5th International Symposium on Imprecise Probability: Theories and Applications, Prague, Czech Republic, 2007

Compositional Models of Belief Functions

Radim Jirousek
Inst. of Inform. Th. and Autom.
Acad. Sci. of the Czech Republic
radim@Qutia.cas.cz

Abstract

After it has been successfully done in probability and
possibility theories, the paper is the first attempt to
introduce the operator of composition also for be-
lief functions. We prove that the proposed definition
preserves all the necessary properties of the opera-
tor enabling us to define compositional models as an
efficient tool for multidimensional models representa-
tion.

Keywords. Belief function, basic assignment, mul-
tidimensional frame of discernment, operator of com-
position, perfect sequence.

1 Introduction

Last years of the last century witnessed emergence
of a new approach to efficient representation of mul-
tidimensional probability distributions. This ap-
proach, which is an alternative to Graphical Markov
Modeling, is based on a simple idea: multidimen-
sional distribution is composed from a system of
low-dimensional (oligodimensional) distributions by
repetitive application of a special operator of com-
position. This is also the reason why the models
are called compositional models. In several papers, in
which the properties of the operator and models were
studied [3, 4, 5], it was shown (among others) that
these models are, in a way, equivalent to Bayesian
networks. Roughly speaking, any multidimensional
distribution representable by a Bayesian network can
also be represented with approximately the same num-
ber of parameters (probabilities) in the form of a com-
positional models, and vice versa.

Though Bayesian networks and compositional mod-
els represent the same class of distributions, they do
not do it in the same way. Bayesian networks use
conditional distributions whereas compositional mod-
els consist of unconditional distributions. Naturally,
both types of models bear the same information but
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whilst some marginal distributions are explicitly ex-
pressed in compositional models, it may happen that
their computation from a corresponding Bayesian net-
work is rather computationally expensive. Therefore
it appears that some of computational procedures de-
signed for compositional models are (algorithmically)
simpler than their Bayesian network counterparts.

The goal of this paper is to show that the operator
of composition can also be introduced for belief func-
tions. Moreover, we will show that it inherits the basic
properties of its probabilistic pre-image and therefore
it will enable us to introduce compositional models
for multidimensional belief functions.

We will see that this approach enables us to rep-
resent, let us say, a 15-dimensional belief function
as a sequence of 3 or 4-dimensional belief functions.
Whilst representation of a 15-dimensional belief func-
tion is completely impossible (it would require in bi-

15
nary case 22° = 232k

numbers), representation of
a 4-dimensional belief function requires only 22" =
216 = 64k numbers and therefore a model consist-
ing of twelve 4-dimensional belief functions requires

“only” 12 x 216 = 768k values.

Let us stress at the very beginning that this paper is
the first one dealing with compositional models for be-
lief functions. At this moment, we do not know what
is the connection of the introduced operator of compo-
sition to different concepts of conditioning (and condi-
tional independence) introduced for belief functions.
The reader should realize that composition defined in
this paper is different from that defined by Shenoy
in [7]. His composition meets the requirements given
by Shenoy’s axioms (commutativity, associativity and
distributivity) neither of which is met by the composi-
tion defined here. Therefore we do not know to what
extent his principles of local computations are appli-
cable to our model. This is one of many important
open problems, some of which will be mentioned in
Conclusions.



The reader familiar with the literature on belief func-
tions is accustomed to the conjunctive rule of com-
bination. Ben Yaghlane et al. [2] apply this rule to
the set of marginal and conditional belief functions
with the goal to compute a joint belief function in a
way analogous to Bayesian networks (so-called Belief
Chain Rule). This type of operation again substan-
tially differs from the composition considered in this
paper; the conjunctive rule of combination is com-
mutative and associative. Moreover, in older papers,
Xu and Smets consider only 2-dimensional belief func-
tions, see e.g. [10].

Though the present paper is a contribution to belief
function theory, we will not use the term of belief func-
tion any more in this paper. We are convinced that it
will make the paper more legible for the reader when
we will restrict our considerations to basic belief as-
signments, only. Therefore we will define a composi-
tion of basic assignments and show how to compose
a sequence of simple basic assignments to get an as-
signment corresponding to a multidimensional belief
function.

The contribution is organized as follows. In Section 2
we summarize basic notions, notation and introduce
the operator of composition. Its basic properties can
be found in Section 3, while Section 4 is devoted to
more advanced properties. Finally, in Section 5 we
introduce the notion of so-called perfect sequences and
demonstrate their importance.

