp dgh e— frp sxwlqj wkh srvwhulru suredelolw— S F̂ ⇕d_4>///>d_q ‘ iru hdfk ydoxh ri F dqg e— slfnlqj xs wkh ydoxh z lwk p d–lp xp suredelolw— / f^± @duj p d–_F S F̂ ⇕d_4>///>d_q ‘1

Wkh qdlyh fodvvlfflhu lv t xlwh d vlp soh p rghodqg wklv lv gxh wr vwurqj lqghshqghqf— dvvxp swlrqv¿wkh dw0 wulexwhvp xvweh frqglwlrqdoo— lqghshqghqwjlyhq wkh vwdwh ri wkh fodvvlfflfdwlrq yduldeoh +wklv fruuhvsrqgv wr wkh devhqfh ri dq duf ehwz hhq dq— frxsoh ri dw0 wulexwhv,1Wklv uht xluhp hqwlv p hwyhu— uduho— lq ds0 solfdwlrqv1 Krz hyhu/ vxfk d fodvvlfflhu lv xvhg p xfk/ vlqfh lwlv hp slulfdoo— z hoo0nqrz q ¨ dqg vrp h uhfhqw wkhruhwlfdolqvljkwvwhqg wr mxvwli— vxfk hylghqfh^7/ 9‘ ¨ wkdwwkhqdlyhEd— hvldq fodvvlfflhusuhglfwlyhshuiru0 p dqfh lv frp shwlwlyh z lwk wkh vwdwh0ri0wkh0duwfodvvl0 fflhuv +olwhudwxuh dovr whqgv wr uhod– wkh deryh lqgh0 shqghqfh uht xluhp hqwv/ e— doorz lqj wkh ghshqghqfhv ehwz hhq wkh dwwulexwh yduldeohvwr eh vwdwhg xvlqj wkh p ruh j hqhudoiudp hz run ri Ed— hvldq qhwz runv^: ‘,1

fi Π @ıffli ß hi ˙@*ß *@ttı�U@— ıL?

Dv z lwk dq— rwkhu EQ/ fuhgdo vhwv fdq eh dssolhg wr wkh qdlyh fodvvlfflhu e— vxevwlwxwlqj wkh frqglwlrqdo glvwulexwlrqv S F̂‘>S D̂_l ⇕F ‘ +l @4>///>q>F ▽ fl_F , z lwk wkh fuhgdovhwv �_F >�^F_{Dl} +l @4>///>q>F ▽ fl_F ,1 Wkhq/ wkh irfxv lv rq wkh z d— wkh fodvvlfflfdwlrq vkrxog eh uhdol˝hg1 Lq wkh vht xho/ ffluvw/ lwlv dqd0 o— ˝hg wkh vwudljkwh–whqvlrq ri wkh srlqwsuredelo0 lw— surfhgxuh wr fuhgdo vhwv1 Wklv lp solhv wr frp 0 sxwh S F̂ ⇕D_4>///>D_q ‘ ∅ F ▽ fl_F +vhfwlrq 614, dqg wr frp sduh wkhp +vhfwlrq 616,1Uhfdoowkdwwkh deryh srvwhulru suredelolwlhv duh j hqhudoo— lqwhuydov¿wkhuh0 iruh wkhlufrp sdulvrq lvdgguhvvhg z lwk wkh vwrfkdvwlf grp lqdqfhfulwhulrq1Wkhodwwhulvglvfxvvhg lq vhfwlrq 617 z khuh lwlv vkrz q wkdwlwfdqqrwlghqwli— doowkh grp lqdqfhvh–suhvvhg e— fuhgdovhwv1I ruwklvuhdvrq/ d p ruh j hqhudofulwhulrq/ fdoohg fuhgdogrp lqdqfh/ lv sursrvhg1Dwwkh oljkwri fuhgdogrp lqdqfh/ dq dowhu0 qdwlyhsurfhgxuhirufodvvlfflfdwlrq lvghulyhg lq vhfwlrq 6171

614 LqwhuydoF r p s xwdwlr q

Vxssrvh wkdwwkh fxuuhqwlqvwdqfh ri wkh dwwulexwh yduldeohv lv D_4 @ d_4>///>D_q @ d_q 1 Dv h–sodlqhg lq vhfwlrq 514/ wz r sureohp vp xvweh vroyhg=

p lq S F̂ >D_4 >///>D_q ‘▽ � S F̂ ⇕D_4 @d_4>///>D_q @d_q ‘>+6, p d– S F̂ >D_4 >///>D_q ‘▽ � S F̂ ⇕D_4 @d_4>///>D_q @d_q ‘/+7,

Frqvlghuwkh p lqlp l˝dwlrq/ wkh p d–lp l˝dwlrq lvdqdo0 rj rxv1I xuwkhup ruh/ frqvlghu wkh frp sxwdwlrq ri wkh srvwhulrusuredelolw— irud ffl–hg ydoxh f ri F1Wkh re0 mhfwlyh ixqfwlrq fdq eh uhz ulwwhq dsso— lqj wkh ghfflql0

wlrq ri frqglwlrqdosuredelolw— dqg xvlqj wkhp duj lqdo0 l˝dwlrq dviroorz v/

S f̂ ⇕d^4>///>d^q ‘@ S f̂>d^4>///>d^q ‘ ⋃ F ▽ fl^F S F̂>d4>///>dq ‘ @ +8, ] ⋃^{F ▽ fl} F S F̂>d^4>///>d^q ‘ S f̂>d^4>///>d^q ‘ ⌊ ∗ 4 @ +9, ] 4. ⋃ F ▽ fl^F ∐⟩ f| S F̂>d4>///>dq ‘ S f̂>d^4>///>d^q ‘ ⌊^{∗ 4}

> +: , z khuh lw lv dvvxp hg S f̂>d^4>///>d^q ‘ ∃@ 3 iru wkh sdvvdjh iurp Ht 1 +8, wr Ht 1 +9,¿ qrwlfh wkdw li S f̂>d^4>///>d^q ‘ @ 3/ lw lv fohdu iurp Ht 1 +8, wkdw S f̂ ⇕d^4>///>d^q ‘ @ 3 +wkh fdvh z khq dovr

S d̂^4>///>d^q ‘ @ 3 lv qrw frqvlghuhg/ ehfdxvh lw z rxog lp so— dq xqghfflqhg frqglwlrqdo suredelolw— S f̂ ⇕d^4>///>d^q ‘,1 I lqdoo— / Ht 1 +: , lv z ulwwhq dffruglqj wr wkh wrsrorj— ri wkh judsk/

S f̂ ⇕d^4>///>d^q ‘@ ] 4. ⋃ F ▽ fl^F ∐⟩ f| S F̂‘ ⋂^q l@4 S d̂^l ⇕F ‘ S f̂‘ ⋂^q l@4 S d̂^l ⇕f‘ ⌊^{∗ 4}

1+; ,

Qrz / wkh p lqlp l˝dwlrq sureohp +6, lvz ulwwhq e— vxe0 vwlwxwlqj lwvremhfwlyhixqfwlrq z lwk wkh ulj kwp hp ehu ri Ht 1+; ,/ p lq S F̂ ‘▽ �^F p lq S D̂^l ⇕F ‘▽ �_F^{D l} >F ▽ fl^F >l@4>///>q ] 4. ⋃ F ▽ fl^F ∐⟩ f| S F̂ ‘ ⋂^q l@4 S d̂^l ⇕F ‘ S f̂‘ ⋂^q l@4 S d̂^l ⇕f‘ ⌊^{∗ 4}

