2nd International Symposium on Imprecise Probabilities and Their Applications, Ithaca, New York, 2001

Fuzzy, probabilistic and stochastic modelling of an elastically bedded beam

Michael Oberguggenberger Universität Innsbruck A-6020 Innsbruck, Austria michael@mat1.uibk.ac.at

Francesco Russo Institut Galilée, Université Paris-Nord

F - 93430 Villetaneuse, France russo@math.univ-paris13.fr

Abstract

This article sets out to compare the effects of modelling uncertainty using fuzzy sets, random variables and stochastic analysis. With the aid of an example from civil engineering - the bending equation for an elastically bedded beam - we discuss what each model is or is not capable of capturing. All models may be adequately used for variability studies, but may fail to detect the effect of localized parameter fluctuations on the response of the system. In the stochastics setting, we show an instance of the linearization effect of large noise which says that under large stochastic excitations, the contributions of nonlinear terms may be annihilated.

Keywords. Fuzzy sets, random variables, stochastic differential equations, parameter uncertainty, civil engineering models.

1 Introduction

This article addresses the question of how to model parameter uncertainties in engineering problems. Among the many possibilities we wish to compare three approaches: fuzzy, probabilistic and stochastic. The question which approach is the most adequate can only be decided by looking at the consequences of using one or the other model - in particular, whether the desired or exptected effects are adequately captured. This we intend to demonstrate in a typical application in civil engineering - the computation of the displacement of an elastically bedded beam.

Suppose the response of an engineering structure is described e. g. by a differential equation. Apart from the design dimensions, certain parameters describing exterior and material properties enter as input data. These parameters exhibit variations and are only imprecisely known. The question is how the variability of the data affects the response and consequently the safety of the structure. To be more specific, assume that a certain soil parameter c has been measured or estimated from a geological assessment at various locations on a construction site, so that a list of values c_1, . . . , c_n is available. This could be interpreted as n realizations of a constant parameter c, or as realizations of a spatially variable field c(x), where x denotes a spatial coordinate. Commonly, in civil engineering, the size of the sample is small and the data are augmented by prior expert knowledge. In the first, spatially constant case, the parameter c might thus be modelled either as a fuzzy number or as a random variable in the sense of subjective probability (a frequentist interpretation appears inappropriate with data as described above). In the second case, c(x) might be modelled as a stationary random field, where the choice of correlation function depends on prior knowledge with possible adaptation using the data. We will address the following issues:

• What is the solution concept appropriate to the fuzzy, probabilistic or stochastic approach?

• Is the variability and the sensitivity of the response of the system adequately predicted?

• Can the model describe localization effects, that is, the possibly deviating response due to a localized, rapid change in the parameter c, even though within the boundaries given by its fuzzy or random range?

• How are nonlinear terms in the differential equation affected by a stochastic input?

Our principal findings which we wish to report here are: the fuzzy, probabilistic and stochastic approach all can - in their respective terms - describe the variability of the outcome and admit a study of its sensitivity. However, the response due to localization may considerably exceed the boundaries predicted by the fuzzy or probabilistic model. What concerns the stochastic model, we wish to point out the nonlinear trivialization effect of large noise: if the stochastic excitation is derived from a multiple of white noise which becomes larger and larger, the response of the nonlinear system may tend to the response of the linear part of the system in the mean.

The plan of the paper is as follows: In Section 2 we present the engineering example underlying our investigation and collect its properties when the parameters are deterministic. Section 3 is devoted to the fuzzy and probabilistic approach. Section 4 contains a typical stochastic model. We prove existence and uniqueness of the solution and show that the mentioned nonlinear triviality effect occurs in the example. In the last section we summarize the conclusions for engineering design suggested by our observations.

In the current engineering literature, especially in geotechnics, the problems addressed here are of high concern. The mechanisms of failure have been investigated, for example, in [3, 9, 22] using a fuzzy, probabilistic, and stochastic approach, whereas questions of modelling uncertainty in engineering problems are addressed e. g. in [8, 11, 12, 15, 21]; for the localization phenomenon we refer to [6, 7, 13]. The nonlinear trivialization effect was discoverd by [1, 2] and has been studied in a number of papers by the authors [17, 18, 19, 23]. For an exposition of various models of uncertainty in connection with fuzzy sets we refer to [14].