2 Notation

Consider a finite index set N = {1,2,...,n} and finite
sets {X;}ien. In this text we will consider multidi-
mensional frame of discernment

Q=Xy=X; xXg X...xX,,

and its subframes. For K C N, Xk denotes a Carte-
sian product of those X;, for which ¢ € K:

XK = XiEKX’i'
A projection of x = (x1,x9,...,x,) € Xy into Xk

will be denoted !X i.e. for K = {i1,ia,... 10}

K
o = (2, 20y, 14,) € Xk

Analogously, for K ¢ L C N and A C X, A will
denote a projection of A into X:
AV =y e Xg|Bz € Ay =2lF)

Let us remark that we do not exclude situations when
K = (. In this case A? = ().

In addition to the projection, in this text we will need
also the opposite operation which will be called

extension. By an extension of two sets A C X and
B C X, we will understand a set

A@B={recXgyr: 2 €A & 2 € B}
Consider a basic (probability or belief ) assignment (or
just assignment) m on Xy, i.e.

m: P(Xy) —[0,1]

for which ), x, m(A4) = 1. For each K C N its
marginal basic assignment is defined (for each B C

XK):
mEB)= 3

ACXn:ALK=B

m(A).

Having two basic assignments m; and me on Xx and
X, respectively (we assume that K, L C N), we say
that these assignments are projective if

b

LKNL LKNL
my my
which occurs if and only if there exists a basic as-
signment m on Xz such that both m; and ms are
marginal assignments of m.

Now, let us start considering how to define compo-
sition of two basic assignments. Consider two sets
K,L C N. At this moment we do not pose any re-
strictions on K and L; they may be but need not be
disjoint, one may be subset of the other. We even ad-
mit that one or both of them are empty'. Let m; and
ms be basic assignments on X and Xy, respectively.

Our goal is to define new basic assignment, denoted
my > meo, which will be defined on Xy and will
contain all of the information contained in m; and
as much as possible of information of mo (for the ex-
act meaning see properties (iii) and (iv) of Lemma 1).
The required property is met by the following defini-
tion.

Definition 1 For two arbitrary basic assignments
mp on Xg and mg on Xy a composition mi > msy
is defined for all C' C Xk by one of the following
expressions:

[a] if my" " F(CYENLY > 0 and C = CVK @ CF then

(€ ma(C1)
(my>me)(C) = m%KnL(CumL) ’

[b] if ms* " (CHENL) = 0 and C = CYE x X1\ i then

(m1>me)(C) = ml(ClK);

! Notice that basic assignment m on X is defined m(f) = 1.
Let us note that this is the only case where we accept m(0) > 0,
otherwise m(#) = 0 according to the classical definitions of
basic assignment and belief function, see [6].



[c] in all other cases

(m1 > mg)(O) =0.

Remark Notice what this definition yields in the
following degenerate situations:

o if KNL = 0 then my >my = my - my (recall
that m%m(w) = 1) — for details regarding this
situation see Example 1;

o if K O L then mi>mo = m;.

3 Basic properties of composition

Lemma 1 For arbitrary two basic assignments my
on Xg and mq on Xy, the following properties hold
true:

(i) mq>mg is a basic assignment on Xkur,.

(11 (m1 > mz)lK =mj.

)
)
) IKNL LKNL.
)

(iii) mi>pme =mabmy <= my =my

(iv) If K C L then m%KDmg = may.

Proof. Let us first prove that for any B C Xg
> (m1>my)(A) = my(B). (1)
AQXKuL:AiK:B

Since, due to Definition 1, (m; >ms2)(C) = 0 for any
C C XgurL \ (XK ® XL) (in other words for C' #
CHE @ O we see that

> (my > ma)(A)

ACXyup:AlK=B

- ¥

ACX ¢ ®@X:AK=B

>

CQXLZCLKQL:BlKﬂL

(ml > mg) (A)

(m1 Dmg)(B X C)

To prove formula (1), we have to distinguish two situ-
ations depending on the value of m%KﬁL(BlKﬂL). If
this value is positive then

> (my > mg)(A)

ACX U ALK=B
my(B) - ma(C)

= Z lKnL(BlKﬁL)

CCXp:CLENL=BIKNL my

mi(B)
= TIRAL, 5 KALN Z m2(C)
m% " (BleL) CCXp:ClENL=BLlKNL
o ml(B) I|KNL LKNL
- IKNL 2 (B )
my<PE (BN

If m%KmL(B“mL) = 0 then, according to Defini-
tion 1, there exists only one A C Xy for which
A = B such that (mq >ms)(A) may be positive;
namely A = B x X\ k. Therefore