/ +¡,

Qrwlfh wkdwvlqfh wkh remhfwlyh lv qrz h–suhvvhg e— p hdqv ri wkh orfdofrqglwlrqdoglvwulexwlrqv/ dovr wkh p lqlp l˝dwlrq lv wdnhq ryhu wkh srvvleoh frqglwlrqdo glvwulexwlrqv lq wkh fuhgdo vhwv orfdo wr wkh qrghv1

Ohwxv qrz irfxv rq wkh lqqhu p lqlp l˝dwlrq sureohp rqo— =wkh j rdolv wkh p d–lp l˝dwlrq ri wkh iudfwlrqdo ixqfwlrq lqvlgh wkh sduhqwkhvhv/ vlqfh wklv lv ht xly0 dohqwwr p lqlp l˝lqj wkh uhflsurfdo1 I luvwri doo/ qr0 wlfh wkdwlwlv srvvleoh wr p lqlp l˝h wkh ghqrp lqdwru dqg wr p d–lp l˝h wkh qxp hudwru vhsdudwho— / lq idfw wkh— gr qrwvkduh dq— whup 1 Vhfrqg/ qrwlfh wkdw wkh t xdqwlwlhvS d̂^l ⇕F ‘ +F ▽ fl^F >l @4>///>q, duh lq0

ghshqghqwrqh dqrwkhu_4 ehfdxvh wkh— duh ghfflqhg e— p hdqvri glvmrlqwvhwvri frqvwudlqwv1Wklvp hdqvwkdw wkh fkrlfh ri d frqglwlrqdo glvwulexwlrq S d̂^l ⇕F ‘ lq

�_F^{Dl} fdq eh p dgh z lwkrxwwdnlqj lqwr dffrxqwwkh fkrlfh ri dq— rwkhu frqglwlrqdoglvwulexwlrq1 Wkh re0 vhuydwlrqv deryh doorz wkh lqqhu rswlp l˝dwlrq wr eh vroyhg1 Frqvlghu wkh ghqrp lqdwru fdvh1 S f̂‘ lv d qrq0qhj dwlyh qxp ehu¿wkhuhiruh/ wkh ghqrp lqdwru lv p lqlp l˝hg z khq wkh surgxfw ⋂^q l@4 S d̂^l ⇕f‘ lv p lq0 lp l˝hg1 Wklv lv rewdlqhg e— vhwwlqj dq— S d̂^l ⇕f‘ wr lwv p lqlp xp / l1h1 ⋂^q l@4 S d̂^l ⇕f‘1 Dq dqdorjrxv duj x0 p hqwkrogv iru wkh qxp hudwru¿S F̂‘ lv qrq0qhjdwlyh

∅ F ▽ fl^F / dqg wkh vxp lvp dgh e— whup vwkdwfdq eh rswlp l˝hg vhsdudwho— 1Khqfh/ wkh qxp hudwru lv p d–l0 p l˝hg z khq wkh surgxfwri wkh frqglwlrqdoglvwulex0 wlrqvlvvhwwr ⋂^q l@4 S d̂^l ⇕F ‘ ∅ F ▽ fl^{F ∐⟩ f|} 1 Sureohp +¡, ehfrp hv/ p lq S F̂ ‘▽ �^F ] 4. ⋃ F ▽ fl^F ∐⟩ f| S F̂ ‘ ⋂^q l@4 S d̂^l ⇕F ‘ S f̂‘ ⋂^q l@4 S d̂^l ⇕f‘ ⌊^{∗ 4} 1 +43,

Wkh qh–wvwhs lv wkh dssolfdwlrq ri wkh frp elqdwruldo surshuw— ri wkh sureohp / flwhg lq vhfwlrq 5141I rudq— jlyhq qrgh♭ / ghqrwh z lwk �_{S d+♭ ,}^♭ wkh fflqlwh vxevhwri �_{S d+♭ ,} ♭ p dgh e— lwv h–wuhp h srlqwv1 Sureohp +43, lv ht xlydohqwwr wkh frp elqdwruldosureohp +44,/ p lq S F̂ ‘▽ �^F ] 4. ⋃ F ▽ fl^F ∐⟩ f| S F̂ ‘ ⋂^q l@4 S d̂^l ⇕F ‘ S f̂‘ ⋂^q l@4 S d̂^l ⇕f‘ ⌊^{∗ 4} / +44, z klfk lv vlp so— vroyhg e— hqxp hudwlqj wkh h–wuhp h glvwulexwlrqvlq �^F 1 Ri frxuvh/ lwlv dovr qhfhvvdu— wr nqrz wkh h–wuhp hvri S d̂^l ⇕F ‘ +F ▽ fl^F >l @4>///>q, lq rughu wr dsso— irup xod +44,1 Wklv lv re0 wdlqhg e— vroylqj sureohp v p lq^{S D̂l ⇕f ‘▽ �} f^{D l} S d̂^l ⇕f‘ dqg p d–^{S D̂l ⇕F ‘▽ �} F^{D l} S d̂^l ⇕F ‘ ∅ F ▽ fl^F ∐ ⟩f| >∅ l @ 4>///>q/ z klfk fdq djdlq eh grqh hqxp hudwlqj wkh h–wuhp h glvwulexwlrqvlq wkh uhvshfwlyh ihdvleoh vhwv1

I roorz lqj wkh vdp h duj xp hqw/ lwlv vwudljkwiruz dug wr rewdlq wkh irup xod vroylqj sureohp +7,/ z klfk lv uhsruwhg ehorz / p d– S F̂ ‘▽ �^F ] 4. ⋃ F ▽ fl^F ∐⟩ f| S F̂ ‘ ⋂^q l@4 S d̂^l ⇕F ‘ S f̂‘ ⋂^q l@4 S d̂^l ⇕f‘ ⌊^{∗ 4} 1 +45,

�ȷ Mtihffli —Ξ@— —Ξıt ıt @˙ıgihi?— UL?UiT— @t UL4 T@hi˙

—L ThLM@Mı*ıt—ıUı?˙iTi?˙i?Ui˘

615 F r p s oh–lw—

Wkhsxusrvhri wklvvhfwlrq lvwr dqdo— ˝hwkhfrp soh–0 lw— ri grlqj fodvvlfflfdwlrq z lwk fuhgdoqhwv1Lq sduwlf0 xodu/ wkh frp soh–lw— ri wkh frp elqdwruldovroxwlrq ri sureohp v +44, dqg +45, lv glvfxvvhg¿ixuwkhup ruh/ d glffihuhqwh–dfwvroxwlrq surfhgxuh lvsursrvhg iruwkh fdvhv z khq wkh frp elqdwruldodssurdfk lv wrr h–shq0 vlyh1I lqdoo— / d eulhi dqdo— vlvlvfduulhg rxwz lwk uhjdug wr wkh fodvvlfflfdwlrq frp soh–lw— z lwk wkh p ruh jhqhudo p rghoghvfulehg lq wkh uhp dun 41

61514 F r p elqdwr uldoSur fhgxuh

Lq rughu wr dsso— irup xodv +44, dqg +45,/ lwlv qhf0 hvvdu— / ffluvw/ wr frp sxwh wkh h–wuhp h ydoxhv ri wkh frqglwlrqdoglvwulexwlrqv ri wkh p rgho1 Vxssrvh wkdw wkh h–wuhp h glvwulexwlrqv ri wkh fuhgdo vhwv duh do0 uhdg— nqrz q^5/ dqg wkdwwkh p d–lp xp qxp ehuri h–0 wuhp h glvwulexwlrqv lq d vhwlv n1 Khqfh/ wkh frp 0 elqdwruldo frp sxwdwlrq ri wkh h–wuhp hv ri S d̂_l ⇕F ‘ wdnhv R +n, wlp h1 Wklv p xvweh uhshdwhg ∅ F ▽ fl_F dqg ∅ l @4>///>q/ — lhoglqj wr R +qn⇕fl_F ⇕,1

