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(http://www.sipta.org/˜isipta03) was held during July 14-17 2003, in the beautiful city
of Lugano, Switzerland (http://www.lugano.ch).
Similarly to the past ISIPTA meetings, ISIPTA ’03
was characterized by active and informal discussions, which made it a profitable and enjoyable
event for the 73 attendants.
A total of 44 papers were presented at ISIPTA
’03, covering a wide range of topics, including:
new model based inference with imprecise probabilities; computations and foundations of inference with imprecise probabilities; applications of
imprecise probabilities in engineering, finance,
and medicine; connections with graph theory,
belief functions, and fuzzy random variables;
and the introduction of new principles and tools
for decision theory. All the papers were subject of a careful refereeing process, and were
collected in a volume of proceedings published
by Carleton Scientific (the proceedings can be
ordered electronically at http://www.carletonscientific.com). Selected papers will also be published as a special issue of the International
Journal of Approximate Reasoning.
The conference had a first day of tutorials
and then three days of technical presentations
(the contents of the tutoriais can be downloaded
from the conference web site). The format of the
technical presentations is somewhat innovative:
each paper is presented orally, and then given
space in a poster section. In this manner, au-

By Fabio G. Cozman, newsletter editor
This issue of the SIPTA newsletter opens with
a summary of what happened at the Third International Symposium on Imprecise Probabilities
and Their Applications (ISIPTA ’03). The symposium took place in Lugano, Switzerland, in
a very nice atmosphere (and a lot of heat too,
thanks to the European super-hot summer!).
Lugano will also host the 2004 Summer School
on Imprecise Probabilities; we bring the first announcement of this school.
In this issue you will find a special contribution by Prof. I. J. Good on imprecise weights
of evidence. Prof. Good is one of the pioneers in
the field of imprecise probabilities, and has published on “weights of evidence” for many years;
his piece contains a personal and spirited review of this field, with connections to imprecise
weights of evidence. Prof. Good’s piece was presented as an invited talk at ISIPTA ’03; we thank
Prof. Good for allowing us to reproduce his material in this issue of the newsletter.
Finally, we start off our “Software section”
with a brief review of James Dickey’s Cohere
package. We hope to discuss other software for
imprecise probabilities in future issues of this
newsletter.
If you have contributions to make to this
newsletter, please let me know. As always, if you
know of any event or publication that should be
of interest to members of SIPTA, send a message
about it to fgcozman@usp.br.
Cheers!
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A Report on ISIPTA ’03
We thank Marco Zaffalon, ISIPTA ’03 chairman,
for help with this piece.
The 3rd International Symposium on Imprecise Probabilities and Their Applications
1

A group of ISIPTA ’03 participants at the top of Mount San Salvatore.

thors have the chance to advertise their results
to the broad community, while technical details
can be clarified with the help of a poster.

urgent thing to do, and some plans were made
on this direction.

The Summer School on Imprecise
Probabilities

On top of these activities, the conference had
an invited talk by Patrick Suppes, on Application
of nonmonotonic upper probabilities to quantum
entanglement, and a banquet talk by Terry Fine,
on Theories of probability: Some questions about
foundations. Prof. I. J. Good contributed with a
piece on weights of evidence (published in this
issue of the newsletter).

The Society for Imprecise Probability Theory and
Applications is announcing a Summer School on
Imprecise Probabilities, to be held in the summer of 2004 in Lugano, Switzerland.
The school will be for post-graduate students
(advanced master or Ph.D. students, postdocs,
junior researchers) without previous knowledge
of imprecise probability. Speakers at the summer school will be: Thomas Augusting, Gert de
Cooman, Scott Ferson, Serafin Moral, Teddy Seidenfeld (tentative), and Marco Zaffalon. Further
information will appear in the next newsletters.
For any question, please contact the school organizer at zaffalon@idsia.ch.

The conference offered a number of opportunities for social interaction amongst participants. The conference banquet happened at
the excellent restaurant of Castelgrande castle
in Bellinzona, the capital of the Ticino canton —
there are several photographs taken at the banquet at the conference web site. There was also
a visit to Mount San Salvatore, one of the most
suggestive points in Lugano; the photo on this
page shows a group of happy conference participants at the top of Mount San Salvatore.

