Abstract

1 In tro duction

F rans V o orbraak

Keywords.

P artial Probabili t y: Theory and Applications

1st International Symp osiu m on Imprecise Probabili ti es and Their Applicati ons, Ghent, Belgium, 29 June - 2 July 1999

Department of Mathematics and Computer Science, University of Amsterdam

Plantage Muidergracht 24, 1018 TV Amsterdam, The Netherlands

fransv@wins.uv a.nl

In this pap er, we describ e an approach to handling

partially sp ecified probabilistic information. W e pro-

p ose a formalism, called Partial Probability Theory

(PPT), which allows very general representations of

b elief states, and we give brief treatments of problems

like b elief change, evidence combination, and deci-

sion making in the context of PPT. W e argue that

the generality of PPT provide new insights in all the

mentioned problem areas. More detailed treatments

of these issues can b e found in several pap ers referred

to in the text.

partial probability theory

, partial igno-

rance, probabilistic b elief change, conditioning, con-

straining, evidence combination, decision under par-

tial ignorance, minimax regret, satisficing.

In many situations, the av ailable evidence do es not

determine a unique probability function. Cho osing a

so-called “least informative” probability function sat-

isfying the evidence may b e the b est general solution,

in case one insists on using probability functions to

represent b elief states. However, in our opinion it

is b etter to represent the av ailable information, and

no more than the av ailable information, by means of

probabilistic constraints. Absence of information, or

ignorance, should lead to indeterminate, imprecise, or

partially sp ecified probabilities.

W e prop ose a formalism called Partial Probability

Theory (PPT), which, as the name suggests, allows

probability assignments to b e partially determined.

The partiality

, or imprecision, of the probability as-

signments is not the only difference from classical

probability theory

. As will b e explained b elow, PPT

makes explicit some distinctions which cannot b e

made within the classical probabilistic formalism. As

a direct result, several imp ortant asp ects of handling uncertainty (other than pure probabilistic reasoning)

b ecome more visible in the partial case.

F or example, even if the probability functions are fully

determined, PPT do es not simply reduce to probabil-

ity theory

, since in PPT it is p ossible to distinguish

probability assignments determined by hard evidence

from probability assignments based on some assump-

tions.

If probabilistic information is only partially sp ecified,

then it may b e necessary to make some assumptions

in addition to the av ailable evidence in order to draw

useful conclusions and make sensible decisions. The

explicit incorp oration of these assumptions in PPT

is p erhaps the most distinctive feature of PPT com-

pared to other general approaches to indeterminate

probabilities, such as [25].

Dempster-Shafer theory (DS theory) also allows the

represe ntation of ignorance next to uncertainty

. (See

[12].) PPT is not only more general than DS theory ,

but also makes it p ossible (and necessary) to explicitly

formulate the assumptions underlying the controver-

sial Dempster’s combination rule used in DS theory .

Dempster’s rule has probably contributed much to the

p opularity of DS theory

, since such a combination rule

can b e shown not to exist in the case of probability

theory

, even though some ad ho c rules have b een pro-

p osed in this case. See, for example, [1]. However, the

justification of Dempster’s rule is rather problematic.

In PPT, the assumptions underlying Dempster’s rule

can b e stated clearly

, and it can b e argued that these

assumptions are very strong and unrealistic. The

following alternative, probabilistically justified, ap-

proach to combining evidence is prop osed: explicitly

add some (preferably weak) assumptions to the av ail-

able partial probabilistic information, as long as these

assumptions are necess ary to reach useful conclusions

by means of purely probabilistic reasoning. In section

4 we illustrate this approach.

Another area where the generality of PPT can provide

K A

A

K

, , , C

C

C

⟨ B A ⟩

B A

⊆ B

A

B

A

2 P artial Probabilit y Theory

Definition 1 (PPT b elief state)

Example 1

A

is a quadruple , wher e is a sample

sp ac e, and ar e sets of c onstr aints on pr ob ability

me asur es over , and . The memb ers of ar e

c al le d b elief or pr ob ability c onstr aints, and is c al le d

the set of assumptions.

Consider a r ob ot which has to r e char ge

his b attery. This c an b e done in two r o oms, let us new insights is the area of b elief change. Presently ,

the most p opular theory

, or paradigm, for studying

b elief change op erations is commonly known as AGM

theory

. In this paradigm, the fo cus is typically on

changes of b elief states represente d by b elief sets,

i.e., logically closed sets of prop ositional sentence s,

but sometimes more refined representations of b elief

states, such as probability functions, are considered.

In AGM theory

, three distinct kinds of b elief change

op erations are distinguished: expansions, revisions

and contraction. An expansion is the incorp oration

of new information which is consistent with the old

b eliefs, a revision incorp orates new information which

is (p ossibly) inconsistent with the old b eliefs., and a

contraction is reduction of the old b eliefs in order to

b e consistent with the new information.

In the context of b elief sets, an expansion of a b elief

set with new information is uniquely determined:

the expanded b elief set is obtained by adding to the

set and subsequently taking the logical closure. In

a probabilistic setting, expansion is not uniquely de-

termined, but it is widely accepted that conditioning

is the probabilistic version of expansion.

However, in section 3, it is argued that conditioning

is b est considered to b e a kind a b elief change which

is different than expansion and other kinds of b elief

change that can b e recognised in the abstract context

of b elief sets. The argument is made in the context

of PPT which is sufficiently general to represent b oth

b elief sets and probability functions.