Z lwk uhj dug wr irup xodv+44, dqg +45,/ z khq wkh ydo0 xhv ri wkh frqglwlrqdosuredelolwlhv duh ffl–hg/ wkh h–0 suhvvlrq lq sduhqwkhvhvlvfrp sxwhg lq wlp h R +⇕fl_F ⇕,1 Wkhodwwhup xvwehuhshdwhg iruhdfk h–wuhp hglvwulex0 wlrq lq �_F / lq rughuwr hydoxdwhwkhrswlp xp / — lhoglqj wr R +n⇕fl_F ⇕,1Wkh wrwdofrp soh–lw— lvwkh vxp ri wkh wz r h–suhvvlrqv deryh/ l1h1/

R +qn⇕fl_F ⇕, / +46,

Revhuyh wkdwwkh frp soh–lw— lv olqhdu z lwk hyhu— lq0 ghshqghqwt xdqwlw— p dnlqj xs h–suhvvlrq +46,/ l1h1/ lw lvolqhduwr q/ n dqg ⇕fl_F ⇕1

61515 Olqhdu Sur j udp p lqj Sur fhgxuh

Dp rqj wkh wkuhh t xdqwlwlhv lq irup xod +46,/ q dqg ⇕fl_F ⇕duh gluhfwo— xqghu wkh frqwuro ri wkh p rgho exloghu¿lqvwhdg/ n fdq eh dq— lqwhjhu/ ghshqglqj rq wkh frqvwudlqwvwkdwghfflqh wkh fuhgdovhwv^61Li n lvqrw wrr odujh/ wkh frp elqdwruldodssurdfk lvhȷ flhqw¿exw wkhuh duh fdvhv z khq n fdq eh/ olnh z khq d fuhgdovhw lv ghfflqhg yld lqwhuydofrqvwudlqwv ^4‘1Lq wklv fdvh/ n fdq eh irup doo— erxqghg rq wkh edvlvri wkh vl˝h ri d yduldeoh*vgrp dlq1I ruh–dp soh/ li wkh yduldeoh kdv43 srvvleoh vwdwhv/ n fdq eh 4593 dwp rvw¿iru 44 vwdwhv/ n ⪰ 5: 551Dv wkh qxp ehu ri vwdwhv jurz / n fdq eh t xlwh oduj h dqg wkh frp elqdwruldo dssurdfk ohdglqj

2AΞi i —hi4 i ˙ıt—hıMΛ—ıL?t U@? Mi UL4 TΛ—i˙ ˝ıffli? —Ξi UL?—h@ı?—t E@?˙ fflıUi ffliht@ø˘

fi, UiT— uLh —Ξi U@ti ¯ Ξi? @ffl@hı@M*i ıt Mı?@h)( ı? —Ξıt U@ti ςU@? Mi 2 @— 4 Lt—˘ wr frp soh–lw— +46, p d— eh vljqlfflfdqwo— vorz hg grz q1 Wklv vkrxog qrweh shufhlyhg dv d olp lwdwlrq wr wkh dssolfdelolw— ri fuhgdofodvvlfflfdwlrq1Lq idfw/ wkhuh lv qr qhhg wr xvh h–solflwo— wkh h–wuhp h glvwulexwlrqv li p ruh vrsklvwlfdwhg dssurdfkhv edvhg rq olqhdu sur0 judp v +OSv, duh dgrswhg1Wkh odwwhu gluhfwo— xvh wkh frqvwudlqwv uhsuhvhqwdwlrq ri wkh sro— wrshv dqg fdq vroyh sureohp +¡, h–dfwo— dqg hȷ flhqwo— +wkh p d–l0 p l˝dwlrq lv dqdorjrxv,= ffluvw/ wkh frp sxwdwlrq ri dq h–wuhp h ri S d̂_l ⇕F ‘/ ∅ l @4>///>q dqg ∅ F ▽ fl_F / lv dq OS1D olqhdu surjudp lv xvxdoo— vroyhg hȷ flhqwo— dovr iruyhu— oduj h grp dlqvz lwk wkh vlp soh– p hwkrg¿ ixuwkhup ruh lwlv d wdvn sro— qrp ldoo— erxqghg z khq dq lqwhulrusrlqwp hwkrg lvxvhg1Vhfrqg/ revhuyhwkdw sureohp +43, lv d iudfwlrqdoolqhdu surj udp / ehfdxvh wkh ydoxhv ri wkh frqglwlrqdo suredelolwlhv duh ffl–hg dqg rqo— wkh suredelolwlhv ri wkh vwdwhvri F duh ydul0 deohv1 I udfwlrqdo olqhdu sureohp v fdq eh wxuqhg wr OSve— fkdqj lqj yduldeohv+^44‘/ vhfwlrq 51515,1

61516 De r xwP r uh J hqhudoP r ghov

Lq wkh ghulydwlrq ri wkh vroxwlrq surfhgxuh/ lq vhfwlrq 614/ wkh sdvvdjh iurp Ht 1 +¡, wr Ht 1 +43, lv d vlj0 qlfflfdqwsrlqwerwk irufrp soh–lw— dqg iruwkh qdwxuh ri sureohp lwvhoi1Lq idfw/ lwvwdwhv wkdwwkh rswlp do ydoxhv ri wkh frqglwlrqdoglvwulexwlrqv S D̂_l ⇕F ‘ fdq eh ffl–hg wr S d̂_l ⇕F ‘ dqg S d̂_l ⇕f‘/ ∅ F ▽ fl_F ∐⟩f| dqg ∅ l @4///q/ lqghshqghqwo— rq hdfk rwkhu dqg rq wkh fkrvhq glvwulexwlrq S F̂ ‘ ▽ �_F 1 Rq rqh kdqg/ wklv p dnhv wkh frp elqdwruldofrp sxwdwlrq yldeoh/ dqg rq wkhrwkhu/ lwdoorz vwkhsureohp wr ehghvfulehg z lwklq wkh iudp hz run ri iudfwlrqdoolqhdusurj udp p lqj 1

Vxfk qlfh surshuwlhvduh orvw/ iruh–dp soh/ e— sdvvlqj wr wkh p ruh j hqhudop rghoghvfulehg lq wkh uhp dun 41Lq idfw/ lq wkdwfdvh/ ∅ l @ 4///q/ wkh t xdqwlwlhv S D̂_l ⇕F ‘>F ▽ fl_F / duhqrwp xwxdoo— lqghshqghqw+eh0 fdxvhwkhuhfdq ehfrqvwudlqwvehwz hhq wkhp ,1Wkhuh0 iruh/ wkh duj xp hqwwkdwmxvwlfflhvwkh sdvvdjh iurp Ht 1 +¡, wr Ht 1 +43, fdqqrweh dssolhg1 Wkh ffluvwfrq0 vht xhqfh lv wkdwd frp elqdwruldo dssurdfk fdq vwloo z run exwz lwk p xfk klj khufrp soh–lw— wkdw/ lq idfwv/ uhqghuv wkh p hwkrg qrwyldeoh1 Wkh frp elqdwruldo dssurdfk fdq eh uhdol˝hg e— grlqj doowkh frp elqd0 wlrqvri wkh h–wuhp h srlqwvri wkh dwwulexwh yduldeohv* frqyh– vhwv¿exwwklv lp solhv d idvwfrp elqdwruldoh–0 sorvlrq ri wkh qxp ehu ri srlqwv wr wuhdw1 Wkh vhfrqg frqvht xhqfh lvd vhhp lqj idloxuh ri wkh qrq0olqhduds0 surdfk/ wrr¿lq idfw/ vlqfh wkh ydoxhvS D̂_l ⇕F ‘ duh qrw p xwxdoo— lqghshqghqw/ wkh— fdqqrwehffl–hg/ l1h1/ wkh— duh yduldeohvlq sureohp +¡,1Khqfh/ wkh odwwhufdqqrw eh uhgxfhg wr d iudfwlrqdoolqhdu surjudp / ehlqj wkh udwlr ri wz r sro— qrp ldovryhud olqhduvhw1Wklvp ryhv wkh sureohp wr d glȷ fxowvlgh ri wkh joredorswlp l˝d0 wlrq fflhog1 Lq wkh dxwkru*v nqrz ohgjh/ olwhudwxuh grhv

qrwsuhvhqwdq— jhqhudohffihfwlyhsurfhgxuhwr joredoo— rswlp l˝h vxfk sureohp v ^44/ 45‘1