Special contribution:
The Accumulation of Imprecise
Weights of Evidence

Another event of importance at ISIPTA ’03
was a meeting of the founding members of
SIPTA. Several topics were discussed: the name
of the society; whether the society should be
more open; the web site; the desirability of best
paper awards at ISIPTA; the need for the society to fund projects of its interest. It was agreed
that the articles of the society should be modified so as to allow new members to join. This is
an effort lead by SIPTA’s president. It was also
agreed that producing a new web site is the most

By I. J. Good
We thank Prof. Good for allowing us to reproduce
this material here.
Abstract
A familiar method for modeling imprecise or partially
ordered probabilities is to regard them as intervalvalued. It is proposed here that it is better to assume
a Gaussian form for the logarithm of the odds. To fix
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using arguments similar to those by which Savage (1954) arrived at axioms for precise probabilities.

the hyperparameters of the Gaussian curve one could
make judgements for the quartiles for example. The
same comment applies for weights of evidence. The
reason for this proposal is that when the pieces of evidence are statistically independent one has additivity and the addition of Gaussian variables is easy to
perform. When the pieces of evidence are dependent,
there is a more general additivity, or one might be able
to allow for interactions of various orders. Possible
applications would be to legal trials and to differential diagnosis in medicine, or even for distinguishing
between two hypotheses in general.

Definitions etc.
A proposition is the meaning of a statement.
An event is something that might happen or
could be imagined to happen. Symbols like ,
, and
denote propositions, usually (but not
necessarily) referring to events and hypotheses.
A theory or hypothesis is regarded as (approximately) true if its consequences are. A simple
hypothesis is one that assigns probabilities to
the members of a set of events. The probability
of
given or assuming or conditional on , if
this probability is defined, is denoted by
.
If G is also “given” or assumed, then the probability is denoted by
or
or
. The probabilities might be precise or
imprecise. Other people use other notations. It
isn’t permissible in my philosophy to condition
on propositions of zero probability. (Karl Popper
wouldn’t agree because he argues that universal hypotheses have zero probabilities but this
seems to be a mistake as argued for example in
#191 which is a review of Popper’s Logic of Scientific Discovery. An amendment to #191 is that
, as well as
must be convergent and
non-zero.) A colon denotes “provided by” and
must be distinguished from the vertical stroke
as in the notation
, the weight of evidence in favor of provided by given . It will
be necessary to discuss later what is meant by
“weight of evidence”. Non-Bayesians don’t like
the concept of the probability of
given so, if
they consistently think in terms of probabilities,
they shouldn’t be judges or jurors. What can
“beyond a reasonable doubt” mean to someone
who doesn’t believe in degrees of belief? The law
doesn’t state the threshold for conviction, but in
a civil case the law seems to be somewhat more
explicit.
A weight of evidence, if ordinary English is
to be respected, should depend on probabilities
and not on utilities. Before rational actions can
be taken, allowance must be made for utilities
or quasi-utilities which are substitutes for utilities when it is difficult to estimate actual utilities. Weights of evidence, amounts of information, and “explicativities” can themselves be regarded as quasi-utilities. (For explicativities see,
for example, Good Thinking, Chap. 23, a republication of #1000.)
Weights of evidence and Bayes factors are pri-



I will start with some background material
especially from my own publications, in particular my paper #1515. This was a brief survey of
weights of evidence at the second Valencia meeting on Bayesian statistics twenty years ago.



    