2 The elastically bedded beam

The displacement w(x), x ∈ R of an infinite beam on a linear elastic bedding is described by the bending equation EI w^{IV} (x) + bc w(x) = q(x), −∞ < x < ∞ , see e. g. [5, Section 61]. Here EI is the flexural rigidity of the beam, b its effective width, c the bearing coefficient of the foundation and q(x) the loading. One may imagine that the beam describes a buried pipeline, the loading q(x) resulting from the covering soil. The parameters EI and b of the beam may be considered as precisely known, whereas the soil properties c and q vary in an imprecisely known fashion. A more refined model would allow for a nonlinear elastoplastic response of the founding soil, say EI w^{IV} (x) + bc w(x) + F (w(x)) = q(x) . In this situation, a typical nonlinear function would be antisymmetric and monotonically increasing with limits ±L at ±∞. The terms bc w(x) + F (w(x)) together would signify a hardening property of the foundation. We will study the singular boundary value problem for the standardized equation u^{IV} (x) + 4k^4u(x) = p(x), −∞ < x < ∞ (1) requiring that the solution should remain bounded at ±∞. In case k is a constant and p(x) is an integrable function, both deterministic, its unique classical solution is given by u(x) = ∫_∞ −∞ G(x, y) p(y) dy in terms of its Green function G(x, y) = 1 8k^3 e^{−k|x−y|} ( sin k|x − y| + cos k|x − y| ) . In case the standardized load p(x) ≡ p is constant, the displacement is constant as well and simply given by u(x) ≡ p 4k^4 . For the computational examples to follow we let the parameters vary around central moduli of k = 10^{−2}, p = 10^{−8}. Approximately, this corresponds to the case of a buried cast-iron pipeline with an effective diameter of 6 [cm], covered by about 100 [cm] of top soil and bedded in loosely packed sand. The resulting overall displacement would amount to u(x) ≡ 0.25 [cm] in the deterministic case.

3 Fuzzy and probabilistic modelling

The collection of fuzzy subsets of a set X will be denoted by F(X). A fuzzy set A ∈ F(X) is determined by its membership function m_A(x), 0 ≤ m_A(x) ≤ 1, describing the degree of membership of the value x in A, respectively the degree of possibility that the object described by A assumes the value x. The sets [A]^α = {x : m_A(x) ≥ α} are the α-level sets of A. Given a function f : X → Y , the Zadeh extension principles allows to extend it to a function f : F(X) → F(Y ) by

m_{f (A)}(y) = sup { m_A(x), x ∈ f^{−1}(y) } . An element A ∈ F(R^d) is called a fuzzy vector, if each of its α-level sets is convex and compact (0 < α < 1), and [A]^1 contains exactly one point. In the case of d = 1 we refer to A as a fuzzy number. If f : R^d → R is continuous and A a fuzzy vector, the function value f(A) is a fuzzy number. In addition, its level sets are obtained as the images of the level sets of the data A under the function f, that is, [f(A)]^α = f([A]^α). For more details on this and on fuzzy sets in general we refer to [4, 10].

We return to the model (1) of the elastically bedded beam, assuming that the parameter k is described by a fuzzy number K, whereas the load p(x) = ∑_n i=1 a_ip_i(x) is given by a combination of fixed shape functions p_i(x) with parameters a_i, which in turn will be interpreted as fuzzy numbers A_i, i = 1, . . . , n. We model the data as a non-interactive fuzzy vector in R^{(1+n)}. This notion corresponds to independence in probability theory and signifies that the joint membership function is given by the formula m_{(K,A1,...,An)}(k, a_1, . . . , a_n) = min{m_K (k), m_{A1} (a_1), . . . , m_{An} (a_n)}. We shall compute the fuzzy point values of the fuzzy response u(x) by applying the Zadeh extension principle to the solution operator (k, a_1, . . . , a_n) −→ u(x) = L_x(k, a_1, . . . , a_n) . (2) By the discussion above, an α-level set of L_x(K, A_1, . . . , A_n) is computed as the collection of the values of the solutions attained when the parameters vary in the respective level sets [K]^α, [A_1]^α, . . . , [A_n]^α.