616 Vwr fkdvwlf Gr p lqdqfh

Vhfwlrq 614 surylghv wkh p hdqv wr frp sxwh wkh sure0 delolw— lqwhuydoz khuh S F̂ ⇕d^4>///>d^q ‘ olhv/ ∅ F ▽ fl^F 1

Wkh vhfrqg vwhs ri fodvvlfflfdwlrq lv wkh fkrlfh ri wkh ydoxh f_± ▽ fl^F wkdwp d–lp l˝hv S F̂ ⇕d^4>///>d^q ‘1 Dv rssrvhg wr ruglqdu— fodvvlfflfdwlrq/ fuhgdofodvvlfflfdwlrq dovr idfhv wkh sureohp ri grlqj vxfk d fkrlfh z khq wkh suredelolw— lv ghfflqhg dv dq lqwhuydo1 Rswlp do0 lw— lv qrwdoz d— v ghfflqhg z khq lqwhuydov duh suhvhqw1

Wklv lv uhodwhg wr wkh revhuydwlrq wkdwwkh vhwri lqwhuydov ⟩ S F̂ ⇕d^4>///>d^q ‘ ⇕F ▽ fl^F | fdqqrwdoz d— v eh wrwdoo— rughuhg1 Dq remhfwlyh fulwhulrq iru frp 0 sdulqj suredelolw— lqwhuydov lv wkh vr0fdoohg vwrfkdv0 wlf grp lqdqfh= jlyhq wz r lqwhuydov/ L^4 @d̂^4>e^4‘ dqg

L^5 @d̂^5>e^5‘/ L^5 grp lqdwhv L^4 lffi d^5 ∼ e^41Wkh udwlr0 qdohehklqg wkhfulwhulrq lvwkdwvlqfhhdfk suredelolw— lq L^5 lv j uhdwhu ru ht xdowr dq— suredelolw— lq L^4/ wkh hyhqwdvvrfldwhg wr L^5 lv/ dwohdvw/ dv suredeoh dv wkh hyhqwuhodwhg wr L^41 Xqiruwxqdwho— / vwrfkdvwlf grp l0 qdqfh j hqhudoo— lp solhvrqo— d sduwldorughu¿li L^4 dqg

L^5 ryhuods/ wkh— fdqqrwehfrp sduhg1Wkhuhiruh/ wkhuh grhv qrwdoz d— v h–lvwdq lqwhuydowkdwgrp lqdwhv doo wkh rwkhuv/ z klfk lvqhfhvvdu— irurswlp dolw— ¿wkh rqo— remhfwlyh rxwsxwri wkh v— vwhp fdq eh wkh vhwri wkh xqgrp lqdwhg vwdwhvri F/ z klfk lq vrp hfdvhvfdq ehd vlqjh vwdwh/ wkrxj k qrwlq jhqhudo1 Lq d vhqvh/ fuhgdo fodvvlfflfdwlrq fdq eh lqwhusuhwhg dv d p ruh fdxwlrxv surfhgxuh dv frp sduhg wr Ed— hvldq fodvvlfflfdwlrq1Lq idfw/ lwgrhv qrwsurylgh d vlqjoh dqvz hu/ z khq wkhuh duh qrwwkh frqglwlrqvirugrlqj wkdw1

617 F uhgdoGr p lqdqfh

Vr idu/ wkh dqdo— vlv kdv irfxvhg rq wkh frp sxwdwlrq ri wkhlj qrudqfhlqwhuydoviruwkh vwdwhvri F/ z lwk wkh dlp ri frp sdulqj wkhp xvlqj vwrfkdvwlf grp lqdqfh1

Lwlv xvhixowr revhuyh wkdwwkh srwhqwldoo— dydlodeoh lqirup dwlrq z lwk fuhgdovhwvlvjuhdwhuwkdq wkdwsur0 ylghg e— lqwhuydov¿wkhfuhgdovhwiruS F̂ ⇕d^4>///>d^q ‘/ vd— �_{d4 >///>dq} F / j hqhudoo— frqyh— v juhdwhu nqrz ohgjh wkdq wkdwjlyhq e— wkh vhsdudwh lqwhuydoviruwkh srv0 whulru suredelolwlhv ri F1Lq idfw/ wkh fuhgdovhwfdq dovr uhsuhvhqwsrvvleoh frqvwudlqwvehwz hhq wkh deryh suredelolwlhv/ z klfk glvdsshduz lwk wkh lqwhuydoylhz 1

Wkhuhiruh/ lwlvqdwxudowr z rqghuli d frp sdulvrq ful0 whulrq glffihuhqwiurp vwrfkdvwlf grp lqdqfh fdq ehwwhu h–sorlwwkh nqrz ohgjh wkdwlvsurshuri fuhgdovhwv1

Frqvlghu wkh iroorz lqj h–dp soh1Vxssrvh wkdwfl^F @

⟩ f^4>f^5>f^6| dqg wkdw �_{d4 >///>dq}^F kdv rqo— wkuhh h–0 wuhp h glvwulexwlrqv=^/7>/7>/5‘/ ^/8>/7>/4‘ dqg ^/8>/8>3‘/ z khuh wkh m0wk hohp hqwv ri wkh yhfwruv uhsuhvhqw

S F̂ @f^m⇕d^4>///>d^q ‘1Wkh lqwhuydoviruwkh srvwhulru suredelolw— ri f^4/ f^5 dqg f^6 duh/ uhvshfwlyho— / ^/7>/8‘/

^/7>/8‘ dqg ^3>/5‘1Wkhq/ vwrfkdvwlf grp lqdqfh doorz v wkh vwdwh f^6 wr eh glvfdughg/ exwqrwwkh rwkhu wz r vwdwhvwr ehfrp sduhg/ l1h1/ vwrfkdvwlf grp lqdqfhsur0 gxfhv wz r xqgrp lqdwhg vwdwhv/ f^4 dqg f^51 Exwlwlv hdv— wr vhh wkdwirudq— glvwulexwlrq lq wkh fuhgdovhw/ lwlv S F̂ @f^4 ⇕d^4>///>d^q ‘ ∼ S F̂ @f^5 ⇕d^4>///>d^q ‘/ l1h1/ f^5 lv grp lqdwhg1Lq rwkhu z rugv/ iru wkh fuhgdo vhwdwkdqg/ wkhuh lv rqo— rqh grp lqdqwvwdwh/ exw wklvidfwlvklgghq z khq lqwhuydovdqg vwrfkdvwlf grp 0 lqdqfh duh xvhg1Wkxv/ z h duh ohdg wr wkh ghfflqlwlrq ri d grp lqdqfh fulwhulrq irufuhgdovhwv1