Introduction
A probability can be a physical (material)
probability or chance on the one hand and epistemic probability on the other. An epistemic
probability can be either a logical probability
(credibility) or a personal one. A personal probability is usually called subjective so as not to
sound too personal. Poisson (1837, p.31) distinguished between physical and logical probability and wrote as if personal differences arise
only because different people possess different
information. Keynes (1921) emphasized that
credibilities are only partially ordered and mentioned earlier references in a footnote on his
page 5. Partially ordered probabilities obey some
obvious transitive properties as also do utilities.
There is one exception: a meal of steak can be
perceptively no better than one of chicken and
chicken can be perceptively no better than one
of lobster and yet steak can be perceptively better than lobster. It then follows logically, though
not by direct perception, that steak must be better than chicken. (See #1357, a joint paper
with T.N.Tideman.) A similar comment applies
to partially ordered probabilities or utilities or
weights of evidence.
In my 1950 book, #13, I suggested a “black
box” theory of probability and emphasized that
subjective probabilities are only partially ordered. I hadn’t heard of De Finetti’s work at that
time: it was drawn to the attention of Englishreading people by Jimmie Savage (1954). In
#230 I used this theory to derive some axioms
for imprecise probabilities. Simultaneously and
independently Cedric A.B.Smith (1965) showed
the self-consistency of the black box theory by
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marily for discriminating between pairs of hypotheses. If one of them, say the hypothesis of
guilt wins easily, then a further hypothesis, say
that the accused has been framed, can be entertained. Then again, several hypotheses can
all be considered in pairs and the calculation
could be completed as in methods for treating an
all-against-all sports or chess competition (e.g.
#50).

that degree of force which remains after deducting the inferior.
Laplace (1820, pp. 446-461), when considering the probability of testimony, almost explicitly anticipated the concept of a Bayes factor
which is the ratio of the posterior to the prior odds
(not probability) of a hypothesis. (In #1715, p.
445 I mentioned Poisson and De Morgan for related statements.) The famous philosopher C. S.
Pierce (1878) came very close to the best definition of weight of evidence, namely the logarithm
of a Bayes factor. His remark about weight of evidence, in his rather obscure article, was somewhat of a throw-away line because he was otherwise against Bayesianism (which he called the
conceptual approach to probability). The concept of a Bayes factor is explicit in Wrinch & Jeffreys (1921, p. 387) except that they did not
use the expressions ’Bayes factor’ and ’odds’.
A.M.Turing, in World War II, called it simply a
factor, but that name would be too ambiguous
today. The expression Bayes factor is now well
entrenched in statistical writings. Minsky & Selfridge (1961) independently used the expression
weight of evidence in the same sense as used by
Pierce and Good.
The Bayes factor in favor of a hypothesis
provided by evidence , given all along, is

Goddesses of Justice
In #1715 I used a picture of Themis, the ancient Greek goddess of law and order, modernized by the artist Anna Davidian. In classical
mythology Themis carries a pair of scales and a
“horn of plenty”. The sword in Davidian’s drawing might not be true to the mythology. This
was pointed out to me by Nelson A. Blachman.
Davidian’s beautiful drawing was like historical fiction, partly historical and partly fictional.
An example of historical fiction was the film
“Enigma” which had exciting vignettes but was
extremely misleading. In the much earlier Egyptian mythology the goddess of justice, called
Maat, uses scales in the Underworld for weighing the souls or hearts of the dead (Larousse,
1959, p. 41). She, or something she carried, was
placed in one pan of the balance and the heart
in the other one. If there was perfect equilibrium
Osiris rendered favorable judgment and the deceased would mingle freely with the gods and
the spirits of the dead, leading a life of eternal
happiness. If the deceased was guilty the heart
was devoured by a monster called Amemait and
presumably there was then death after death.
In Davidian’s drawing there are floppy discs
which I assume contain weights of evidence for
or against a hypothesis such as the guilt or innocence of a suspect. It is a reasonable representation of modern justice. The ancients had no
floppy discs although some children today might
not know that.





                 
            (1)
 denotes odds and the tilde denotes
where





negation. The right side is not a likelihood ratio
in general but it is when
and not
are simple statistical hypotheses. Otherwise it could be
called a Bayesian Likelihood Ratio. This theorem
follows by four applications of the product axiom
of epistemic probability. Perhaps this should be
called the fundamental theorem of the philosophy
of science. It is natural to take the logarithm
for defining weight of evidence because this gives
rise to additivity (appropriate for weights) as in:

A brief history of the modern view
(I here quote from #1715, p. 445.) Hume
(1748) groped towards a qualitative notion of
weights of evidence when he said:

                 

(2)

Formula (2) extends easily to the case of several events. For a more formal and convincing
derivation of the explication of
see #1515,
p.251. All the weights of evidence can be made
conditional on another proposition . The additivity simplifies when the events are statistically
independent given
and also given
. Examples of statistical independence at least approximately in a criminal trial, are motivation,

