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Abstract

This paper is devoted to the construction of sets
of joint probability measures for the case that the
marginal sets of probability measures are generated
by probability measures with uncertain parameters
where the uncertainty of these parameters is mod-
elled by random sets. Further we show how different
conditions on the choice of the weights of the joint
focal sets and on the probability measures associated
to these sets lead to different sets of joint probability
measures including the cases of strong independence,
random set independence and unknown interaction.
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1 Introduction

Let a mapping

g:DCR™ —R: (z1,...,%m) — g1, .., Tpn)

be given. The variables x; are assumed to be uncer-
tain where the uncertainty is modelled by sets of prob-
ability measures for each variable separately. What
we want to know is the lower and upper probabili-
ties if the value g(z), x = (x1,..., %), is lower (or
greater) than a certain value. Therefore we had to
propagate the uncertainty of the variables z through
this multivariate model g, c.f. [1].

As a short motivation we want to mention a few appli-
cations where this problem of propagating uncertain
variables is arising:

Reliability analyis: In this case the above mapping g
is the so called failure function where g(x) < 0 means
failure and g(x) > 0 means no failure of buildings like
bridges and tunnels in civil engineering; or of slopes

and dams in geotechnical engineering. The aim is to
describe the risk of failure, that means we want to
have the upper probability P({g(z) < 0}) of failure.
The variables x; are parameters as elastic modulus
E, angle of friction ¢ or flood heights.

Construction management: Here the values of g(x)
are costs or durations which should not exceed a cer-
tain bound a where the variables x; are costs, dura-
tions or similar parameters as above. Then we want
to have the upper probability P({g(z) > a}).

In most cases all these variables are not precisely
known, especially parameters arsing in geotechnical
engineering are only very vaguely known. In engi-
neering there are several approaches used to describe
the uncertainty of these variables: wellknown ones as
probability distributions or intervals and more modern
ones as fuzzy sets and random sets. The uncertainty
of the variables is given separately and often modelled
by different ways. So a unifying approach is needed
to combine and propagate the different models of un-
certainty trough the function g. This is provided by
the concept of sets of probability measures where these
sets are generated by random sets which are including
the other three approaches (probability distributions,
intervals and fuzzy sets).

In some applications the type of probability distri-
butions to discribe the uncertainty of a variable is
known, e.g. gaussian distributions, exponential dis-
tributions in queueing theory, etreme value distribu-
tions in flood risk analysis, but the parameters of
these probability distributions are often only vaguely
known. In these cases we have to model the uncer-
tainty of the parameters of these distributions. So
we introduce here the concept of sets of probability
measures which are generated by parameterized prob-
ability measures where these parameters are uncertain
and the uncertainty is described by random sets. All
models of uncertainty mentioned before are special
cases of this concept.



Since the uncertainty of the variables is given sepa-
rately, we have to model the joint uncertainty, that
means to construct the set of joint probability mea-
sures. There are certain ways to generate such sets,
e.g. according to strong independence [2, 11] if we
assume stochastically independence of the variables,
or according to unknown interaction [2] if we do not
know how the variables interact, or according to ran-
dom set independence [3] since random sets are in-
volved. These cases are already studied for sets of
probability measures generated by random sets in
[5, 6, 7, 8]. Here in this paper we extend this to sets
of probability measures generated by parameterized
probability measures with uncertain parameters.

To propagate the uncertainty through a multivariate
model in a computational efficient way it is essen-
tial to make use of the structure of the random sets.
We show how different conditions on the parts of this
structure (on the choice of the weights of the joint
focal sets and on the probability measures associated
to these sets) lead to different sets of joint probability
measures. But our goal is not to create new artifi-
cial types of sets of joint probability measures, but to
get sets according to strong independence or unknown
interaction by using the random set structure.

The plan of this paper is as follows:

Section 2 is devoted to random sets and the parame-
terization of probability measures by random sets in
the univariate case. In Section 3 we construct sets
of joint probability measures which are generated by
probability measures which are parameterized by or-
dinary sets as preliminary work for Sec. 5. In Sec-
tion 4 we recall from [5, 7] the general formulation
for constructing sets of joint probability measures for
the case where random sets are involved and list dif-
ferent conditions on choosing the weights of the joint
focal sets and the probability measures associated to
these sets. In Section 5 we show that some of these
cases lead to strong independence, random set inde-
pendence and unknown interaction.

2 Sets of probability measures
generated by probability measures
parameterized by random sets

We want to model the uncertainty about the value of
a variable x by a convex set X of probability measures
in the univariate case. Here in this paper we generate
such sets X by a parameterized probability measure
p % where 6 = (6',62,...) are the parameters of the
probability measure. These parameters are assumed
to be uncertain. The uncertainty of 6 is modelled
by random sets. So we have to recall the concept of

random sets and sets of probability measures gener-
ated by random sets. Further we need two different
measurable spaces: (£2,.A) for the uncertain variable
itself and (O, %) for the uncertain parameters of the
probability measures.

2.1 Random sets

First we want to model the uncertainty of a variable
x by random sets. Let a measurable space (Q2,.A) be
given. A random set (F,m) [3, 4] consists of a finite
class

F={F,F%. .. F'}CA

of focal sets and of a weight function
m:F —[0,1] : F — m(F)

with Z‘li‘l m(F?) = 1 where |F| is the number of fo-
cal sets. Then the plausibility measure Pl or upper
probability P of a set A € A is defined by

P(A)=Pl(A) = > m(F)

FiNA#2

and the belief measure Bel or lower probability P by

P(A) =Bel(A) = > m(F).