> (my >ma)(A)

ACX gupn:AlK=B
= (m1 l>m2)(B X XL\K)
= ml(B)a

Thus having proved that equality (1) holds true let us
start proving assertions (i) — (iv).

ad (i) To prove that mj > mg is a basic assignment
on X gy, we have to show that for each A C Xgur,
value (my >mg)(A) is nonnegative (which is evident)
and that the sum of all these values equals 1. The
latter holds true, too, because (using equality (1))

D> (mivmy)(A)
ACXkuL
> X

BCXx ACXxur:AlK=B

= > m(B)=1

BCX

(m1 > mg)(A)

ad (ii) The formula is another form of equality (1).
ad (iii) Let us first prove

IKNL _ __|KNL
my =My

= M1 D>Mmg = Mo D>mj.

Consider any A C Xgyr. If A € X ®Xy, then both
(m1>ms)(A) and (ma>my)(A) equal 0. Therefore we
have to prove the implication only for A C X ® Xp.

If mi™ " (AKOL) = i KOE(AKOLY > 0 then

AYEY g (AL
%KQL(ALKOL)
AYEY g (AL
m{KﬂL(AleL)

= (ma>mq)(A4).

(m1 > mg)(A) =

ml(
ml(

In opposite when m{K”L(ALKﬂL) .

miEOE(AMKNLY = 0, both my(AY%) and mao(ALL)
must equal 0 and therefore (according to Definition 1)
(my>mg)(A) = (ma>my)(A) =0.

To prove the other side of the equivalence (i.e. m; >

. KNL KNL
Mo = Mo >my implies m% n :m% n )

|KNL IKNL
1 # ms

it is enough
to realize that if m then also mi>mo #
mg > my because, due to already proved (item ii) of
this assertion, mi* ™ = (mipmy) KNE JENL —
(mg >mq)HENL,

and m



Table 1: Basic assignments m; and meo.

ACX; | mi(A) AC Xy | ma(A)
{a1} 0.2 {az} 0.6
{b1} 0.3 {b2} 0

{a1b1} 0.5 {a1ba} 0.4

Table 2: Basic assignment m > ms.

C S X1 01{1}0@)701{2} (m1 > m2)(C)
{araz} {a1} ® {a2} 0.12
{aiba} a1} @ {b2} 0
{bras} {b1} ® {az} 0.18
{b1b2} {b1} ® {b2} 0
{aiaz, a1ba} {a1} ® Xy 0.08
{a1az,b1a2} X; ®{az} 0.3
{aiaz,b1b2} 0
{aibg, braz} 0
{aibg, biba} X, ® {ba} 0
{b1az,b1bs} {hi} ® X, 0.12
{aiaz,a1bs,b1a2} 0
{araz,a1bz, 0102} 0
{a1az,bias,b1bs} 0
{a1ba,b1a9,b1b2} 0

{ Zizz Z;ﬁj } X1 © X 0.2

ad (iv) This property follows directly from previ-
ously proved items (iii) and (ii). L]

Let us now illustrate the operator of composition and
its properties by two examples. The first shows what
happens when K N L = (), the other demonstrates
non-commutativity of the operator.

Example 1 Consider two basic assignments m,; (for
i=1,2) on X; = {a;,b;} specified in Table 1.2 Since,
in this case, K N L is empty (recall that mi®(0) = 1),
composition simplifies to the expression

(ml > mg)(C) =my (Cl{l}) . mg(Cl{Q}).

Using Table 2, where the values of my > mo are
presented, the reader can easily check that m; =
(mq Dmg)l{l}, and since my and mg are trivially pro-
jective also my = (my > mg)H2H

2Let us note that, for the sake of simplicity, we use in ex-
amples z1 ... xn instead of (z1,...,2Zn).

Example 2 Let for ¢ = 1,2,3, X; = {a;,b;} and let
us consider the following basic assignments m; and
me on X3 X Xg and Xy X X3, respectively:

m1 (X1 x {az}) 0.4,
mi (X, x Xz) = 0.6,
ma(X2 x {az}) = 0.5,
me(Xa x X3) = 0.5,

the values of both basic assignments m; and ms on
the remaining subsets being zero. From Definition 1
(case [a]) one can immediately see that both (mq >
m2)(A) and (mg > my)(A) can be positive only for
those A C X; x X5 x X3 for which

AHL2Y = X % {azs} or AHL2Y = X x X,
and

A3 = X, x {as} or A3 = X, x X,
There are only two such sets
A =X; x Xy x {az} and Ay =X; x Xz x Xs.