Ghfflqlwlr q 4 Ohw♭ eh d glvfuhwh yduldeoh dqg ı^4>ı^5 wzr vwdwhv lq wkh grp dlq ri ♭ 1 Frqvlghu wkh glv0 wulexwlrq S ^♭ ⇕H‘ ▽ �_H^♭ / zkhuh H uhsuhvhqwv zkdw lv nqrzq dqg �_H^♭ lv d qrq0hp sw— vhwri glvwulex0 wlrqv1 Wkh vwdwh ı^4 lv vdlg wr eh fuhgdo0grp lqdqw dv frp sduhg wr ı^5/ ı^4 ⊂ ı^5/ li iru dq— glvwulexwlrq S ^♭ ⇕H‘▽ �_H^♭ / S ^♭ @ı^4 ⇕H‘∼ S ^♭ @ı^5 ⇕H‘1 Fuhgdogrp lqdqfh lv d vwudljkwiruz dug jhqhudol˝dwlrq ri vwrfkdvwlf grp lqdqfh wr vhwv ri glvwulexwlrqv1Qr0 wlfh wkdwvwrfkdvwlf grp lqdqfh lp solhv fuhgdogrp l0 qdqfh/ z khuhdv wkh frqyhuvh lv qrwwuxh/ dv wkh h–0 dp soh deryh vkrz v1 Wkdwlv/ qrwdoogrp lqdqfhv duh glvfryhuhg e— vwrfkdvwlf grp lqdqfh¿khqfh/ wkh odw0 whu fdq eh vhhq dv dq dssur–lp dwlrq wr fuhgdogrp l0 qdqfh1Qrz / wkh srlqwlvli wkh frp sxwdwlrq ri fuhgdo grp lqdqfh fdq eh uhdol˝hg lq dq hffihfwlyh z d— 1Ehiruh dgguhvvlqj wkh qdlyh fodvvlfflfdwlrq fdvh/ lwlv xvhixo wr revhuyh wkdw/ lq j hqhudo/ fuhgdogrp lqdqfh fdq eh fkhfnhg lq d frp elqdwruldoz d— ¿z khq �_H^♭ lv d sro— 0 wrsh/ ı^4 ⊂ ı^5 ⇓ ⇔ S ^♭ @ı^4 ⇕H‘ ∼ S ^♭ @ı^5 ⇕H‘

∅ S ^♭ ⇕H‘▽ �_H^♭ 1Lq rqh vhqvh +⇔ , wkh surri lvwulyldo¿ wkh rwkhuvhqvh +⇓ , lvhdvlo— suryhg e— xvlqj wkh idfw wkdwdq— glvwulexwlrq lq �_H^♭ lv d frqyh– frp elqdwlrq ri wkh h–wuhp h glvwulexwlrqv1

Ohwxv ghyhors wkh sduwlfxodu fdvh ri wkh QFF1Frq0 vlghu wz r vwdwhv ri F/ qdp ho— f^4 dqg f^51Z h z dqwwr fkhfn li

S F̂ @f^4 ⇕d^4>///>d^q ‘∼ S F̂ @f^5 ⇕d^4>///>d^q ‘ +47, krogvirudoowkh mrlqwglvwulexwlrqvlq �1Wkh t xhvwlrq lvht xlydohqwwr vroylqj wkh iroorz lqj sureohp / p lq S F̂ >D^4 >///>D^q ‘▽ � S F̂ @f^4 ⇕d^4>///>d^q ‘ S F̂ @f^5 ⇕d^4>///>d^q ‘ > +48, z khuh/ iru wkh p rp hqw/ S F̂ @f^5 ⇕d^4>///>d^q ‘ lv dv0 vxp hg srvlwlyh1 Li wkh rswlp xp ri sureohp +48, lv

j uhdwhu ri ht xdowr 4/ wkh dqvz hu wr wkh fuhgdogrp 0 lqdqfh t xhvwlrq lv dȷ up dwlyh¿lq idfw/ lwp hdqv wkdw wkh lqht xdolw— +47, lv doz d— v wuxh1Z khqhyhu wkh rs0 wlp xp lv vwulfwo— orz hu wkdq 4/ wkh lqht xdolw— +47, lv idovh/ dwohdvwiruwkh mrlqwglvwulexwlrq lq � z khuh wkh rswlp xp lv dwwdlqhg/ dqg f_4 ⊂ f_5 lv qrwyhulfflhg +exw lwp lj kwvwlooeh f_5 ⊂ f_4,1

Sureohp +48, fdq eh vroyhg dffruglqj wr dq duj xp hqw frp sohwho— dqdorjrxv wr wkdwxvhg iru sureohp +6,1 Lq sduwlfxodu/ sureohp +48, lv lqlwldoo— uhz ulwwhq dv p lq_{S F̂ >D4 >///>Dq ‘▽ �} S f̂_4>d_4>///>d_q ‘∂S f̂_5>d_4>///>d_q ‘/ e— ghohwlqj wkhsuredelolw— ri wkhfrqvlghuhg lqvwdqfh¿ wkhq/ lwlvuhsuhvhqwhg dffruglqj wr wkhwrsrorj— ri wkh j udsk dqg wkh ydoxhv ri wkh frqglwlrqdosuredelolwlhv duh ffl–hg/ dviroorz v/

p lq S F̂ ‘▽ �_F S f̂_4‘ ⋂_q l@4 S d̂_l ⇕f_4 ‘ S f̂_5‘ ⋂_q l@4 S d̂_l ⇕f_5 ‘

/ +49,

I lqdoo— / li wkh frp elqdwruldodssurdfk lv fkrvhq/ wkh vroxwlrq ri sureohp +49, lv rewdlqhg hqxp hudwlqj wkh h–wuhp h glvwulexwlrqv ri �_F / diwhu frp sxwlqj wkh h–0 wuhp hvri wkhfrqglwlrqdoglvwulexwlrqv¿rwkhuz lvh/ wkh OS0edvhg vroxwlrq surfhgxuhfdq ehxvhg/ e— frp sxw0 lqj wkh h–wuhp hv ri wkh frqglwlrqdoglvwulexwlrqv e— OSv dqg wkhq vroylqj wkh uhp dlqlqj iudfwlrqdoolqhdu surj udp +49,1Qrwlfh wkdwsureohp +49, doorz v rqo— f_4 ⊂ f_5 wr eh fkhfnhg¿whvwlqj f_5 ⊂ f_4 uht xluhv wkh p lqlp l˝dwlrq ri wkh uhflsurfdoremhfwlyh wr eh vroyhg1

D vlp soh h–whqvlrq dovr vroyhvwkhfdvh z khq iruvrp h glvwulexwlrqv lq wkh vhw�/ S f̂_5‘ ⋂_q l@4 S d̂_l ⇕f_5 ‘ @ 31 Wkhodwwhukdsshqvli hlwkhuS f̂_5‘@3 ruS d̂_l ⇕f_5 ‘@3 iru vrp h l @4>///>q1 Frqvlghu wkh fdvh S f̂_5‘ @3/ wkhrwkhufdvhlvdqdorj rxv1Li S f̂_5‘@3 irudoowkhglv0 wulexwlrqvS F̂ ‘▽ �_F / S F̂ @f_5 ⇕d_4>///>d_q ‘lvdoz d— v ˝hur/ wkhuhiruhwkhlqht xdolw— +47, doz d— vkrogv¿rwkhu0 z lvh wkh glvwulexwlrqvfruuhvsrqglqj wr S f̂_5‘@3 fdq eh glvfdughg/ ehfdxvh wkh sureohp lvd p lqlp l˝dwlrq1