In fact, the Zadeh extension principle allows to derive a fuzzy solution concept for which this is the unique fuzzy solution. To achieve this, equation (1) is rewritten as a prolongued system for the variables (u, h, b_1, . . . , b_n), u^{IV} (x) + 4h^4u(x) − n∑ i=1 b_ip_i(x) = 0 , (3)

h^′ = 0, b^′_1 = 0, . . . , b^′_n = 0 , (4) h(0) = k, b_1(0) = a_1, . . . , b_n(0) = a_n . (5)

The parameters h = k, b_i = a_i, i = 1, . . . , n are actually constants. The device incorporated in (4), (5) allows to interpret them as variables, so formally equation (3) contains no “parameters”. This is important, because substitution of a function with fuzzy parameters in a term depending on the same parameters need not preserve equalities (see e. g. the discussions in [10, 16]). The equation operator E : (C^4_b (R))^{2+n} → (C^0_b (R))^{2+n} is defined by the left hand sides of (3), (4) on the space of bounded and four times differentiable functions, the restriction operator R : (C^4_b (R))^{2+n} → R^{1+n} by the left hand sides of (5). The solution operator is

L : R^{1+n} → (C^4_b (R))^{2+n} , (k, a_1, . . . , a_n) → (u, h, b_1, . . . , b_n), where, by construction, h = k and b_i = a_i. An el- ement X = (U, H, B_1, . . . , B_n) ∈ F ( (C^4_b (R))^{2+n} ) is called a fuzzy solution of system (3), (4), (5), if

E(X) = 0 in F ( (C^0_b (R))^{2+n} ) , R(X) = (K, A_1, . . . , A_n) in F(R^{1+n}) .

Here 0 denotes the crisp zero function; note that the derivatives of the fuzzy function X occurring in E(X) are defined by means of the extension principle, as are the other operations performed on it.

Proposition 1 Given (K, A_1, . . . , A_n) ∈ F(R^{1+n}), problem (3), (4), (5) has a unique fuzzy solution X = (U, H, B_1, . . . , B_n) ∈ F ( (C^4_b (R))^{2+n} ) , namely X = L(K, A_1, . . . , A_n). The proof follows by adapting the arguments given in [16] for the pure initial value problem. In addition, one can show that the restriction of the fuzzy solution function U to a spatial point x is simply given by fuzzifying (2), thus by the fuzzy number L_x(K, A_1, . . . , A_n).

Figure 1: Fuzzy parameters K and P .

In the example to follow, we assume that p is constant. For the sake of exposition, we take both K and P as triangular fuzzy numbers, centered around the values indicated in Section 1, namely

K = ⟨^1_2 , 1, 2⟩ · 10^{−2}, (6) P = ⟨0, 1, 2⟩ · 10^{−8}, (7)

see Figure 1. Then the (constant) fuzzy solution is simply given by the fuzzy number L_x(K, P ) = P/4K^4. It is depicted in Figure 2.

We observe that the fuzzy model correctly describes the fluctuations of the response in dependence of the data variability. In addition, the α-level structure provides a good picture of the sensitivity of the result.

On the other hand, assume now that the parameter p varies in the range given by its fuzzy description, in the example its support [0, 2·10^{−8}], but its realization is not actually constant. For example, it might jump from 0 to 2·10^{−8} at the point x = 0. This means that

Figure 2: Fuzzy displacement u.

we have to solve equation (1) with a load p(x) = { 0, x < 0, p = 2 · 10^{−8}, x > 0.

The corresponding displacement is w(x) = {_p 8k^4 e kx cos kx, x < 0, p 8k^4 ( 2 − e^{−kx} cos kx ) , x > 0. Taking the admissible value k =^1_2 · 10^{−2}, it is seen that the the graph of w exceeds the band described by the fuzzy displacement with constant parameters. This is an example of the effect, observed in other circumstances as well, that a localized parameter fluctuation may produce a response not predicted by the fuzzy model. In Figure 3, the 0-level set of the fuzzy displacement is indicated by the horizontals u = 0 and u = 8, the curve is the graph of w, and the other horizontals indicate level sets of the fuzzy displacement u for α = 0.2, 0.4, 0.6, 0.8. Degree of possibility equal to one occurs at u = 0.25.

Figure 3: Fuzzy solution versus effect of localization.