For these sets we get

(m1 sz)(Xl X X2 X {ag})
— m1 (X1 xXs2)ma(Xax{as})
mb 3 (Xz)

_ 0.6i0.5 _ 03’

(m1 I>m2)(X1 X Xg X Xg)
_ ma(Xy xXs) ma (X2 xX3)
my ) (Xs)

— 0.6i0.5 — 037

and similarly
(m2 Dml)(Xl X X2 X {ag})

_ ma (X2 x{az}) mi(X1xXs)
’H’L%(Q} (X2)

_ 0506 _
=55 = 0.5,

(m2 Dml)(Xl X XQ X Xg)
_ ma(XaxXs)m (X1 xXs)
mi ) (Xa)

_ 0506 _
= 0506 — g5,

From case [b] of Definition 1 we will get yet another
focal element for my > ms, namely

A3 =X; X {CLQ} x Xg,



Table 3: Composed basic assignments.

(m1>mg)(A) | (ma>m1)(A)
Ay 0.3 0.5
As 0.3 0.5
As 0.4 0

for which
Aé{lz} = Xl X {ag} and Aé{s} = Xg.
Since mém} (Aé{z}) =0 and Aé{?’} = X3 we get

(m1 I>WL2)(X1 X {ag} X Xg) = ml(Xl X {(IQ})
= 0.4.

Notice that there does not exist such a focal element
for mo >myq, as m{{z}(Aé{z}) > 0.

Both the composed basic assignments mq > mo and
mao>my are outlined in Table 3 (recall once more that
for all other A C X; x X5 x X3 different from those
included in Table 3 both assignments equal to 0). ¢

As said in the Introduction, operator of composition
was originally introduced in probability theory. A ba-
sic assignment m degenerates into a probability distri-
bution if all its focal elements are singletons (in other
words: m(4) >0 = |4| =1).

In agreement with [6] we will call such assignments
Bayesian basic assignments. It would be strange if
the operator of composition we have introduced in this
paper would not coincide with the probabilistic one if
applied to Bayesian basic assignments. Fortunately,
it is not the case.

Lemma 2 Let m; and my be Bayesian basic assign-
ments on Xy and Xy, respectively, for which

motE(A) =0 = mtEEA) =0 (2)

forany A C Xkyr. Then mi>ms is a Bayesian basic
asstgnment.

Proof. To prove that a basic assignment mq > ms is
Bayesian, it is enough to show that if A C X gy, is
not a singleton then (mj >mgy)(A4) = 0.

Consider any A C X1, and two different elements
x,y € A. Since x # y then either !X # y!& or
o+l £y (or both). Therefore either AMX or AL is
not a singleton and therefore my (A%)-my(AL) = 0.
This means that if mqKME (ALY > (0 then, due to
Definition 1, (mq >mz)(A) = 0.

If motKNE(ALKNL) = ( then, because we assume the
validity of implication (2), mi KN (AENL) = 0 and

therefore also m;(A'%) = 0. Therefore, according to
Definition 1, (mq >m2)(A4) = 0, too. L]

Remark The reader should however notice that the
definition of the operator of composition for Bayesian
basic assignments is not fully equivalent to the defi-
nition of composition for probabilistic distributions.
They equal to each other only in case that the
probabilistic version is defined. This is anchored in
Lemma 2 by assuming the implication (2). In case
it does not hold, the probabilistic operator is not de-
fined whilst its belief version introduced in this paper
is always defined. Nevertheless, in this case, the re-
sult is not a Bayesian assignment. We shall illustrate
it by a simple example.

Example 3 Let X;,X5 and X3 be as in the previ-
ous example and consider the following Bayesian basic
assignments my and ms on X; X Xy and X5 x X3,
respectively:

mi({araz}) = mi({aiba})

=mi({braz}) = m1({b1b2}) = 0.25,
ma({azas}) = ma({az2bs}) = 0.5,
ma({b2as}) = ma({b2b3}) = 0.

Let us compute mj > mgy for singletons {xjz023} €
X1 X X2 X Xg. If To = Q2 then
(ma >ma)({z10223})

mi({z1a2})-ma({azzs})

mi*({as})
= 02508 — (.125.

For a singleton {x1bsx3} we get
(ml Dmg)({xlbgl'g}) = O,
because mi?({b2}) = 0. In this case, however, we get

(mlbmg)({l‘lbg}XX;g) = ml({xlbg})
= 0.25.