No testimony is sufficient to establish
a miracle, unless the testimony be of
such a kind, that its falsehood would
be more miraculous than the fact it
endeavors to establish, and even in
that case there is a mutual destruction of arguments, and the superior
only gives us an assurance suitable to
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opportunity and ability. For example, if a victim is shot, a good marksman gets more weight
of evidence against his innocence, than would a
dog, but the sign would be reversed if the victim
were bitten (vampires apart). An alibi decreases
opportunity. This example is deliberately oversimplified for the sake of brevity.
The expression weight of evidence was used
in #13 and again in at least forty of my publications, of course with some repetition of. (See,
for example #s 1515 and 1828 and the two subject indexes of Good Thinking.) As mentioned
above, the expression was independently used
by Pierce and by Minsky & Selfridge. For ordinary English usage, the Oxford English Dictionary quotes T.H.Huxley (1878) as saying “The
weight of evidence appears strongly in favor of
the claims of Cavendish”. (Huxley is famous
for his work on Darwinism and for his educational writings on that topic as in Huxley, 1908.)
The technical concept of weight of evidence captures this ordinary usage very well indeed. The
technical concept, but not the name, was used
by A.M.Turing in World War II for a procedure
called Banburismus because the stationery used
was printed in the town of Banbury. This was
one important cryptanalytic procedure for regularly breaking the Naval Enigma. This was
an enciphering machine used by the Germans.
For more on this topic see #2117H. The unit of
weight of evidence was called by Turing a ban
when the base of the logarithms was 10. This
name was analogous to Tukey’s name ’bit’ in
Shannon’s theory of communication or information. Turing called one tenth of a ban a deciban
(db) by analogy with the name decibel in acoustics. The deciban, or the half-deciban (hdb)
is about the smallest discernible weight of evidence. When the base of logarithms is , Turing
called the unit a natural ban which is convenient
for theoretical purposes.
Relationships between expected weight of evidence and entropy in Shannon’s sense are discussed in #1505. One name for expected weight
of evidence is cross-entropy.
One application of the concept of weight of
evidence is to the topics of necessitude and sufficitude. These are measures of the degrees to
which one event
is necessary or sufficient
for another event . They are defined by taking strict necessity and sufficiency and replacing strict implication by weight of evidence. For
example, the sufficitude is equal to the weight
of evidence against
if
does not occur, given



the state of the universe just before
or
occurred. The difficulty in pinning down causation occurs because one can never be sure of the
state of the universe. For a detailed discussion,
with legalistic interpretations, see #2200.
When several small weights of evidence are
added together the sum would have roughly a
normal distribution. Turing showed in 1940 or
1941 that, when W has a normal distribution,
the variance of the sum in natural bans is twice
the expectation. This was noticed also by Peterson, Birdsall, & Fox, (1954). When decibans
are used this surprising theorem can be expressed in the convenient form that the standard deviation is close to three times the square
root of the expectation. If you look at numerical examples this is perhaps the most terrifying theorem in mathematics because it shows
how easily evidence can point in the wrong direction. For the case where the weight of evidence
is only approximately normally distributed see
#221 which deals with false-alarm probabilities.
A false alarm could lead to a war.
How Bayesian should a legal trial be?
The use of Bayes’s theorem in legal proceedings is still a controversial issue (Hutton, 2003),
partly because people are by no means perfect Bayesians. But even dogs are fairly good
Bayesians otherwise they wouldn’t survive as
long as they do. I wonder whether dogs could
be used as adjuncts to lie-detectors because of
their excellent sense of smell. In elementary education people could be taught the concepts of
Bayes factors and weights of evidence. Incidentally it would make them more interested in logarithms.
Let us consider a concrete legal example (#s
2190C, 2230, 2240, 2240A). Alan Dershowitz
had argued that wife-battery should be regarded
as inadmissible evidence on the grounds that
wife-batterers seldom murder their wives. There
are degrees of battery. I defined a “standard batterer” as one who batters his wife about once
per year. Dershowitz overlooked that the fact
that the wife had been murdered by somebody
is an extremely important additional piece of
evidence. Indeed, by using the hard statistics
quoted by Dershowitz himself, the Bayes factor
method leads to the conclusion that the husband’s odds of guilt are about 10 (or 10 to 1 on)
if he is a “standard batterer”. Of course this is
before other evidence is taken into account. In
the O.J.Simpson case there was a lot of other ev-