We now turn to a probabilistic modelling of system (1). We assume again that the load is of the form p(x) = ∑_n i=1 a_ip_i(x) as before. In the probabilistic approach, we describe the parameters k, a_1, . . . , a_n as random variables on a probability space (Ω, Σ, μ). In this case we obtain the solution as a random process (x, ω) ∈ IR × Ω −→ u(x, ω) . It is well known and easy to prove that, for almost all ω ∈ Ω, a pathwise solution exists. These pathwise solutions are almost surely unique and differentiable. The point values u(x) are random variables. In continuation of the computational example above, we take p constant with a triangular distribution with defining boundaries as in (7), and similarly for the parameter k with boundaries as in (6). We approximate the distribution of the solution u(x) ≡ p/4k^4 numerically by simulation (using 10^5 realizations), the result being depicted in Figure 4.

Figure 4: Frequency distribution of random displacement.

For reasons of comparison, we have chosen the same shape for the probability distribution of k and p as for the possibility distribution in the fuzzy case. As expected, the probabilistic result centers around the probable outcome, whereas the fuzzy result exhibits the possible variation of the outcome. The picture needs no further explication; it is clear that the probabilistic result fails to cover the response due to a localized parameter fluctuation all the more.

4 Stochastic modelling

By a stochastic model in the context of the elastically bedded beam we mean that the parameters are described by spatial random fields or, in one dimension, random processes. We begin with the linear case. To fix ideas, we assume that the parameter k in (1) is constant, and the load is modelled by a multiple of Gaussian white noise, p(x) = aẆ (x). To adapt the model to real data, one might actually take a more general diffusion process and add a deterministic mean value. However, this does not change the effects we want to describe and so we shall use this simpler model, namely, v^{IV} (x) + 4k^4v(x) = aẆ (x) . (8) As noted, white noise Ẇ is a stationary Gaussian process. Its mean and covariance are given by E (˙ W (x) ) = 0, COV (˙ W (x), Ẇ (y) ) = δ(x − y) , where δ(.) denotes the Dirac measure. Thus Ẇ has to be interpreted as a generalized stochastic process, in fact, it is the generalized derivative of Wiener process W . In turn, the stochastic differential equation is interpreted as an Itô-differential equation (see e. g. [20] as a reference). Its (almost surely unique) solution is given by the Itô-integral v(x) = a ∫_∞ −∞ G(x, y) dW (y) , where G(x, y) is the Green function. The Itô-integral can be defined as the mean square limit

L^2 − lim_{Δy→0} a ∞∑ j=−∞ G(x, jΔy) ΔW_j , where ΔW_j = W ((j + 1)Δy) − W (jΔy) denote the increments of Wiener Process. These are known to be independent and normally distributed according to N (0, Δy). This in turn indicates how the solution can be approximated by simulation. An approximate realization of white noise is shown in Figure 5, a number of sample paths of the Itô-solution are depicted in Figure 6. The constant a has been fixed in this computational example so that the standard deviation of the solution v(x) coincides with the value 0.25 [cm] used for the deterministic displacement in Section 2. For this as well as later use we record the following result; the star denotes convolution.

Lemma 1 The covariance of the Itô-solution v to problem (8) is COV ( v(x), v(z) ) = a^2S ∗ S(|x − z|) where S(y) = G(0, y) denotes the fundamental solution of equation (1).

Proof: By the isometry property of Itô-integrals and using that G(x, y) = S(x − y) = S(|x − y|), we have that E ( v(x)v(z) ) = a^2 ∫_∞ −∞ ∫_∞ −∞ S(x − y)S(z − y) dy = a^2 ∫_∞ −∞ ∫_∞ −∞ S(x − z + y)S(y) dy = a^2S ∗ S(|x − z|) ,

Figure 5: An approximate sample path of white noise.

Figure 6: Three sample paths of the solution v.

which proves the result, since E(v(x)) ≡ 0.

In particular, V ( v(x)) = a^2S ∗ S(0) > COV ( v(x), v(z) ) (9) whenever x ≠ z. In fact, a little Fourier analysis shows that S ∗ S(r) = 1 π ∫_∞ 0 cos rξ dξ (ξ^4 + 4k^4)^2 , whence S ∗ S(0) − S ∗ S(r) = 1 π ∫_∞ 0 ( 1 − cos rξ ) dξ (ξ^4 + 4k^4)^2

is strictly greater than 0 whenever r ≠ 0.