An imp ortant asp ect of handling uncertainty is deci-

sion making based on uncertain information. T radi-

tionally

, decision problems are divided into the follow-

ing three kinds: (1) decisions under certainty

, where

the decision maker knows the state of nature, (2) deci-

sions under risk, where the decision maker is uncertain

ab out the true state of nature, but is able to quantify

this uncertainty through a probability measure over

the sample space consisting of the p ossible states of

nature, and (3) decisions under strict uncertainty

, or

complete ignorance, where the decision maker is un-

certain ab out the true state of nature, and is not able

to quantify this uncertainty

. In this case, he can only

list the p ossible states.

The case of partially quantified uncertainty

, or partial

ignorance, has not got the attention it deserves. This

case is studied in section 5. The main conclusions are

that decision making under partial ignorance is rather

complex, since it is more general than decision mak-

ing under complete ignorance, for which no generally

accepted decision rule exists, but it seems p ossible to

formalise several asp ects of intuitively acceptable rea-

soning and decision making under partial ignorance.

The widely accepted decision rule for decisions under

risk, i.e., maxim ising exp ected utility

, can easily b e

extended to the case of partial ignorance, but this ex-

tended rule is in general rather weak. The reason is

that the natural extension of the maxim um exp ected

utility (MEU) criterion to the partial case corresp onds

to a preference relation which is only a partial or-

dering. If the probabilities are highly indeterminate,

then the extended maxim um exp ected utility criterion

leaves many choices op en.

In section 5, we consider p ossible refinements of ex-

tended MEU criterion. W e define extensions to the

partial ignorance case of some decision rules origi-

nally prop osed for decision under strict uncertainty .

However, it is argued that these rules are not com-

pletely satisfactory as rules for optimising, and it is

prop osed to consider them to characterise acceptable

actions. Esp ecially the extension of what is known as

the minim ax regret criterion seems promising in this

resp ect .

When using ordinary probability theory

, the av ailable

information, or the b elief state of an agent under con-

sideration, is assumed to b e represe nted by a proba-

bility space consisting of a sample space and a proba-

bility function over the sample space. In partial prob-

ability theory (PPT), a more refined representation is

used.

A PPT b elief state contains four elements: (1) a sam-

ple space, (2) a set of constraints on probability func-

tions over the sample space representing hard, generic

evidence, (3) another set of such constraints repre-

senting assumptions, and (4) a subset of the sample

space representing the sp ecific evidence. F ormally

, we

prop ose the following definition.

PPT b elief

state Ω Ω

Ω Ω

Throughout the pap er, the sample space Ω is assumed

to b e finite. The constraints in represent generic or

general information ab out the relev ant probabilities,

whereas represent general assumptions ab out these

probabilities. The subset of the sample space Ω

represe nts sp ecific information concerning the case at

hand.

A

A

A

A

′ ′ ′

A i

i

C C

C

C

i

i

3 Belief Change

1

1 1 2 2 1 2 1 2

1 2

1 2

1 2

Definition 2 (extended Bayesian conditioning)

Example 2

B { ≥ }

A

B

A ∪ B

B ⊆ B

B

B

B

A

⊆ ∈

{ ∈ }

⟨ B A ⟩

⟨ B A ⟩ B

⟨ B A ⟩

⟨ B A ∩ ⟩

⟨ B A ⟩

B

B

B { ∨ } B { }

B ∩

∩ p

i p .

< p <

C

C

C P P C >

P P , P C >

C

, , , C

C , , , C

C

, , , C D

, , , C D

, , , C

conv

p p p p p > p

p p

conv conv c al l them r o om 1 and 2. The r o oms ar e e qual ly far

away fr om the r ob ot. An example of generic informa-

tion might b e: “the do or of r o om 1 is at le ast 40%

of the time op en ”. Supp ose ther e is no other infor-

mation available, and let denote the pr ob ability of

do or b eing op en. Then . Sinc e do ors

ar e typic al ly sometimes op en and sometimes close d,

it might b e r e asonable to include in .

However, such additional assumptions should b e in-

voke d only when they ar e ne c essary, for example, in

c ase no r e asonable de cision c an b e made without as-

sumptions. A go o d example of sp e cific evidenc e is in-

formation ab out the state of the do ors obtaine d by the

sensors of the r ob ot.

L et b e a set of pr ob ability me asur es over , and let

, such that for some , . Then

is define d to b e the set .

Consider again example 1, but now sup-

p ose that ac c or ding to one sour c e one of the do ors is

twic e as likely to b e op en as the other one, wher e as

ac c or ding to a se c ond sour c e it is mor e pr ob able that

do or 1 is op en than that do or 2 is op en. That is,

and .

L et b e the set of pr ob ability me asur es c omp atible

with . Then supp orts the (intuitively c or-

r e ct) c onclusion that do or 1 is twic e as likely to b e

op en as do or 2 ( ). But this c onclusion is not

supp orte d by .

= 0 4

0 1

Dep ending on the application, one can put restric-

tions on the form of the constraints. This allows the

implementation of efficient algorithms for computing

required probabilities, or probability b ounds, in suf-

ficiently simple sp ecial cases. One can also make use

of the fact that there exist many probabilistic logics,

with v arying complexity and p ower of expression. See,

for example, [3]. F or many applications, a suitable

formal language can b e found in which it is p ossible

to do formal reasoning with probabilistic constraints.