I urp wkh deryh dqdo— vlv lwdovr iroorz v wkdwfuhgdo grp lqdqfhehwz hhq wz r vwdwhv+l1h1/ fkhfnlqj erwk wkh gluhfwlrqv ri wkh lqht xdolw— , fdq eh frp sxwhg hyhq p ruh t xlfno— wkdq vwrfkdvwlf grp lqdqfh1Lq idfw/ wz r rswlp l˝dwlrq sureohp vp xvwehvroyhg/ dqg wkhryhudoo wlp h uht xluhg lv orz hu wkdq iru sureohp v +6, dqg +7, wrjhwkhu1Frp sduh/ iru lqvwdqfh/ sureohp +49, z lwk sureohp +43,¿sureohp +49, lvvroyhg p ruht xlfno— / eh0 fdxvh lwrqo— kdvR+q, whup vdwwkh qxp hudwruyhuvxv wkh R+q ⇕fl_F ⇕, whup v ri sureohp +43,1I ru v— p p hwu— / wkhvdp hlvwuxhiruwkhuhp dlqlqj frxsohri sureohp v1

Frqyhuvho— / lwvhhp v srvvleoh wkdwfrp sxwlqj wkh vhw ri xqgrp lqdwhg vwdwhv ri F lv p ruh h–shqvlyh xv0 lqj fuhgdo grp lqdqfh wkdq xvlqj vwrfkdvwlf grp l0 qdqfh1Z lwk vwrfkdvwlf grp lqdqfh/ 5⇕fl_F ⇕rswlp l˝d0 wlrqv olnh sureohp v +43, doorz doo wkh lqwhuydov iru F wr eh frp sxwhg¿wkhq/ R+⇕fl_F ⇕^5, lqwhuydofrp sdu0 lvrqv vhohfwwkh vwrfkdvwlf0xqgrp lqdwhg vwdwhv1Z lwk fuhgdogrp lqdqfh/ R+⇕fl_F ⇕^5, rswlp l˝dwlrqv olnh sure0 ohp +49, duhuht xluhg/ z klfk lvfohduo— p ruhh–shqvlyh wkdq R+⇕fl_F ⇕^5, lqwhuydo frp sdulvrqv¿ krz hyhu/ hdfk rswlp l˝dwlrq lv vlp sohu wkdq wkh fruuhvsrqglqj rqh z lwk vwrfkdvwlf grp lqdqfh/ dv rxwolqhg deryh1 Wkh suhflvh ghfflqlwlrq ri wkh gdwd vwuxfwxuhv wr xvh dqg d p ruh fduhixo ruj dql˝dwlrq ri wkh surfhgxuhv fdq ohdg wr d ghhshu frp sdulvrq ri wkh uhodwlyh frp sx0 wdwlrqdoz hlj kwv ri wkh wz r glffihuhqwdssurdfkhv1 I ru wkh p rp hqw/ ohwxv lqyhvwlj dwh wkh frp soh–lw— ri dq0 rwkhu frp sxwdwlrq/ l1h1/ krz wr frp sxwh wkh fuhgdo0 grp lqdqwvwdwhri F/ li lwh–lvwv1Wklvlvxvhixoz khq d vlqj ohgrp lqdqwvwdwhlvuht xluhg1Vxfk wdvn lvfduulhg rxwvroylqj rqo— R +⇕fl_F ⇕, lqvwdqfhv ri sureohp +49,1

Wkh vroxwlrq lv rewdlqhg z lwk d surfhgxuh lq wz r vwhsv1Lq wkh ffluvwvwhs/ wz r vwdwhvri F/ f_4 dqg f_5/ duh frqvlghuhg¿f_4 ⊂ f_5 lvwhvwhg e— vroylqj sureohp +49,1 Li f_4 ⊂ f_5 krogv/ f_5 lv glvfdughg ehfdxvh lwfdqqrweh grp lqdqw¿iruwkhvdp huhdvrq/ li f_4 ⊂ f_5 lvidovh/ f_4 lv glvfdughg1Wkhuhiruhwkhvhwri vwdwhvwr dqdo— ˝hlvgh0 fuhdvhg ri 4 vwdwh dwohdvw1Wkh surfhgxuh lvuhshdwhg rq wkhqhz vhwri vwdwhvxqwlolwvfduglqdolw— lvorz huru ht xdowr 4/ z klfk kdsshqvdiwhu⇕fl_F ⇕∗ 4rswlp l˝dwlrqv1 Diwhuz dugv/ li wkh vhwlv hp sw— wkhuh lv qr grp lqdqw vwdwh/ iru ghfflqlwlrq¿rwkhuz lvh/ li wkh vhwfrqwdlqv d vlqj oh vwdwh/ wkh odwwhukdvyhulfflhg wkh qhfhvvdu— frq0 glwlrq wr eh fuhgdo0grp lqdqw1Wkh vxȷ flhqf— +vhfrqg vwhs, lv yhulfflhg e— whvwlqj lwv fuhgdo0grp lqdqfh ryhu doowkhvwdwhvri F qrwdouhdg— frp sduhg z lwk lwlq wkh ffluvwvwhs¿wklvlvrewdlqhg z lwk ⇕fl_F ⇕∗ 4 rswlp l˝dwlrqv dwp rvw1Wkh ryhudooqxp ehuri rswlp l˝dwlrqv +vwhs 4 . vwhs 5, lvwkhq R+⇕fl_F ⇕,1

e Σ ? , @4 T*i

Wklv vhfwlrq lqwurgxfhv dq hdv— h–dp soh wr vkrz wkh sulqflsohv ri fuhgdofodvvlfflfdwlrq z lwk uhjdug wr wkh vroxwlrq surfhgxuh ghvfulehg lq vhfwlrq 6141 Wkh h–0 dp soh lvp dgh vlp soh irufodulw— ¿wkh suredelolwlhvduh duelwudu— 1

Dq lqvxudqfh frp sdq— z dqwv wr dvvhvv wkh ulvn lw lqfxuv derxw wkh fdu lqvxudqfh iru d qhz fxv0 wrp hu1 Wkh ulvn +U, lv fodvvlfflhg dv orz/ p hglxp / kljk/ dqg lv uhodwhg wr wkh qxp ehu dqg w— sh ri fdu dfflghqwv wkdw p xvw eh h–shfwhg e— vxfk d fxv0 wrp hu1 Wkh frp sdq— ghflghv wr lqihu wkh ulvn rq wkh edvlv ri wz r dwwulexwhv ri wkh fxvwrp hu= wkh djh +D ▽ ⟩ — rxqj/ p lggoh0djhg/ rog|, dqg wkh flw— +W ▽ ⟩ Yhqh˝ld +YH,/ Wuhylvr +WY,/ P lodqr +P L,|, z khuh wkh fxvwrp huolyhv1

Wkh fuhgdovhwv ri wkh QFF duh ghfflqhg z lwk wkh iro0 orz lqj sxusrvh1Derxwwkh fxvwrp hu*v dj h/ lwlv vxs0 srvhg wkdwwkh p lggoh0djhg shuvrqv kdyh ehwwhu eh0 kdylru/ dv frp sduhg erwk wr — rxqj dqg rog shrsoh¿ derxwwkh ulvn ri wkh flwhg Lwdoldq flwlhv/ wkh udqnlqj lv/ Yhqh˝ld ⋆ Wuhylvr ⋆ P lodqr1 Wkh fuhgdovhwv/ gh0 fflqhg e— p hdqvri +surshudqg uhdfkhdeoh/ vhh ^4‘, lq0 whuydofrqvwudlqwv/ iruhdvh ri wuhdwp hqw/ duh uhsruwhg lq wdeohv4/ 5 dqg 61