Our next task is the investigation of the nonlinear, stochastic bending equation

u^{IV} (x) + 4k^4u(x) + F (u(x)) = aẆ (x) , (10) where we assume that F is Lipschitz continuous with a global Lipschitz constant Lip(F ). We interpret (10) as an integral equation, namely u(x) = − ∫_∞ −∞ G(x, y) F (u(y)) dy + a ∫_∞ −∞ G(x, y) dW (y) . (11) We shall construct a solution in the space C_b = C^0_b (R : L^2(Ω)) of stochastic processes with bounded second moments. This is a Banach space, equipped with the norm ||u|| = sup_{x∈R} ( E|u(x)|^2 )_{1/2} . Proposition 2 Under the condition Lip(F ) < 4k^4, the integral equation (11) has a unique solution u in the space C_b.

Proof: First, the operator L defined by the right hand side of (11) maps the space C_b into itself. To see this, one has to employ the Lipschitz property of F , the mentioned isometry property of Itô-integrals, and the fact that the Green function y → G(x, y) is locally uniformly square integrable due to the inequality e^{−|x−y|} ≤ e^{|x|−|y|}. The arguments are similar to the ones proving the contraction property which we now present in more detail: sup_{x∈R} ( E | |Lu(x) − Lũ(x) | |^2 )_{1/2}

= sup_{x∈R} ( E ( ∫^∞ −∞ G(x, y)(F (u(y)) − F (ũ(y))) dy )_2)1/2

≤ sup_{x∈R} ∫_∞ −∞ |G(x, y)| Lip(F ) ( E|u(y) − ũ(y)|^2 )_{1/2} dy = 1 4k^4

Lip(F ) sup_{y∈R} ( E|u(y) − ũ(y)|^2 )_{1/2}

since the integral of the Green function at fixed x equals 1/4k^4. Thus L is a contraction on C_b if the Lipschitz constant is less than 4k^4; the integral equation (11) has a unique fixed point u ∈ C_b, as required.

We remark that this fixed point u(x) provides a pathwise solution of the differential equation (10) in the sense of generalized functions (Schwartz distributions). For the notions from distribution theory which we need here and below we refer to [24].

We now turn to the nonlinear trivialization effect of large noise. This refers to a comparison of the solutions of the nonlinear equation

u^{IV} (x) + 4k^4u(x) + F (u(x)) = aẆ (x) ,

and the linear equation

v^{IV} (x) + 4k^4v(x) = aẆ (x) .

as a tends to infinity. We shall prove that - for a large class of nonlinearities F - the difference u − v tends to zero in the mean. This class of nonlinearities has been introduced in [23]. For its definition we need the Fourier transform of bounded functions, hence the Schwartz theory of distributions is again required. Recall that S^′(R) denotes the space of tempered distributions, the collection of continuous functionals on the space S(R) of rapidly decreasing functions. The action of a distribution T on a function ψ is denoted by ⟨T, ψ⟩. Definition 1 A distribution T ∈ S^′(R) is said to be massless at zero, if lim_{ε→0}⟨T, ψ(·/ε)⟩ = 0 for the function ψ(y) = exp(−y^2/2).

We shall be concerned with bounded functions F whose Fourier transform FF is massless at zero. This is the case if and only if

lim_{ε→0} ε ∫_∞ −∞ F (y) e^{−ε2 y2/2} dy = 0 . Here are some examples of functions F whose Fourier transform FF is massless at zero (see [23] for details and further examples):

(a) Every bounded, continuous function F with lim_{y→−∞} F (y) = −L, lim_{y→∞} F (y) = +L;

(b) every continuous, periodic function F whose first derivative is locally square integrable;

(c) every element F ∈ L^p(R) when 1 ≤ p ≤ 2.

The significance of this notion lies in the following result, the proof of which can be found in [23] as well.

Proposition 3 Let F be a bounded function whose Fourier transform FF is massless at zero. Let (v_a, w_a), a > 0, be non-degenerate Gaussian vectors and assume that the variance V(v_a) tends to infinity as a → ∞. Then E ( F (v_a)F (w_a) ) → 0 as a → ∞ .

The nonlinear trivialization effect of large noise is expressed in the following result.

Theorem 1 Assume that the function F is bounded with Fourier transform FF massless at zero. Further, assume that Lip(F ) < 2k^4. Let u be the solution constructed above to the nonlinear stochastic differential equation (10) and v the solution to the linear equation (8). Then E ( ∫ K |u(x) − v(x)| dx ) → 0 as a → ∞ for every compact interval K ⊂ R.