Without restrictions on the form of the constraints,

PPT has a high computational complexity

, but it still

is useful as a formal to ol.

In PPT, partial ignorance can b e represente d by al-

lowing the constraints not to determine a unique prob-

ability function. If desired, one can always add as-

sumptions, such as the maxim um entropy principle,

to further constrain or even completely determine a

probability function. But in contrast to probability

theory

, PPT distinguishes b etween hard evidence con-

straining the probabilities, and assumptions.

W e write (Ω) for the set of all probability measures

over Ω which satisfy all the constraints in . By

definition, (Ω) (Ω). Therefore, the conclusions

warranted by (Ω) are (weakly) stronger than those

warranted by (Ω). However, it is intended to b e

understo o d that the conclusions warranted by (Ω)

dep end on the assumptions represe nted in .

The sp ecific information is incorp orated by essen-

tially conditioning the probability measures satisfying

the constraints on . More formally:

Π Ω

Ω Π ( ) 0

Π : Π ( ) 0

The conditioning information may seem to b e re-

dundant, since at any time the b elief state Ω

can b e replaced with , where and A’ are sets of constraints on probability measures over .

However, the generality of definition 1 will turn out to

b e convenient, in particular when b elief changes are

studied. W e return to this issue in section 3.

Conditioning a b elief state Ω on results

in the b elief state Ω . Given definition

2 , the PPT b elief state Ω gives rise to the

set (Ω) of probability measures satisfying the b e-

lief constraints, and to the set (Ω) of probabil-

ity measures additionally satisfying the assumptions.

Hence conditioning a PPT b elief state essentially con-

sists of applying extended Bayesian conditioning to

two sets of probability measures.

It should b e noted that the sets of probability mea-

sures induced b e a PPT b elief state are not necessarily

closed convex sets. One could of course use the closed

convex hull (Π) of Π, but taking these convex clo-

sures instead of the sets themselves, or the underlying

constraints, results in loss of information.

= = 2 = 2 =

Π

(Π Π )

= 2

(Π ) (Π )

As is well known, sets of probability measures, induce

in a natural way (p ossibly non-additive) measures,

namely their lower and upp er envelop es, and b elief

functions of DS Theory and p ossibility functions of

Possibility Theory can b e seen as sp ecial cases of such

measures.

Presently

, the most p opular theory

, or paradigm, for

studying b elief change op erations is commonly known

as AGM theory [5]. In this paradigm, the fo cus is

typically on changes of b elief states represe nted by

b elief sets, i.e., logically closed sets of prop ositional

sentence s, but sometimes more refined representations

of b elief states, such as probability functions, are con-

sidered. Since for any probability function, the set of

prop ositions which are assigned probability 1 forms a

b elief set, there is indeed a natural precise sense in

which probability functions are refinements of b elief

sets.

In AGM theory

, three distinct kinds of b elief change

∑

&

Ω

Ω

′

′ ′

⊆

| |

c

A up low

{ ∈ }

{ ∈ }

−

−

K

A

A

K

P K

A P

K P

K A

c

P P , P c

U

U H P P conv ,

H P P conv

I

I

A A

.

Definition 3 (constraining)

Definition 4 (uncertaint y)

Definition 5 (ignorance)

L et b e a set of pr ob-

ability me asur es over , and let b e a pr ob abilis-

tic c onstr aint. Then is define d to b e the set

satisfies .

L et b e a set of pr ob a-

bility me asur es. The of is define d

as fol lows.

wher e is the entr opy of , and is the

close d c onvex hul l of .

L et b e a set of pr ob a-

bility me asur es ove . The of is

define d as fol lows.

op erations are distinguished: expansions, revisions

and contraction. An expansion is the incorp oration

of new information which is consistent with the old

b eliefs, a revision incorp orates new information which

is (p ossibly) inconsistent with the old b eliefs., and a

contraction is reduction of the old b eliefs in order to

b e consistent with the new information. In the con-

text of b elief sets, an expansion of a b elief set with

new information is uniquely determined: the ex-

tended b elief set is obtained by adding to the set

and subsequently taking the logical closure.

It turns out that conditioning exactly corresp onds to

expansion in the following sense: conditioning a prob-

ability function with asso ciated b elief set on in-

formation results in a new probability function

such that the b elief set asso ciated with is iden-

tical to the expansion of with . This is generally

assumed to b e a go o d reason for considering condi-

tioning to b e the probabilistic version of expansion.

However, in [19] it is argued that conditioning is b est

considered to b e a kind a b elief change which is differ-

ent than expansion and other kinds of b elief change

that can b e recognised in the abstract context of b e-

lief sets. The argument is made in the context of PPT

which is sufficiently general to represent b oth b elief

sets and probability functions.

In the context of PPT, there exists a b elief change op-

eration, called constraining, which consists of adding

new constraints to the set of probabilistic constraints

and which can b e shown to share several more prop-

erties with b elief set expansion than the prop erties

common to expansion and conditioning. T o make this

argument, it is essential to refer to the partial prob-

abilistic context, since completely determined prob-

ability functions cannot b e constrained any further.

Therefore, the constraining op eration do es not apply

to completely determined probability functions in a

non-trivial sense.