This means that in this case there are 6 focal elements
of my >msy, namely 4 singletons:

{z10223}, for z1 € Xy, 23 € X3,
and 2 two-element sets

{.’171()2} x X3, for 1 € Xj.

Let us remark that in contrast to my > mg, mo > my
is a Bayesian basic assignment, because whenever



Table 4: Basic assignments m; and mso.

A Q X1 ml(A) A g XQ mg(A)
{a1} 0.5 {az2} 0.4
{al, bl} 0.5 {ag, bg} 0.6

m{{Q}(scg) = 0 then also m%{Q}(aﬁg) = 0. Basic as-
signment m1 >mso has 4 focal elements:

(mg>my)({arazas})
= (ma2>mq)({ar1azbs})
= (m2 > ml)({blagag})
= (ma>my)({brazbs}) =0.25. &

Remark In Examples 2 and 3 we showed that the
operator of composition is not commutative. From
the following example we shall see that this operator
is neither associative.

Example 4 Let X; and X5 be as in previous ex-
amples and let us consider the following three basic
assignments mi, mo defined on X; and X, respec-
tively, as suggested in Table 4 and mgs have only one
focal element, namely

m3(X1 X Xg) = 1.

Then
(m1 Dmg)({alag}) 0.2,
(m1 > mg)({al} X XQ) = 03,
(m1 > ’ITLQ)(Xl X {ag}) = 02,
(m1 l>m2)(X1 X Xg) = 03,

due to Definition 1 (the values on remaining sets being
again zero) and (mq >mg) > ms = my > meo according
to Lemma 1 property (iv). On the other hand

(ma>ms)(Xy x {a2}) = 04,
(m2 l>m3)(X1 X Xz) 0.6.

Now, computing m; > (ms >mg3) we obtain

(m1 > (m2 > mg))({al} X Xg) = 0.5,
(m1> (ma>ms3))(Xy x {a2}) = 0.2,
(m1 > (m2 l>m3))(X1 X X2) = 03,

which evidently differs from (m; > mg) > mg (see Ta-

ble 5). ¢

Table 5: Composed basic assignments.

(mq>mg)>mg | my > (mg>ms)
{a1as} 0.2 0
{a1} x X, 0.3 0.5
X, x {as} 0.2 0.2
X x Xy 0.3 0.3

4 Advanced properties of composition

In this section we are going to study properties which
were proved for probabilistic version of the operator
of composition and which are applied when proving
important theorems regarding compositional models.
Unless expressed explicitly otherwise in this section
we will assume my,mo, m3 be basic assignments on
Xk, XK, , XKy, respectively.

Lemma 3 Let mi,mo, m3 be basic assignments on
Xy, Xy, Xy, respectively. If Ky O (KoNK3) then

(mq >mg) >mg = (M1 >mg) >ma. (3)

Proof. The goal is to prove that for any C C
XK1UK2UK3

((m1 l>m2) > mg)(C) = ((m1 > m3) l>m2)(C') (4)

We will have to distinguish five special cases.

A. C#CHY @ Oz @ LK,
This is the simplest situation because in this
case both sides of formula (4) equal 0 due to
Definition 1 (case [c]).

B. C =0l g ClF2 g O1Ks
& m%KﬂWKz (ClKlsz)’ m:l))KlﬂKe, (ClK1HK3) > 0.

In this case it is enough to realize that (under the
given assumptions) K3 N (K3 U K3) = K3 N K;
and, analogously, Ko N (K3 U K3) = Ko N Kj.
Then we see that both sides of formula (4) again
coincide:

((m1 > mg) > mg)(C)
B ml(ClKl) . mQ(C’le)
m%KgﬁKl (ClemKl)
' mg(CHes)
m§K3ﬂ(K1UKz)(CiK;;m(Klqu))’

((my>mg)>ma)(C)
my(CHEL) g (CHE3)
méKgﬂKl (CLEsNKY)
_ ma(CH2)
m%Kzﬁ(KIUK3)(ClKQﬁ(Klqui)) .




C. C =01 gl g ClKB7
m%K1ﬂK2(CLK1ﬁKz) >0=
In this case, if CHG\ET £ Xy ) then both
sides of formula (4) equal 0, because, due to
Definition 1, both assignments mj > mo and
(mq > m3) > mg equal 0. Therefore consider
C =0 g o2 @ Xky\k,- For this we get
from Definition 1

méKﬂWKS (ClKlng).

lKlqu).