5

(Gaussian) distributions. Call this the (level two)
normal model (for weights of evidence). This device won’t do for probabilities or odds because
they don’t extend from minus to plus infinity.
A normal distribution is fixed by its lower and
upper quartiles for example. These have to be
judged by the users of the theory. (Whether
sextiles are easier to judge is a matter for experimentation.) Non-Bayesian statisticians, who
use normal distributions habitually, can hardly
complain about the present use. I am merely
claiming that this new “normal” model is better
than the “interval-valued” model. The new “normal” model has the further advantage that the
sums and differences of normal random variable
(not mixtures) are again normally distributed. To
make use of this fact we have to assume that
the various weights of evidence are either statistically independent or else we can make each
weight of evidence conditional an all those already used. Double use of a single weight of evidence is then impossible because the weight of
evidence provided by the second usage would be
zero (the Bayes factor would be unity).

idence. The main counter-evidence was from the
glove that appeared not to fit. But a clipping of
film in a Charles Grodin TV performance showed
Simpson pulling off the glove with no difficulty
at all immediately after having hood-winked the
jury.
Of course in general it isn’t easy for a juror
to estimate initial (prior) odds. It is less difficult
to estimate the odds at some intermediate stage
of the trial or, for this purpose, by taking some
subset of the evidence, not necessarily considering the evidence in the order in which it is presented in court. Then the Bayes factor has to be
judged by the rest of the evidence. It is a responsibility of the prosecuting attorney to present the
evidence in a fair and appropriate order to alleviate the task of the jury in this two-stage process.
Typically most of the weights of evidence in a
legal trial are very imprecise. There might also
be some fairly precise weights of evidence evaluated by professional statisticians.
The fact that the accused is in the dock
should certainly not be taken as a basis for a
judgment of the initial odds. The evidence presented in the trial would overlap with the reasons why the accused was in the dock. To hold it
against the accused that he is suspected would
be to use the same evidence twice. Even that
wouldn’t be as wicked as a trial by ordeal as in
the notorious Spanish Inquisition — wickedness
perpetrated in the name of God.

Interactions between weights of evidence
(#210, Appendix 6), being linear in individual
weights, should also satisfy the level-two normal
model.
The weights of evidence used by the various
members of a jury cannot be confidently combined because distinct people might overestimate or underestimate a given piece of evidence
by distinct amounts. This problem occurs in
medical diagnosis: see, for example, #755, Section 4. Somebody should eventually do some experiments on this matter.

Imprecise Weights of Evidence and their accumulation
A theory of the imprecise, a qualitative theory, should be a generalization of a quantitative
theory, a theory of the precise. Qualitative and
quantitative theories shed light on each other.
In a familiar model for partially-ordered probabilities the probabilities are interval-valued. In
other words there are lower and upper probabilities. But these end-points of intervals, apart
from being imprecise or vague, surely have lower
probability densities than say the mid-points of
the intervals. (These probability densities refer to probabilities of probabilities and might be
called probabilities of level two. I now prefer not
to call them probabilities of type two because,
in my terminology, rationality of type two means
rationality in which allowance is made for the
cost of thinking or calculation.)
Since the ends of the intervals are too arbitrary I prefer a model where imprecise log-odds
and weights of evidence have (level-two) normal

For this normal model I have relied on the
principle that “The real problem in formulating a
mathematical model is to find an adequate compromise between realism and mathematical convenience.” (#142, p.116.)
Sometimes a tail probability or P-value, or
rather its reciprocal, is regarded as a nonBayesian weight of evidence against a null hypothesis. They can be combined by Fisher’s
method. It it is careless to ignore the sample
sizes as Fisher did in one place. I discussed
such matters in #1515 Section 7 and in many
other places, but it would make the present paper too long to go into details.
I. J. Good July 4, 2003
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By Fabio G. Cozman
It is likely that any significant application of
imprecise probabilities can benefit from software
that explicitly handle probability constraints,
assessments, intervals, extensions, and the like.
One can find several researchers who have produced software for imprecise probabilities in the
course of their work; however, these efforts are
not connected and in many cases remain unknown to most people. The goal of this Software
Section is to present short communications of
existing software for imprecise probabilities.
In this first Software Section we discuss
James Dickey’s Cohere system. The review is
brief not because the system deserves little attention, but because Prof. Dickey has already
written a detailed description of Cohere’s underlying ideas in his ISIPTA paper:

I 2264AA. Erratum to #2264, J. Statist. Plann. Inference 64 (1997), 171-191. In JSPI 75 (1998), 173.
Neither I nor the book review editor were responsible
for any of the ten known misprints.
IP 1357. IJG and T.N. Tideman, “The relevance of
imaginary alternatives”, C93 in JSCS 12 (1981), 313315.
Hume, David. (1748). An Inquiry Concerning Human Understanding.
Hutton, Jane. A report of a meeting on April 10, 2003
held at the Royal Society, London, to discuss the Justice system. It was organized by the Forensic Science
Society, the Council for the Registration of Forensic
Practioners and the Expeert Witness Institute. RSS
News, June 2003, page 11.
Huxley, Thomas Henry. Twelve Lectures and Essays
(Watts and Co., London, 1908). Keynes, J.M. (1921).
A Treatise on Probability (Macmillan, London).

James Dickey. Convenient interactive computing for coherent imprecise prevision assessments, In Jean-Marc Bernard, Teddy

Laplace, P.S. de (1812/1820). Théorie Analytique
des Probabilités, 3rd edn. (Courcier, Paris).
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Seidenfeld, Marco Zaffalon (editors), Proceedings of the Third Internationa Symposium on Imprecise Probabilities and Their
Applications, Proceedings in Informatics
18, pp. 218-230, Carleton Scientific, 2003.

The user must download a Perl script and a
linear programming library. Apart from that,
the user should have a working Unix (Linux)
system, with Perl installed. A tutorial can be
downloaded from the same site, and an example
file is available as well. The whole system is
distributed as free software under the GNU
General Public License, so it can be studied and
modified by others.
There are some areas for obvious improvement in Cohere (as Prof. Dickey himself discusses in the papers). On the technical side,
probably the most obvious problem is that Cohere does not have any sophisticated method to
handle conditioning events with zero probability. On the user interface side, the most obvious improvement to Cohere would be to have a
smoother transition between tools, perhaps with
a graphical user interface.
In short, Cohere is an excellent tool to analyze assessments under coherence. It is free,
documented and easy to learn. And it can definitely handle imprecise probabilities! A most
welcome contribution by Prof. Dickey. Hopefully
Cohere will keep growing and receive contributions from the community.

Also, there is considerable documentation on
how to use the system in Cohere’s web site (discussed later).
The problem solved by Cohere can be informally described as follows. Suppose someone
starts with a number of events and states a
number of probability assessments of the form
or
, where
and
are events and
are real numbers. One can
have “greater than” inequalities, and one can
have logical constraints involving events. Now
there are several questions: Are all the assessments “coherent”? What would be the “coherent” assessment for other events? What is the
effect of removing an assessment? These are
the questions answered by Cohere. The concept
of “coherence” adopted by Cohere is defined in
the spirit of de Finetti’s Fundamental Theorem.
Technical details on this concept are given in
Prof. Dickey’s ISIPTA ’03 paper.
Cohere offers a number of commands:

  

   

Overall control and view: new file (n), open
file (o), save file (s), print (p), option (t), view
file and set (v and vr), and quit (q).
Actions: assess (a), undo assessment (au),
extend (e), and undo extension (eu).
The Cohere system is based on Unix tools
and follows a bit of “Unix-philosophy”: the system is coded as a terse Perl script that uses
various resources (the shell for commands, a
text editor for interaction with models, a linear
programming library for computations). Such
an organization may seem a little disconcerting
for someone who is used to windowed graphical user interfaces. However the advantage of
this scheme is that the user has enormous control of computation without the need to learn
yet another graphical interface. In any case,
the system is easy to use (provided the user understands its philosophy) and quite fast to produce results. In this sense the system can be
used interactively, to analyze and modify assessments (but note that “interactively” here does
not mean that interactions occur through buttons or mouse clicks).
Cohere
can
be
obtained
from
http://www.stat.umn.edu/˜dickey/COHdistribute/.
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