Lets us formally define the effect of constraining on a

set of probability measures.

Π

Ω

Π

: Π

This definition allows adding a constraint which is

inconsistent with the old evidence. The resulting set

of probability measures is empty

. One can imagine

several ways to define an alternative op eration which

in such a case returns an non-trivial b elief state. Such

op erations are called revisions, and the main sub ject

of AGM theory is to find reasonable conditions on

revisions. However, we concentrate on the case where the new constraint is consistent with the old evidence.

In the context of b elief sets, it is p ossible to obtain

any b elief state from the ignorant b elief state by a

series of expansions. In PPT, constraining, but not

conditioning, has the analogous prop erty

. This is one

of the main reasons we prefer to constraining and not

conditioning to b e the probabilistic version of expan-

sion.

Roughly sp eaking, it can b e argued that the prin-

cipal result of constraining is a decrease in igno-

rance, whereas conditioning is aimed at reducing un-

certainty

. Of course, the measurement of ignorance

and uncertainty in a partial probabilistic setting is

a controversial issue, but in [19] we prop ose the fol-

lowing provisional measures of these notions which at

least allow the ab ove statement to b e made more pre-

cise.

Π

uncertainty (Π) Π

(Π) = max ( ) : (Π)

( ) (Π)

Π

Π

Ω ignorance (Π) Π

(Π) =

(Π ( ) Π ( ))

2 2

In other words, the uncertainty of Π is defined to b e

the maxim um uncertainty (measured in entropy) of

the probability measures in the set Π, and its igno-

rance is an average of the ignorance with resp ect to

each event (measured in the difference b etween the

upp er and lower probability b ounds).

Both constraining and conditioning can b e used to

change the maximally ignorant and maximally uncer-

tain b elief state, which has no constraints and allows

all probability measures, into a b elief state which is

minimally ignorant and minim ally uncertain. Hence

we cannot claim that constraining is exclusively used

for reducing ignorance and conditioning is only used

to reduce uncertainty

. However, there do es exist some

bias.

F or example, constraining is guaranteed to (weakly)

reduce ignorance. Also, constraining can b e used to

strictly reduce the ignorance of all b elief states which

are not minimally ignorant already

. Neither prop erty

holds for conditioning, although the second prop erty i

i i

i i

i j i j

4 Com bining Evidence

1 1 1

2 2 2

1 2 1 2

1 2

1 2

1 2

1 2

3

1 2 3

1 2 3

1 2 3 1 2 3

⟨ B A ⟩

⟨ B A ⟩

⟨ B ∪ B ∅ ∩ ⟩

B ∪ B

A ∪ A

B ∪ B

{ }

{ }

⊕ ⊕

⊕ ⊕ { } ⊕ ⊕

≤ ≤

Definition 6 (minimal PPT combination)

Example 3

, , , C

, , , C

, , , C C

S S

S

m m m

, , , . . . ,

m m m

m m m m m m

R

S r

R R

P r , r P r P r

i < j

The minimal c ombination of and

is define d to b e the PPT b elief state

.

Consider an autonomous vehicle which

has to p erform some subtle mano euvr es for which it

ne e ds to know its distanc e to its ne ar est obstacle with an ac cur acy of 0.01 metr e. T o me asur e this distanc e,

it c an use thr e e sensors, let us c al l them , , and

. They e ach pr ovide the vehicle’s CPU with an inte-

ger b etwe en 0 and 999, r epr esenting the me asur ement

in c entimetr es. They c annot dete ct obje cts which ar e

r emove d 10 metr e or mor e.

Each sensor is r eliable of the time. That is,

of the time, the sensor is working pr op erly and the r e-

turne d numb er is the c orr e ct distanc e. The r emaining

of the time, the sensor is in some way disturb e d

and the r eturne d numb er is not pr op erly r elate d to the

true distanc e, although the numb er may of c ourse hap-

p en to b e c orr e ct by she ar luck.

Supp ose that on a p articular o c c asion, al l thr e e sen-

sors r eturn the numb er 454. Intuitively, this pr o-

vides str ong supp ort that 454 is the actual distanc e

to the ne ar est obstacle, even though the sensors ar e

r ather unr eliable when taken in isolation. Of c ourse,

such sensor information never gives c omplete c er-

tainty ab out the actual distanc e, but let us say that

a failur e r ate would stil l b e ac c eptable. So if ther e

is at le ast a chanc e that a r e ading is c orr e ct, the

vehicle should use this r e ading to guide its mano eu-

vr es.

is not true for a natural generalisation of condition-

ing known as minim um cross entropy up date. On the

other hand, if a set contains just one probability mea-

sure, then constraining can not reduce its uncertainty ,

whereas conditioning can.

Details of the ab ove can b e found in [19]. In [7] an

axiomatic characterisation of conditioning and con-

straining is given. W e do not claim to b e the first to

distinguish the notions of conditioning and constrain-

ing. F or example, in [2] a similar distinction is made.

The combination of evidence is an extremely imp or-

tant problem when reasoning with uncertainty

. In-

stances of this problem include the p o oling of opin-

ions of different exp erts, the weighting of different ar-

guments in favour of or against some conclusion, and

the fusion of several sensor readings.