((m1 l>m2) l>m3)(C) = (m1 Dmg)(C

For the right-hand side of formula (4) we get
(m1 > mg)(ClKlLJKs') =m (C‘LKl)
and therefore

((m1>m3) >mg)(C) = (my >mg)(CHIVE2),

D. C =Clf g Ol g CHEs,
m%KNWKz: (C«LKlﬁKQ) —0< lelﬂK:s (CiKlﬁK:s).

The proof is analogous to that under item C.

E. C - C’LKI ® CLKQ ® CLK37
méKﬂWKQ (ClKlﬁKz’) =0=

It is obvious from Definition 1 that both sides of
formula (4) equal 0 for all C but for C = Cf1 @
X\ K, ©X K, \ Kk, - For this special case, however,
((m1 >ma) >ms)(C) = my(CHEY),
((mlbmg)bmg)(C) :ml(ClKl). u

méKﬂWKs (ClKlng).

Lemma 4 Let mqi,mo be basic assignments on
Xk, XK,, respectively. If K1 UKy D L D K, then

(mq > mo)tt =my > lesz

Proof. Consider first B C X such that
myF0 2 (BUNK2) 5 0. For this B we get
(ma1>ma)*H(B)

= X

Anglqu :AlL:B

Angl ®XK2:ALL:B
B ml(AlKl) .m2(ALK2)
- Z lKlmKQ(AlKlﬂKQ)

ACX g, ®@X e, ALL=B "2
_ mi(BY1) - my(C)
- Z lKlﬂK2(BiKlﬁK2)

CCX g, :CHLNKz=BlLNK, ma

(m1>m2)(A)

(my >ms2)(A)

= ma (B >

m%KlﬂK2(BlK1ﬂK2) ma(C)

CQXKQ:CLLQKQZBLLQKQ

my (BlKl )m%Lm[ﬁ (BLLOK2)

miKlﬁKQ (BlKlsz)

= (my >my"2)(B).

If mi%1"R2(BIEINK2) —  for some B C Xy, then
there is only one A C X, Uk, such that AVS1 = Bl&a
for which (m;>ms)(A) may be positive, namely A* =
B @ X\ i, with (my > mg)(A*) = my(BHEY).
Thus lf B = Bil{1 X XL\Kla

(m1>ma)H(B) = >

ACX g, UKy AL=B

= (my >ma)(A) = my (BYY)
lKQmL)(A LL)

(m1 > mg) (A)

(my>m

= (m1>m*")(B).

If B# BY @ Xk, and my™ "2 (BUKiINK2) =
then

(m1>m2)H(B) = 0= (myomi")(B). =

Lemma 5 Let mq,mo be basic assignments on
Xk, Xk,, respectively. If K1 UKy O L D K1 N Ky
then

1K1NL

(mq > mg)lL =mJ LEaNL,

>my

Proof. We will compute the required marginal assign-
ment in two steps. In the first step we will employ
Lemma 4, then (iv) of Lemma 1 and finally Lemma 3:

1 K1UL 1K>NL

= ma l>m
KiNnK
= (mjfens

(m1 > mg)

>my) > m%KmL

1K2ﬂL)

Kink.
(miF Kz gy

>mq.

The last expression will be further marginalized with
the help of Lemma 4 and afterwards the final form
will be received with application of Lemma 3 and (iv)
of Lemma 1.

KiNK
(m1l>m2 ( l 1MNK2

u(?mL) Dml)u

( lKlﬁKQ LKQOL) JK1NL

> my

1 K>NL

_ ( lK1ﬁK2 >m}

J,KlﬁL)

KinL KaNL
:m%l Dm%2 . L]

Lemma 6 Let mi,mo be basic assignments on
Xk, , Xk,, respectively. Then

mi1>mo = mqb> (m1 > mg)le.

Proof. Due to (ii) of Lemma 1 assignments m; and
(m1 > mo)t52 are projective and therefore (due to
property (iii) of the same lemma) these arguments
may be commuted

my D> (m1 > ’I”I’LQ)lK2 = (m1 > mg)le >mq

= (m{KlﬁK2 >ma) > my,



where the last modification is made on the basis of
Lemma 5. The last expression meets the assumptions
of Lemma 3 and therefore we can exchange second and
third arguments, from which the required expression
is got by application of (iv) of Lemma 1:

(m%KlﬁIﬁ (m%KlmKQ

l>m2)>m1: l>m1)>m2

= miD>ms. | |

5 Compositional models

Now we are starting to consider repetitive application
of the operator of composition with the goal to cre-
ate a multidimensional model. Since the operator is
neither commutative nor associative we have always
to specify in which order the oligodimensional assign-
ments are composed together. To make the formulas
more lucid we will omit brackets in case that the op-
erator is to be applied from left to right, i.e., in what
follows

mibmobmsb...DMy_1>My

=(..((mi>ma)>m3)>...>My_1) > My,

Moreover, we will always assume m; be basic assign-
ment on Xg;,.