Proof: The difference of u and v satisfies the equation

(u − v)^{IV} + 4k^4(u − v) + F (u) − F (v) = −F (v) .

Applying the Green function and taking the expectation we get E ( u(x)−v(x) + ∫_∞ −∞ G(x, y) ( F (u(y))−F (v(y)) ) dy )_2

= E ( ∫ ∞ −∞ G(x, y)F (v(y)) dy )_2

= ∫_∞ −∞ ∫_∞ −∞ G(x, y)G(x, z) E ( F (v(y))F (v(z)) ) dydz . Denote the last term by h^2(x). Due to Proposition 3, the boundedness of F and the integrability of the Green function, h^2(x) tends to zero as a → ∞ and remains bounded. By the triangle and Hölder’s inequality it follows that E |u(x) − v(x)| ≤ E | | ∫_∞ −∞ G(x, y) ( F (u(y)) − F (v(y)) ) dy | | + h(x) .

Using the fact that G(x, y) ≤ e^{−|kx−ky|}/4k^3 and the elementary inequality −^{|kx|}_{1+b} − |kx − ky| ≤ −^{|ky|}_{1+b} − b 1+b |kx − ky| for b > 0, we obtain E ∫_∞ −∞ e^{−|kx|/(1+b)}|u(x) − v(x)| dx ≤ Lip(F ) E ( 1 4k^3 ∫_∞ −∞ e^{−b|kx−ky|/(1+b)} dx · ∫_∞ −∞ e^{−|ky|/(1+b)}|u(y) − v(y)| dydx )

+ ∫_∞ −∞ e^{−|kx|/(1+b)}h(x) dx ≤ 1 + b 2bk^4 Lip(F ) E ∫_∞ −∞ e^{−|ky|/(1+b)}|u(y) − v(y)| dy + ∫_∞ −∞ e^{−|kx|/(1+b)}h(x) dx . Thus if the coefficient in front of the first integral is less than one, which is the case when Lip(F ) < 2k^4 for b chosen large enough, then E ∫_∞ −∞ e^{−|kx|/(1+b)}|u(x) − v(x)| dx → 0 as a → ∞ due to the properties of h(x) derived above. This, in particular, implies the assertion of the theorem.

The theorem asserts that under quite general conditions on the nonlinear term, the stochastic solution to the nonlinear equation behaves like the stochastic solution to the corresponding linear equation in the mean. Thus large noise may annihilate nonlinearities in the model. This is the trivialization effect. We note that the condition on the Lipschitz constant of F can be improved by considering other norms. In addition, if the noise is concentrated on a compact interval, the trivialization effect occurs for all F as in the theorem with Lip(F )< 4k^4.

5 Summary and Conclusions

We have investigated the assertions of a fuzzy, probabilistic and a stochastic model in a typical example from civil engineering. The approaches formulate uncertainty in different ways; the modelling assumptions differ, as do the interpretations of the results. One may state that all models capture and process the uncertainty and provide insight into the sensitivity of the system. They highlight different aspects and neglect others. For example, the fuzzy and the probabilistic approach evaluate the width of fluctuations quite differently; the stochastic approach may suppress the effect of nonlinearities (this, by the way, is an example of a certain smoothing observed otherwise as well). But most importantly, neither of the models - if set up in the way as done here - fully detects the effects of a localized parameter fluctuation on the response of the system.

As a consequence for engineering practice and design, we conclude that a safety analysis must include both a study of the variability, as can be achieved by the models under discussion, and an investigation into specific failure mechanisms that may arise from local disturbances. We focused our discussion on the fuzzy, probabilistic and stochastic approach for reasons of exposition. A similar analysis can be carried through in the framework of other theories of imprecise probabilities as well.

Acknowledgements

We thank H. Lehar and R. Stark for valuable advice on engineering questions.

References

[1] S. Albeverio, Z. Haba and F. Russo. Trivial solutions for a non-linear two-space dimensional wave equation perturbed by space-time white noise. Stochastics and Stochastics Reports, 56:127-160, 1996.

[2] S. Albeverio, Z. Haba, F. Russo. A two-space dimensional heat equation perturbed by a (Gaussian) white noise. Probability Theory and Related Fields, to appear.