In [17, 18, 21], the problem of combining evidence is

discussed in the context of PPT. In this context, the

assumptions underlying Dempster’s rule can b e stated

clearly

, and it can b e argued that these assumptions

are very strong and unrealistic. The following alterna-

tive, probabilistically justified, approach is prop osed:

explicitly add some (preferably weak) assumptions to

the av ailable partial probabilistic information, as long

as these assumptions are necess ary to reach useful

conclusions.

A rule for minimal combination, i.e., without adding

assumptions and even dropping the previously made

assumptions, can b e formalised as follows.

Ω

Ω

Ω

In example 1, this combination rule was already ap-

plied. The combination is called minimal, since the

combined b elief state do es not contain any of the as-

sumptions present in the original b elief states. The

reason is that some of these assumptions may b e in-

consistent with . A less cautious combination

would include the assumptions , or a subset

of this set, if the full set is inconsistent with .

One can also consider some additional assumptions, in

particular concerning the interaction of the evidence.

In [17, 18, 21], the following concrete example involv-

ing sensor fusion is discussed in some detail.

50% 50%

50%

5%

95%

It can b e argued that the approach of combining ev-

idence in PPT describ ed ab ove gives b etter results

than Dempster’s rule using weaker (explicit) assump-

tions than the assumptions implicitly underlying the

application of Dempster’s rule. F or example, Demp-

ster’s rule do es not sanction the conclusion that 454

is the actual distance with the required 95% certainty ,

whereas intuition and (under weak assumptions) PPT

do.

In DS theory

, the evidence of the ab ove example

can b e represe nted by three identical mass func-

tions , and over the sample space Ω =

0 1 2 999 . Each of them assigns 0.5 mass to

454 and 0.5 mass to Ω. Combining these three mass

functions by means of Dempster’s combination rule

leads to the mass function , given by

( 454 ) = 0.875, and (Ω)

= 0.125. This result do es not give the required 95%

guarantee that 454 is correct.

Moreover, in order to apply Dempster’s rule, one has

to assume that the pieces of evidence are (DS) inde-

p endent, in the sense that the sources b ehave inde-

p endently

. That is, the (un)reliability of one sensor

is indep endent form the (un)reliability of the other

sensors. More precisely

, if we write for the prop o-

sition that sensor is reliable, and for the prop o-

sitional v ariable denoting either or . Then one

has to assume that ( ) = ( ) ( ), whenever

1 3.

have

i i i i i

i

P ,U P ,U

5 Decision Making

|

⟨ B ∅ ⟩

⟨ ⟩

≤ ≤ ≤ ≤

∈ { }

B { } {⟨ ⟩ ∈ |

}

⟨ B ∅ ⟩

⟨ ⟩

∈ { } ∈ { }

B

{ }

|

| ≤

≥ ∀ ∈ ≥

1 2 3

1 2 3

1 2 3

1 2 3

1 2 3 1 2 3 1 2 3

1

1 1 1 1

0 1 1

1 1

1 1 1 1 1

1 1 1 0 1 1

0 1 2 3 1 2 3

1 2 3

1 2 3 1 2 3

1 2 3 1 2 3 1 2 3

Π r , r , r

x y , z x

y , z S S , S

, ,

P r , r , r , , P r , r , r

S

, , , C

w , x , r w

x r

w x

r R , R r R w x

P R . C w , x , r x

, , , C

w , x , y , z , r , r , r

w , x, y , z , . . . , r R , R r R

w S

P R P R P R . C

x y z

P r , r , r , ,

P R , R , R , , P R , R , R

a b P E U a E U b .

This assumption of DS indep endence is quite strong,

and practically never satisfied by sensors, since they

usually have common causes for their unreliable b e-

haviour (the movement of the vehicle, the size and

shap e of the obstacles, et cetera). T o make matters

worse, this assumption of DS indep endence is not suf-

ficient to justify Dempster’s rule, as is shown in [16]

In addition, one has to assume that each instantiation

of is equally confirmed by the evidence. This

additional assumption is explained b elow.

Let ( ) denote the fact that the reading

( ) is obtained from sensor ( ). In the case

of receiving evidence 454 454 454 , the assumption

of equal confirmation is represente d by the equation

( 454 454 454 ) = ( ).

The reasoning giving a confidence of 0.875 in 454

go es as follows. The chance of 454 b eing the actual

distance is at least the probability that at least one

of the sensors is reliable. By DS indep endence the

prior probability of this event is 0.875, and by the as-

sumption of equal confirmation, this probability is not

changed after receiving the evidence. The assumption

of equal confirmation is not plausible since agreeing

sensors are more likely to b e reliable (in which case

they to agree) than unreliable (in which case

there is only a very small chance of agreeing).

In PPT, the evidence provided by the reading 454

of sensor can b e captured by the PPT b elief

state Θ , where Θ is the set of triples

such that denotes the real distance to

the nearest obstacle, and and are as defined

ab ove. It follows that 0 999, 0 999,

, and if = , then = . F urther,

= ( ) = 0 5 , and = Θ =

454 .

Minimally combining the three pieces of evidence

gives the PPT b elief state Θ , where Θ

is the set of tuples , where

0 999 , , and if = ,

then = the reading of sensor . F urther, =

( ) = ( ) = ( ) = 0 8 , and is the sub-

set of Θ characterised by = = = 454.

In PPT one cannot conclude much based on the ev-

idence alone, since the av ailable information ab out

the sensors simply do es not allow strong conclu-

sions ab out the v alue of ( 454 454 454 ).