The reader familiar with some papers on probabilis-
tic or possibilistic compositional models knows that
one of the most important notions of this theory is
that of a so-called perfect sequence, which will be now
introduced also for a sequence of basic assignments.

Definition 2 A generating sequence of basic assign-
ments mq, mo, ..., m, is called perfect if

mib>mg = Mo b>my,

mi>mo>mg = m31>(m11>m2),

mi>mMol...>My = My > (Mi>...>My_1).

From the practical point of view it is also important
to have a tool enabling us to recognize whether a gen-
erating sequence is perfect or not. For this one can
take advantage of the following assertion.

Lemma 7 A generating sequence my,mao, ..., My, 1S
perfect iff the pairs of basic assignments m; and (mq>
...>mj_1) are projective, i.e. if

m NI UK )
J

_ (ml > mj_l)U(jm(Klu...qu_l)7

forallj=2,3,...,n.

Proof. This assertion is proved just by a multiple
application of assertion (iii) of Lemma 1:

KoNK KonNK
mi>me =mobmg < m% 2 lzm% 2R
m1>m2>m3:m3l>(mll>m2)

P KsN(K1UK.
(mIDmQ)leﬂ(Klqu) :mé 3N(K1 2)’

mibmob ..M, =m,>(Mmi>...>my_1)

(ml >...D> mn_l)lKnﬁ(KlU,..UKn_l)

:mrllK,,n(Klu...uKn,l). .

From Definition 2 one can hardly see what are the
properties of the perfect sequences; the main one is
expressed by the following characterization theorem.

Theorem 1 A generating sequence of basic assign-
ments my, mo,. .., My is perfect iff all the assignments
from this sequence are marginal to the composed basic
assignment my > mao > ...> My

(m1>m2>...>mn)lKﬂ' =m;,
forallj=1,... m.

Proof. The fact that all assignments m; from a perfect
sequence are marginals of (m;>ms>...>m,) follows
from the fact that (mq>...>m;) is marginal to (m; >
...>my,) (due to (ii) of Lemma 1) and m,; is marginal
tom; > (mi>...>mj_1) =my>...>m,.

Suppose now that for all j = 1,...,n, m; are marginal
assignments to mi>...>m,. It means that all the as-
signments from the sequence are pairwise projective,
and that each m; is projective with any marginal as-
signment of my >...>m,, and consequently also with
my>...>mj_1. S0 we get that

man_]ﬂ(Klu...UKj_l)
J

= (m1 >...D mj_l)inm(Klu'”UKj_l)

for all j = 2,...,n, which is equivalent, due to
Lemma 7, to the fact that mq,...,m,, is perfect. m

Graphical Markov models (or rather decomposable
models) are recalled by the following (almost trivial)
assertion, which resembles assertions concerning de-
composable models.



Theorem 2 Let a generating sequence of pairwise
projective assignments mi,ms, ..., my be such that
Ky, Ks, ..., K, meets the well-known running inter-
section property:

Vi=2,3,....,n (1 <L<y)

such that K; N (KiU...UK;_1) C K.
Then my,ma, ..., my is perfect.
Proof. Due to Lemma 7 it is enough to show that
for each j = 2,...,n basic assignment m; and the

composed assignment m;y > ...>m; _1 are projective.
Let us prove it by induction.

For j7 = 2 the required projectivity is guaranteed
by the fact that we assume pairwise projectivity of
all my,...,my,. So we have to prove it for general
7 > 2 under the assumption that the assertion holds
for j — 1, which means (due to Theorem 1) that all
mi,Ma,...,m;_1 are marginal to mq > ... > m;_;.
Since we assume that Ky, ..., K, meets the running
intersection property, there exists £ € {1,2,...j — 1}
such that K;N(K U...UK;_1) C K,. Therefore (m>

. . K;N(K1U...UK;_
”.l>mj_l)lK_,ﬂ(Klu...UKJ_l) and mj 3N(KL i—1)

are the same marginals of my >...>m;_; and there-
fore they have to equal to each other:

(m1 >...D> mj_l)lij(Klu'”UKjfl)

lKjﬁ(KlU...UKj_l)
= mé .