+ W?— i hffl@*t

*L¯ d˘. . c˘HDo

4 i ˙ıΛ4 d˘�f c˘�Do

Ξı˝Ξ d˘f Dc˘f Ho

Wdeoh 4=S Û‘ + Σ *L¯ 4 i ˙ıΛ4 Ξı˝Ξ

) LΛ? ˝ d˘�Dc˘22o d˘2. c˘fi2o d˘Sf c˘. f o

4 ı˙˙*i ´@˝i ˙ d˘Df c˘DDo d˘fific˘fiHo d˘f Dc˘�Do

L*˙ d˘2Hc˘fieo d˘fiec˘fiHo d˘2f c˘fif o

Wdeoh 5=S D̂⇕U‘ + A *L¯ 4 i ˙ıΛ4 Ξı˝Ξ

V, d˘. f c˘. 2o d˘�Dc˘2f o d˘f 2c˘f So

AV d˘�Hc˘2f o d˘Sf c˘SDo d˘22c˘2Ho

¨ W d˘f Hc˘�f o d˘2f c˘2Do d˘SSc˘. 2o

Wdeoh 6=S Ŵ⇕U‘

I ruh–dp soh/ wdeoh4 h–suhvvhvwkhidfwwkdwwkhjuhdw0 hvwsduwri fxvwrp huv duh nqrz q wr eh orz 0ulvn/ lq d shufhqwdj h wkdwydulhv iurp : :( wr ;8( ¿ d p lqru0 lw— duh p hglxp 0ulvn shrsoh +lq wkh udqj h 43( 048( ,¿ dqg wkdwihz shrsoh +8( 0 ;( , duh kljk0ulvn1 Wd0 eoh 5 p dlqo— h–suhvvhv wkdwz khq wkh ulvn lv orz / wkh p rvwsuredeoh djh lv p lggoh0dj h¿z khq lwlv p hglxp / wkhwkuhhvwdwhvri D kdyhvlp lodusuredelolw— / z khuhdv z khq wkhulvn lvkljk/ shrsohduhp rvwsuredeo— — rxqj/ rwkhuz lvh rog1

Qrz / irup xodv +44, dqg +45, duh dssolhg¿ wkh— uh0 t xluh wkh h–wuhp hv ri wkh frqglwlrqdo suredelolwlhv

S D̂^l ⇕F ‘1Vxfk h–wuhp hv duh uhdglo— dydlodeoh z khq xvlqj uhdfkhdeoh lqwhuydov1 Wkh deryh irup xodv dovr uht xluhwkhh–wuhp hglvwulexwlrqvri S F̂‘+S Û‘lq wkh suhvhqwh–dp soh,1Vxfk glvwulexwlrqvduhfrp sxwhg rq wkh edvlv ri wkh lqwhuydovz lwk vlp soh surfhgxuhv^4‘1

Ohwxv frqvlghu wkh fdvh ri dq rog shuvrq/ olylqj lq

Yhqh˝ld1I rup xodv+44, dqg +45, — lhog wkh wkuhh sure0 delolw— lqwhuydovlq Wdeoh71Wdeoh7 vkrz vwkdw/ lq wklv fdvh/ vwrfkdvwlf grp lqdqfhlp solhvdwrwdorughurq wkh

+ W?— i hffl@*t

*L¯ d˘b22c˘b. Do

4 i ˙ıΛ4 d˘f 2ec˘f . f o

Ξı˝Ξ d˘f f �c˘f f bo Wdeoh 7=S Û⇕D @rog>W@YH‘ vwdwhvri U/ dqg wkh fxvwrp hulvfodvvlfflhg orz 0ulvn1D glffihuhqwvlwxdwlrq kdsshqv z khq wkh fdvh ri d — rxqj shuvrq/ lq P lodqr/ lv frqvlghuhg1Lqwxlwlyho— / wkh vxe0 mhfwvkrxog eh klj k0ulvn/ ehfdxvh hdfk dwwulexwh lv lq wkh z ruvwfrqglwlrq1I rup xodv +44, dqg +45, surgxfh wkh lqwhuydovlq wdeoh 81

+ W?— i hffl@*t

*L¯ d˘�Df c˘e2So

4 i ˙ıΛ4 d˘f HDc˘2bf o

Ξı˝Ξ d˘efiDc˘Sbfio Wdeoh 8=S Û⇕D @ȷ rxqj >W@P L‘ Qrwlfh wkdwwkhuh lq rqo— d sduwldorughu ehwz hhq wkh vwdwhv ri U/ krz hyhu/ lwlv vwloosrvvleoh wr rewdlq d vlqj oh grp lqdqwvwdwh/ l1h1/ vwdwh kljk1 Wkh odvwfdvh lv derxwd — rxqj shuvrq z kr ohdyhv lq Wuhylvr1 Wklv lv voljkwo— p ruh glȷ fxowwr fodvvli— / lqwxlwlyho— / vlqfh wkhuh duh rssrvlwh whqghqflhvlq wkh dwwulexwhv=ehlqj d — rxqj shuvrq p dnhvulvn kljkhu/ exwwkh ulvn vkrxog eh orz huhg grz q e— olylqj lq d flw— z lwk p rghudwh wudȷ f1Dsso— lqj Ht 1 +44, dqg +45,/ wkh lqwhuydov lq wdeoh 9 duh rewdlqhg1 Wklv wlp h d vlqjoh grp lqdqw vwdwh lvqrwdydlodeoh/ krz hyhu/ wkh kljk0ulvn vwdwhfdq eh glvuhj dughg/ ehfdxvh lwlv grp lqdwhg e— wkh orz 0 ulvn rqh1

+ W?— i hffl@*t

*L¯ d˘fif . c˘S2�o

4 i ˙ıΛ4 d˘2fiHc˘D2Do

Ξı˝Ξ d˘�f f c˘2S. o Wdeoh 9=S Û⇕D @ȷ rxqj >W@WY‘ D ȷ Mti hffl@— ıL?t

Wkh ffluvwlp sruwdqwrevhuydwlrq lv wkdwwkh h–whq0 vlrq ri wkh QEF wr fuhgdo vhwv lp solhv wkh h–whq0 vlrq ri wkh p ruh jhqhudo Ed— hvldq qhwz runv fodvvl0 fflhuv/ wrr1 D Ed— hvldq qhwz run fodvvlfflhu +EQF, ^: ‘ lvd Ed— hvldq qhwz run z lwk qrghvF>D^4>///>D^q / vxfk wkdwwkh sruwlrq ri j udsk uhodwhg wr wkh fodvvlfflfdwlrq yduldeoh lv olnh lq ffljxuh 4/ dqg wkh sduwuhodwhg wr qrghv ⟩D^4>///>D^q | lv d jhqhulf EQ1Lwlv z hoonqrz q wkdwdq— EQ z lwk vrp h hylghqfh qrghv +H, lv ht xly0 dohqwwr wkh qhwz run rewdlqhg e— uhp rylqj wkh dufv ghsduwlqj iurp H ^43‘1Lq d EQF/ H ≤ ⟩ D^4>///>D^q | /

doorz hg wkh QFF wr uhmhfwsdwwhuqv derxwz klfk wkh

QEF mxvwj xhvvhv ru lv z urqj p rvwri wlp hv1Fohduo— / wklvdovr doorz hg wkh QFF shuirup dqfhvwr eh j uhdwhu wkdq wkh fruuhvsrqglqj QEF rqhv1Xvlqj v @5/ wkh

QFF djdlq lp suryhvlwvshuirup dqfh/ exw/ glvfduglqj p ruh sdwwhuqv +ehlqj p ruh fdxwlrxv,/ fdq uhmhfwdovr sdwwhuqv rq z klfk wkh QEF shuirup v vlj qlfflfdqwo— +d olwwoh, ehwwhu wkdq 83( / dv lq wkh ˙fruudo%fdvh1 Wkh ehkdylruri wkh QFF iruv @4 vhhp vt xlwh dsshdolqj¿ li oduj hu h–shulp hqwdovwxglhv frqfflup hg lw/ xvhohvv ru edg suhglfwlrq shuirup dqfhvp lj kweh dyrlghg1