However, relatively weak additional assumptions are

sufficient to obtain at least as strong conclusions

as DS theory . F or example, one could assume

that ( 454 454 454 ) ( ),

which is much weaker and far more plausible than the

corresp onding equality .

In [17, 18, 21], we prop ose some relatively weak as-

sumption that result in a confidence of approximately

0.999999 that 454 is the actual distance if all three

sensors say it is, and we show how even if only two of

the three sensors agree, a high confidence of approxi-

mately 0.998 can b e justified.

An imp ortant asp ect of handling uncertainty is de-

cision making based on uncertain information. F or

decisions under risk, where the decision maker is un-

certain ab out the true state of nature, but is able to

quantify this uncertainty through a probability mea-

sure over the sample space consisting of the p ossi-

ble states of nature, maxim ising exp ected utility is

widely accepted to b e a rational decision rule. Several

rules have b een prop osed for decisions under strict un-

certainty

, or complete ignorance, where the decision

maker is uncertain ab out the true state of nature, but

is not able to quantify this uncertainty and can only

list the p ossible states.

If the probabilities are partially determined, the deci-

sion maker typically finds himself somewhere b etween

these two extreme cases. Actually

, the case of par-

tial ignorance is the general case, which includes b oth

risk and strict uncertainty

. Therefore, it should b e

no surprise that decision making under partial igno-

rance is rather complex, since it is more general than

decision making under complete ignorance, for which

no generally accepted decision rule exists. However,

it still seems p ossible to formalise several asp ects of

intuitively acceptable reasoning and decision making

under partial ignorance.

In [20, 22] several naive decision strategies for partial

ignorance are describ ed and formalised in the context

of PPT. These strategies can b e informally describ ed

as follows: (1) (try to) learn more, (2) b e satisfied with

satisfactory rather than (necessarily) optimal choices,

and (3) base one’s actions on (reasonable) assump-

tions in addition to the av ailable knowledge. It is

argued that sometimes a combination of these strate-

gies is necessary . F or example, when deciding whether

either to learn more or to act on the basis of the av ail-

able information, it may b e necess ary to make some

assumptions in order to sufficiently determine the (ex-

p ected) v alue of the p ossible information acquiring

actions.

The widely accepted decision rule for decisions under

risk, i.e., maxim ising exp ected utility

, can easily b e

extended to the case of partial ignorance, by defining

the following preference relation on actions:

iff Π( ( ) ( ))

∈

≥

−

{ ∈ }

{ ∈ }

≥

≤

≤ ≤ ≤

≤

Π

Π

Π

Π

Π Π

1

2 1 2

2

1 1 2

Π

P ,U

P ,U

,U

P ,U P ,U P ,U

,U P ,U

P ,U P ,U

,U ,U

P P ,U

Definition 7 (extended minimax regret)

Prop osition 1

Example 4

E U a

P

U a

P , U R a

R a a

R a M E U a .

R a R a P .

M max E U b b A

a b

R a R b

. p . .

p . a a

a

a R a R a

E S a a

U a r anke d

Define the -r e gr et and the maximal

r e gr et of an action as fol lows.

Her e, = . A c c or ding to

the extende d minimax r e gr et rule one should cho ose

an action with minimal maximal r e gr et.

The extende d minimax r e gr et rule

gener alises b oth Savage’s minimax r e gr et rule and the

or dinary MEU rule, and it r efines the extende d MEU

rule. Mor e pr e cisely,

1. In the c ase of c omplete ignor anc e, the extende d

minimax r e gr et rule r e duc es to Savage’s minimax

r e gr et rule.

2. In the c ase of de cision under risk, the extende d

minimax r e gr et rule r e duc es to the or dinary MEU

rule.

3. The extende d minimax r e gr et rule r efines ex-

tende d MEU in the sense that implies

.

Consider again example 1, but now sup-

p ose that we know that and

. Then and ar e inc omp ar able ac-

c or ding to extende d MEU (and b oth maximal ly pr e-

ferr e d). The maximal r e gr et of is higher than that

of , sinc e = 0.2 and = 0.3. The ex-

p e cte d se curity level of an action is define d

as , and the extende d maximin r eturn

rule pr efers actions with higher exp e cte d se curity level.

Here Π denotes the set of probability measures satis-

fying the constraints, and ( ) denotes the ex-

p ected utility

, given a probability measure and util-

ity function , of the action . Now cho ose an action

which is maximally preferred according to the ab ove

relation .

This extension to the case of partial ignorance of the

maxim um exp ected utility criterion is quite natural

and has b een prop osed b efore. In particular, in [4] and

[8] this criterion has b een studied in case the proba-

bilities of the p ossible states of nature were not nec-

essarily exactly known, but could at least b e .

However, this extended rule is in general rather weak.

F or example, the rule do es not allow the rob ot to make

a choice in the situation of example 1, whereas many

p eople would intuitively prefer going to ro om 1 for

which substantial evidence of b eing op en is av ailable.

The extended rule is weak since it corresp onds to a

preference relation which is only a partial ordering.

(As is well known, [11] establishes a corresp ondence

b etween maximising exp ected utility and a total pref-

erence ordering when deciding under risk.) The corre-

sp ondence b etween preference and maxim ising utility

under partial ignorance has b een made precise by [6].