[3] G. Auvinet and J.L. González. Threedimensional reliability analysis of earth slopes. Computers and Geotechnics, 26:247-261, 2000.

[4] H. Bandemer, W. Näther. Fuzzy Data Analysis.

Kluwer Academic Publishers, Dordrecht, 1992.

[5] V. V. Bolotin. Statistical Methods in Structural Mechanics. Holden-Day, Inc., San Francisco, 1969.

[6] R. I. Borja, R. A. Regueiro and T. Y. Lai. FE modeling of strain localization in soft rock. Journal of Geotechnical and Geoenvironmental Engineering, 126:335-343, 2000.

[7] R. Chambon, D. Caillerie and N. El Hassan.

One-dimensional localisation studied with a second grade model. European Journal of Mechanics A/Solids, 17:637-656, 1998.

[8] O. Ditlevsen, N.J. Tarp-Johansen and H. Denver. Bayesian soil assessments combining prior with posterior censored samples. Computers and Geotechnics, 26:187-198, 2000.

[9] G.R. Dodagoudar and G. Venkatachalam. Reliability analysis of slopes using fuzzy sets theory. Computers and Geotechnics, 27:101-115, 2000.

[10] D. Dubois, H. Prade. Possibility Theory. Plenum Press, New York, 1988.

[11] Th. Fetz, J. Jäger, D. Köll, G. Krenn, H. Lessmann, M. Oberguggenberger and R. Stark. Fuzzy models in geotechnical engineering and construction management. Computer-Aided Civil and Infrastructure Engineering, 14:93-106, 1999.

[12] Th. Fetz, M. Oberguggenberger and S.

Pittschmann. Applications of possibility and evidence theory in civil engineering. International Journal of Uncertainty, Fuzziness and Knowledge-Based Systems, 8:295-309, 2000.

[13] M. A. Guitiérrez, R. De Borst. Numerical analyis of localization using a viscoplastic regularization: influence of stochastic material defects. International Journal for Numerical Methods in Engineering, 44:1823-1841, 1999.

[14] G. J. Klir and M. J. Wiermann. Uncertainty- Based Information. Elements of Generalized Information Theory. Physica-Verlag, Heidelberg, 1998.

[15] B. S. L. P. de Lima and N. F. F. Ebecken. A comparison of models for uncertainty analysis by the finite element method. Finite Elements in Analysis and Design, 34:211-232, 2000.

[16] M. Oberguggenberger, S. Pittschmann. Differential equations with fuzzy parameters. Mathematical and Computer Modelling of Dynamical Systems, 5:181-202, 1999.

[17] M. Oberguggenberger and F. Russo. Nonlinear SPDEs: Colombeau solutions and pathwise limits. In: L. Decreusefond, J. Gjerde, B. Øksendal and A.S. Üstünel (Eds.). Stochastic Analysis and Related Topics VI. Birkhäuser, Boston, 1998, 319 - 332.

[18] M. Oberguggenberger and F. Russo. Nonlinear stochastic wave equations. Integral Transforms and Special Functions, 6:71-83, 1998.

[19] M. Oberguggenberger and F. Russo. Singular limiting behavior in nonlinear stochastic wave equations. In: A. Cruzeiro, J.-C. Zambrini (Eds.), Stochastic Analysis and Mathematical Physics. Birkhäuser-Verlag, Boston, to appear.

[20] B. Øksendal. Stochastic Differential Equations.

An Introduction with Applications. Fifth Edition, Springer, Berlin, 1998.

[21] T. L. L. Orr. Selection of characteristic values and partial factors in geotechnical designs to Eurocode 7. Computers and Geotechnics, 26:263- 279, 2000.

[22] R. Rackwitz. Reviewing probabilistic soils modelling. Computers and Geotechnics, 26:199-223, 2000.

[23] F. Russo and M. Oberguggenberger. White noise driven stochastic partial differential equations: triviality and non-triviality. In: M. Grosser, G. Hörmann, M. Kunzinger and M. Oberguggenberger (Eds.), Nonlinear Theory of Generalized Functions. Chapman & Hall/CRC, Boca Raton, 1999, 315 - 333.

[24] L. Schwartz. Théorie des Distributions. Nouvelle Édition, Hermann, Paris, 1966.