However we assume that m; and my, are projective
and therefore also

(ml >...D> mj_l)lij(Klu'”UKjfl)

_ m;KJm(Klu...qu_l). .

It should be stressed at this moment that running
intersection property of K1, Ko, ..., K, is a sufficient
condition guaranteeing a perfectness of a generating
sequence of pairwise projective assignments. By no
means this condition is necessary as it will be shown
in the following example.

Example 5 Simple example is given by two basic as-
signments m; and ms from Example 1 (recall that
they are defined on X; and Xj, respectively, and their
values can be found in Table 1) and the third assign-
ment ms = my >mg (see Table 2). Considering se-
quence my, ma, ms, it is evident that Ky = {1}, Ky =
{2}, K5 = {1,2} do not meet the running intersec-
tion property. And yet the sequence mi,mo, ms3 is
perfect because all the assignments are marginal (or
equal) to mq > mo > ms. Notice that if we chose any
other basic assignment 73 on Xy oy different from

ms = my > ma, the generating sequence mq, mo, M3
would not be perfect any more. So we see that per-
fectness of a sequence is not only a structural property
connected with the properties of K, Ko,..., K, but
depends also on specific values of the respective basic
assignments. ¢

The last assertion shows that each generating se-
quence defining a compositional model my >...>m,,
can be transformed into a perfect sequence. It means,
any basic assignment representable by a generating se-
quence mqi, ma, ..., M, can be represented also by a

perfect sequence 1y, Mo, ..., M,
Theorem 3 For any generating sequence
mi,Ma, ..., My the sequence Mmi, Mo, ..., M, com-

puted by the following process

rhlzml,
. . |KonK
mgzm% 2 > myg,

A A A K3N(K1UK:
777,3:(’IT7J1\>7712)l sN(Ka 2)l>m3,

My = (M1 >...> mn,l)le(Klu“'K"*l) > my,

1s perfect and

mib...DMy =M >...>My,.

Proof. The perfectness of the sequence mq, ..., M,
follows immediately from Lemma 7 and from the def-
inition of this sequence as

m“LKiIAI(KIU.“UKifl)

7

= (ﬁll >...D> mi_l)lKim(Klu'”UKifl)

yields projectivity of (mq>...>7;-1) and ;.
Let us prove

mib>...DM, =mMmi>...>My,

by mathematical induction. Since m; = m; by defi-
nition, it is enough to show that

mi>...bm;, =m>b...bmy;
implies also

m11>...[>mi+1:m11>...l>m7;+1.

In the following computations we will use the fact that
due to Lemma 5

(Thl >... D> ’I’Afli)lK'Hlﬂ(KlU'“Ki) > M1

=((Mmi>...0m;)> mi+1)lKi+1



and afterwards we will employ Lemma 6.

T?l1l>...[>ﬁ’li+1
=mi>...>M; >

1K1 (KU K;) > mi+1>

)lKi+1

((m1>...>mi)

=m ... oM > (M >, .. D> 1y) >

:Thlb...bfnibmwl:m11>...>mil>mi+1,

where the last modification is an application of the
inductive assumption. [

6 Conclusions

Graphical Markov Models were designed to enable de-
scription of real-life problems by probabilistic mod-
els. Since we are getting into problems when coping
with computational complexity of probabilistic mod-
els, all the more so problems naturally appear when
applying belief function models, for which there do
not exist distribution functions; we have to represent
them by set functions defined on the whole power set
of the frame of discernment ) = Xy. So, inspired
by the original probabilistic approach the paper is
the first attempt to build up compositional models
of multidimensional belief functions. We have defined
belief function operator of composition manifesting all
the main characteristics of its probabilistic pre-image.
Even more, there is one point in which the belief func-
tion operator of composition is superior to the prob-
abilistic one: thanks to the ability of belief functions
to model total ignorance, the operator of composition
is for basic assignments always defined, which is not
the case in the probabilistic framework.

In the paper we have proved the basic properties of the
operator necessary to introduce compositional mod-
els and their most important special case, perfect se-
quence models. Naturally, there are still many open
problems to be solved. The most important one is a
design of efficient computational procedures for this
type of models. It is also necessary to clarify interre-
lations between the operator of composition and con-
ditional independence. This problem is not easy be-
cause in the framework of belief functions there ex-
ist several notions corresponding to stochastic condi-
tional independence.

At this moment we know very little about similarities
and differences between the described compositional
models and other multidimensional models such as
[1, 2, 7], as well as about the relation between the
compositional models developed for belief functions
and those introduced in possibility theory [8, 9].
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