If the probabilities are highly indeterminate, then the

extended maxim um exp ected utility criterion leaves

many choices op en.

Some authors prop ose that one should base one’s deci-

sions on a particular probability measure compatible

with the av ailable evidence. This probability measure

is sometimes allowed to b e arbitrarily chosen from the

candidates, and sometimes it is assumed to b e in some

sense least informative, such as the measure with the

maxim um entropy or the pignistic probability mea-

sure of [15].

In [10] it is concluded that if one decides on the basis

of a single probability measure one could just as well

use the strict Bayesian approach from the start. How-

ever, even if decisions are based on a probability mea-

sure, a richer b elief representation can still b e used

for other activities, such as combining evidence or b e-

lief revision. (Compare our argument using example

2 against the restriction to convex sets of probability

measures.) Other authors allow decision makers to b e

indecisive b etween incomparable maximally preferred

actions. See, for example, [25]. See [9] for a more

extended overview of different approaches to deciding

under partial ignorance.

In [20, 22] we prop ose to refine the extended MEU

criterion by intro ducing some additional criteria ob-

tained from decision rules originally prop osed for de-

cision under complete ignorance. These refinements can supp ort intuitive preference s not supp orted by the

extended MEU rule. F or example, they supp ort the

preference for ro om 1 in example ’1.

In particular, we prop ose the following extended min-

imax regret rule.

( )

( )

( ) = ( )

( ) = sup ( ) : Π

( ) :

This rule has b een prop osed b efore, and is known

as the Γ-minim ax regret rule in the field of robust

Bayesian analysis. The following prop osition sum-

marises some nice prop erties of this decision rule.

( ) ( )

However, there are some problems with using the ex-

tended minim ax regret rule. F or example, in [20, 22]

we also consider refining extended MEU with an ex-

tension of W ald’s maximin return rule and since the

extended maximin return rule and the extended min-

imax regret rule do not necessarily agree, one has to

cho ose b etween the two rules (and other related rules).

0 4 0 8 0 5

0 6

( ) ( )

( )

inf ( )

1

2

1

2 a

a

E S a

E S a

6 Summary and Conclusions

Ac kno wledgemen ts

References

Thus is pr eferr e d ac c or ding to the extende d mini-

max r e gr et rule, wher e as is pr eferr e d ac c or ding to

the extende d maximin r eturn rule, sinc e = 0.4

and = 0.5.

Statistic al De cision The ory and

Bayesian Analysis

International Journal of Ap-

pr oximate R e asoning

Pr o c e e dings 3r d

IEEE Symp osium on L o gic in Computer Sci-

enc e IBM R e-

se ar ch R ep ort Informa-

tion and Computation

De cision and V alue The ory

Know le dge in Flux. Mo deling the

Dynamics of Epistemic States

Bayesian Statistics

Pr o c e e dings 14th Confer enc e on

Unc ertainty in AI

De cision

The ory and Inc omplete Know le dge

The ory and De cision

PSA 1986 V ol. 1

( )

( )

A p erhaps even more serious (and well-known) prob-

lem is that the ordering obtained by comparing maxi-

mal regret do es not satisfy indep endence of irrelev ant

alternatives, i.e. a choice b etween two alternatives

based on the (extended) minim ax regret rule can b e

influenced by the av ailability of a third alternative.

Since the maxim um regret of an action gives some

upp er b ound on the sub optimality of the action, it

can b e interpreted as a kind of satisfaction level of

the action. Although optimising based on compar-

ing extended maxim al regret can b e shown not to b e

indep endent of irrelev ant alternatives, this indep en-

dence do es hold when one considers satisficing based

on the maxim al regret. Therefore, we prop ose to use

the minim ax regret rule for satisficing rather than for

optimising.

The connection b etween the extended minimax regret

criterion and the notion of satisficing, as intro duced

by Simon [13, 14], is made more precise in [24].

W e describ ed an approach to handling partially sp ec-

ified probabilistic information. Our prop osed Partial

Probability Theory (PPT) allows very general repre-

sentations of b elief states, and includes many previ-

ously prop osed formalisms as sp ecial cases. Of of the

characteristic features of PPT is the explicit treat-

ment of assumptions.

W e briefly discussed problems like b elief change, ev-

idence combination, and decision making in the con-

text of PPT. In the area of b elief change, we ar-

gued that the probabilistic v ariant of the notion of

expansion of AGM theory is not conditioning, but

constraining. The p oint of view of partially sp ecified

probability is necessary to clearly distinguish condi-

tioning and constraining.

Concerning evidence combination, we p ointed out

that in order to reach useful conclusions in a partial

probabilistic setting, it may b e unavoidable to make

assumptions ab out the interaction of the pieces of ev-

idence to b e combined. W e used a concrete rob otic

sensor fusion example to illustrate our approach and

to compare it with Dempster’s combination rule.

In the area of decision making under partial igno-

rance, the rule of maximising exp ected utility is quite

weak and should b e supplemented by other consider-

ations. W e do not prop ose a simple stronger decision rule, but we consider it in general unavoidable to base

one’s decisions on assumptions or to opt for satisficing

alternatives rather than to insist on optimising.

W e do not claim that PPT automatically includes so-

lutions to all problems encountered when probabilities

are allowed to b e partially sp ecified, but we prop ose

PPT as a to ol for expressing these problems and com-

pare different solutions.