Z h fdq gr wz r fflqdouhp dunv1I luvw/ wkh ehkdylru ri fuhgdofodvvlfflfdwlrq vkrxog eh dovr p ruh hylghqwdqg xvhixoz khq FQFvz huh xvhg¿lq idfw/ j lyhq d gdwdvhw/ wkh FQFv p rghosuredelolwlhv duh p ruh yduldeohv dv frp sduhg wr wkh QFF fdvh +khqfh Z dooh— *v lqwhu0 ydov z rxog eh oduj hu,1Vhfrqg/ h–shulp hqwdodqdo— vhv p lj kwsurfflwiurp xvlqj duwlfflfldogdwdedvhvj hqhudwhg dffruglqj wr d nqrz q EQF¿wklv z rxog doorz wkh hi0 ihfwri sduwldonqrz ohgjh ri wkh suredelolw— ydoxhv wr eh glvwlqjxlvkhg iurp wkh hffihfwvri wkh sduwldonqrz o0 hgj h derxwwkh ghshqghqf— vwuxfwxuh1

. ß L?U*ΛtıL?t

Wklv sdshu sursrvhv dq dssurdfk wr fodvvlfflfdwlrq edvhg rq wkh qdlyh Ed— hvldq fodvvlfflhu dqg rq fuhgdo vhwv1Wkh dssolfdwlrq ri fuhgdovhwvwr qdlyh fodvvlfflfd0 wlrq lv vlp soh wr uhdol˝h dqg/ p ruhryhu/ doorz v xqfhu0 wdlqw— derxwwkh suredelolw— ydoxhv wr eh lqfoxghg lq wkh p rgho1Wkh dssurdfk vhhp v d surshu z d— ri gr0 lqj fodvvlfflfdwlrq/ z klfk suhvhuyhv wkh dgydqwdjhv ri wkh fodvvlf Ed— hvldq dssurdfk/ z kloh dgglqj ıh–lelo0 lw— 1Wkhsdshusuhvhqwvwkhedvlf wrrovwr fodvvli— z lwk wkhQFF1I xwxuhuhvhdufk olqhvp ljkwdgguhvvwkhwrs0 lfvwkdwwkhjdlqhg ıh–lelolw— doorz vwr ehwdfnohg/ olnh wkhfrp elqdwlrq ri lp suhflvhvxemhfwlyhdqg remhfwlyh nqrz ohgj h/ wkh wuhdwp hqwri p lvvlqj gdwd/ urexvwqhvv dqdo— vlv/ hwf1/ lq rughu wr ghyhors dq lqwhj udwhg sodw0 irup irufuhgdofodvvlfflfdwlrq1

Σ U! ?L¯ *i ˙˝i 4 i ?— t

Wkh dxwkru lv j udwhixo wr Shwhu Z dooh— dqg wr wkh dqrq— p rxvuhylhz huviruwkhluxvhixofrp p hqwvrq wkh ffluvwyhuvlrq ri wkh sdshu1

+ i ui hi ?Ui t

^4‘ O1Fdp srv/ M1Kxhwh/ dqg V1P rudo1 Suredelolw— lqwhuydov= d wrroiru xqfhuwdlq uhdvrqlqj1 Lqwhu0 qdwlrqdoMrxuqdori Xqfhuwdlqw— / I x˝˝lqhvv dqg

Nqrz ohgjh0Edvhg V— vwhp v/ 5+5,=49:~4¡9/ 4¡¡71

^5‘ M1H1Fdqr/ V1P rudo/ dqg M1I 1Yhughjd— 0Or̆sh˝1

Sursdj dwlrq ri frqyh– vhwvri suredelolwlhvlq gl0 uhfwhg df— folf qhwz runv1Lq E1Erxfkrq0P hxqlhu/

O1 Ydoyhugh/ dqg U1U1 “ djhu/ hglwruv/ Xqfhu0 wdlqw— lq LqwhooljhqwV— vwhp v/ sdjhv ;8~¡91Dp v0 whugdp =Hovhylhu/ 4¡¡61

^6‘ I 1Fr˝p dq1Urexvwqhvvdqdo— vlvri ed— hvldq qhw0 z runv z lwk orfdo frqyh– vhwv ri glvwulexwlrqv1

Lq G1J hljhu dqg S1S1Vkhqr— / hglwruv/ XDL0¡: / sdjhv 43;~4481 Vdq I udqflvfr= P rujdq Ndxi0 p dqq/ 4¡¡: 1

^7‘ S1Grp lqjrvdqg P 1Sd˝˝dql1Rq wkh rswlp dolw— ri wkh vlp soh ed— hvldq fodvvlfflhu xqghu ˝hur0rqh orvv1P dfklqh Ohduqlqj/ 5¡+526,=436~463/ 4¡¡:1

^8‘ H1I dj lxrol dqg P 1] dffidorq15x=Dq h–dfwlqwhu0 ydosursdjdwlrq doj rulwkp iru sro— wuhhv z lwk el0 qdu— yduldeohv1DuwlfflfldoLqwhooljhqfh/ 439+4,=: :~

43: / 4¡¡; 1

^9‘ M1I ulhgp dq1 Rq eldv/ yduldqfh/ 324 0 orvv/ dqg wkh fxuvh0ri0glp hqvlrqdolw— 1 Gdwd P lqlqj dqg

Nqrz ohgjh Glvfryhu— / 4=88~: :/ 4¡¡:1

^: ‘ Q1 I ulhgp dq/ G1 J hljhu/ dqg P 1 J rogv˝p lgw1

Ed— hvldq qhwz runvfodvvlfflhuv1P dfklqh Ohduqlqj/

5¡+526,=464~496/ 4¡¡: 1

^; ‘ U1Nrkdyl1D vwxg— ri furvv0ydolgdwlrq dqg errw0 vwuds iru dffxudf— hvwlp dwlrq dqg p rgho vhohf0 wlrq1Lq LMFDL0¡8/ sdj hv446: ~44761Vdq P dwhr=

P ruj dq Ndxip dqq/ 4¡¡81

^¡‘ S1P 1 P xusk— dqg G1Z 1 Dkd1 Xfl uhsrv0 lwru— ri p dfklqh ohduqlqj gdwdedvhv/ 4¡¡81 kwws=22z z z 1vj l1frp 2Whfkqrorj — 2p of2ge21

^43‘ M1 Shduo1 Suredelolvwlf Uhdvrqlqj lq Lqwhooljhqw

V— vwhp v= Qhwz runv ri Sodxvleoh Lqihuhqfh1 Vdq

P dwhr=P rujdq Ndxip dqq/ 4¡;; 1

^44‘ V1Vfkdleoh1I udfwlrqdosurjudp p lqj1Lq U1Kruvw dqg S1P 1Sdugdorv/ hglwruv/ Kdqgerrn ri J oredo

Rswlp l˝dwlrq/ sdjhv 7¡8~93;1Wkh Qhwkhuodqgv=

Noxz hu/ 4¡¡81

^45‘ V1D1Ydydvlv1 Frp soh–lw— lvvxhv lq j oredorswl0 p l˝dwlrq=d vxuyh— 1Lq U1Kruvwdqg S1P 1Sdugd0 orv/ hglwruv/ Kdqgerrn ri J oredo Rswlp l˝dwlrq/ sdjhv 5: ~741Wkh Qhwkhuodqgv=Noxz hu/ 4¡¡81

^46‘ S1Z dooh— 1 VwdwlvwlfdoUhdvrqlqj zlwk Lp suhflvh

Suredelolwlhv1 Qhz “ run= Fkdsp dq dqg Kdoo/

4¡¡41

^47‘ S1 Z dooh— 1 Lqihuhqfhv iurp p xowlqrp ldo gdwd=

Ohduqlqj derxwd edj ri p dueohv1 M1U1 Vwdwlvw1

Vrf1E/ 8; +4,=6~8: / 4¡¡91