The investigations were carried out as part of the

PIONIER-pro ject Reasoning with Uncertainty

, sub-

sidized by the Netherlands Organization of Scientific

Research (NWO), under grant pgs-22-262.

[1] J.O. Berger,

, (second edition) Springer,

New Y ork, 1980.

[2] D. Dub ois, and H. Prade, Evidence, knowledge

and b elief functions,

, 6 (1992) 295-319.

[3] R. F agin, J.Y. Halp ern, and N. Megiddo. A logic

for reasoning ab out probabilities,

(1988) 277-291. Expanded version:

RJ 6190 (1988). Also in

87 (1990) 78-128.

[4] P

.C. Fishburn. , Wi-

ley , New Y ork, 1964.

[5] P

. G¨ ardenfors,

, MIT Press, Cam-

bridge MA, 1988.

[6] F.J. Giron and S. Rios. Quasi-Bayesian Be-

haviour: A more realistic approach to decision

making?, , J.M. Bernardo et

al. (eds.), University Press, V alencia, 1980, 17-

38.

[7] A.J. Grove and J.Y. Halp ern. Up dating sets

of probabilities,

(1998) 173-182.

[8] Z.W. Kmietowicz and A.D. Pearman,

, Gower, 1981.

[9] R. Loui, Decisions with indeterminate probabili-

ties, 21 (1986) 283-309.

[10] P

. Maher, What is wrong with strict bayesian-

ism? , A. Fine and P

. Machamer

(eds.), (1986) 450-457.

The ory

of Games and Ec onomic Behaviour

A Mathematic al The ory of Evidenc e

Quarterly Journal of Ec onomics

Mo d-

els of Bounde d R ationality. V ol. 2

De cision and Or ganization

Mo d-

els of Bounde d R ationality. V ol. 2

Unc er-

tainty in Artificial Intel ligenc e 5

Artificial Intel ligenc e

ILLC R ese ar ch R ep ort CT-95-07

NAIC’96: Pr o c e e dings of the

Eight Dutch Confer enc e on Artificial Intel li-

genc e

ILLC R ese ar ch R ep ort LP-96-07

Qualitative Pr efer enc es in Delib er ation and Pr ac-

tic al R e asoning

Qualita-

tive and Quantitave Pr actic al R e asoning

EUROBOT’97: 2nd EUROMICRO Workshop

on A dvanc e d Mobile R ob ots

Pr o c e e dings ECAI’98 Workshop De cision The-

ory me ets Artificial Intel ligenc e. Qualitative and

Quantitative Appr o aches

Pr o c e e dings LOFT3

LLC R e-

se ar ch R ep ort CT-1998-07

Statistic al R e asoning with Impr e cise

Pr ob abilities

[11] J. V on Neumann and O. Morgenstern,

, Princeton

University Press, Princeton, 1944.

[12] G. Shafer,

(Princeton U.P

., Princeton, 1976).

[13] H. A. Simon, A b ehavioral mo del of ratio-

nal choice, , 69

(1955) 99-118. Reprinted in H. A. Simon,

, MIT Press,

Cambridge Mass. (1982) 239-258.

[14] H. A. Simon, Theories of b ounded rationality ,

, C. B. Radner and

R. Radner (eds.), Amsterdam: North-Holland

(1972) 161-176. Reprinted in H. A. Simon,

, MIT Press,

Cambridge Mass. (1982) 408-423.

[15] P

. Smets, Constructing the pignistic probabil-

ity function in a context of uncertainty ,

, M. Henrion,

R.D. Schachter, L.N. Kanal, and J.F. Lemmer

(eds.), Elsevier Science Publ., Amsterdam,1990,

29-39.

[16] F. V o orbraak, On the justification of Dempster’s

rule of combination, 48

(1991) 499-515.

[17] F. V o orbraak, Combining unreliable pieces of ev-

idence, , ILLC,

University of Amsterdam, 1995.

[18] F. V o orbraak, Evidence combination in AI and

rob otics, in: J.-J. Ch. Meyer and L.C. v an

der Gaag (eds.),

, Utrecht University

, 1996, 369-380.

[19] F. V o orbraak, Probabilistic b elief expansion and

conditioning, ,

ILLC, University of Amsterdam, 1996 (to app ear

in Journal of Logic, Language and Information).

[20] F. V o orbraak, Decision analysis using partial

probability theory

, in: J. Doyle et al. (eds.),

(AAAI-97 Spring Symp osium),

Stanford University

, 1997, 113-120. Electroni-

cally av ailable at www.kr.org/qdt.

[21] F. V o orbraak, Combining evidence under partial

ignorance, in D. Gabbay et al. (eds.),

(LNAI

1244), Springer, Berlin,1997, 574-588.

[22] F. V o orbraak, Deciding under partial ignorance,

, IEEE/CS Press,

1997, 66-72.

[23] F. V o orbraak and N. Massios, Decision-theoretic

planning for autonomous rob otic surveillance,

, University of Brighton,

1998, 23-32. (Selected for publication in a sp ecial

issue of Applied Intelligence.)

[24] F. V o orbraak, Optimising and satisficing un-

der partial ignorance, in: ,

T orino, Italy

, 1998. Also av ailable as

, Amsterdam: ILLC,

University of Amsterdam.

[25] P . W alley .

, Chapman and Hall, London, 1991.