FiCA

2.2 Sets of probability measures generated
by random sets

The focal set F* has the weight m(F*), but we do not
know how this weight is distributed on the elements of
the focal set which reflects the uncertainty modelled
by a random set. Let

K(F') :={P: P(F") =1} (1)

be the set of all probability measures “on” the focal
set F'. Then m(F*)X(F?) is the set of all possible
distributions of the weight on the focal set. A con-
vex set of probability measures X is generated by the
random set (F,m) as follows [5]:

Ed
K:=X(F,m):= Zm(Fi)sc(Fi) = (2)
ki
={P: P=> m(F)P', P'cX(F)

This set K(F, m) coincides with the set of probability
measures defined by

{P: VAe A:Bel(A) < P(A) <PI(A)},



cf. [3, 4, 10].

Remark: There is a second approach of defining ran-
dom sets: using multivalued mappings and measur-
able selections [9, 10]. This approach leads to a set
M of probability measures which is a subset of X and
which is not convex in general. The set of probabil-
ity measures associated to the measurable selctions
is P(T) = {Px : X € S)}, where ' : O — A
is a multivalued mapping defined on a probability
space (€, A, Pg). S(I) is the set of measurable selec-
tions of I', that means the class of random variables
X : 0 — Q with X(©) € T'(@).

Now let Px € P(T'), X € S(T'), be given. Then
12 4 4
= Pa{m'Hxa(X (@)
i=1

Eil Eil

:Z (FYxa(w Zm (FH6.,:(
i=1

with w' = X(@') € I'(@') = F' and P5({@'}) =
m(F?) where x4 is the indicator function of A.

Px(A) = Po(X™!

So in our above notation the set M would be generated
by
|7

M :=M(F,m) = Zm(Fl)M F

with

M(FY) = {6, : 0,(F) =1} = {0, :w € F'} CK(F)

(3)
where d,, is the Dirac measure at w € 2 corresponding
to the selections. The connections between M and K

are discussed in [9, 10].

2.3 Sets of parameterized probability
measures

Now we generate the set X of probability measures
by a probability measure p? on (Q,A) which is pa-
rameterized by an uncertain 6. For modelling the un-
certainty of the parameter 6 we need the following: A
measurable space (©,2() where © is the universal set
for 6, A a o-Algebra and K a set of probability mea-
sures p on (©,2(). The o-Algebra 2 has to be chosen
in a way that for all A € A the mapping

01— p°(A)
is /-measurable.

The set X is defined by

=K’ p?) = {P: p’
/

(Jp(dd) : pe ﬁ}
(4)

Then the upper and lower probabilities for aset A € A
is computed as follows:

P(A) =sup{P(A): PeX} = sup/pg(A) w(de

pER
P(A) =inf{P(A): PeX}= mf /
e
In the following the set R is either a set of probability
measures generated by ordinary sets or by random

sets. The usage and meaning of the symbols K and &
is summarized in the following table:

notation | set of probability measures
K(F) on (£, A) generated by a set F

R(F) n (©,2) generated by a set F
K(F,m) | on (Q,A) gen. by a random set (F, m)
RK(F,m) | on (©,2) gen. by a random set (F,m)
K(&,p?) | on (2,A) gen. by & and p? as in (4)

and where R is either a R(F) or R(F, m)

So X is always a set of probability measures on ({2, .A)
and R a set of probability measures on the parameter
space of 6, namely O.

2.4 Generation of R by probability measures
u on ordinary sets F, 8 := R(F)

We take the set & := R(F) of probability measures on
FeAand X := K(R(F),p?) for the set K of proba-
bility measures which are generated by K(F’) and the
parameterized probability measure p?. Then the up-
per and lower probability are given by

P(A) = sup / p?(A) u(d6) = (5)

RER(F) 5

= sup /pQ(A) 0o, (dB) = sup p o (A)
90€F 906F

and P(A) = infg,cr p % (A). Further we have for the
special case (0,2) := (Q,A) and p*“ := {,:
K(F) = K(R(F), bw), (6)
because
K(R(F),d { /(5 D pE R(F )}
:{MGR( )} = &(F) = X(F)

and w — p¥(A) = 0,(A4) = xa(w) is A-measurable
for all A € A. So the set of probability measures
generated by an ordinary set is integrated into the
new concept.



2.5 Generation of R by random sets,
R:=R(F,m)

Here we take £ := &(F,m) and X := K(&(F,m),p?).
A probability measure P € X is written as follows:

P= [0 utas) -

S}

[T
/wm(zmwmmm)

) =1
il |F|

=Y m() [ 570 W) = 3" m(r) P
i=1 o i=1

where p € R(F,m). p = Zlill m(FHu' is a de-
composition of p according to the focal sets and
Pt = [op?()u(dF) is a probability measure in
K(R(FY),p?). So for the set K(R(F,m),p?) we also

can write

17|
K(R@,m),p?) =3 m(F) K(KE)p") (7)

which is formula Eq. (2) but with K(F?) replaced by
K(R(FY),p?). The set K(F?) used in Eq. (2) is a
set of probability measures on F?, but the probability
measures in the set K(R(F?),p?) are only associated
to F? via the parameter 6.

Similar to the section above we have for the upper
and lower probability:

mm—;MFmgthwmw—
g I
= Zm(F’) esg];;jpao (A) = Zm(F’)P (A)
and
I g
P(A) = Yom(F) inf p™(4) = Y m(FOP(A)

2.6 An example for p?, gaussian distribution

(2,A) := (R, B(R)), (6,2) = (RxR>?, B(RxR>?)),
6 := (u,0?). The function

1 _(=—pw?

V2mo?

(1, 0%) = po)(A) = [ xa(2)
/

is continuous and therefore 2-measurable. We com-
pute the upper and lower probability of the set A =
[a,00) using a set &(F, m) to describe the uncertainty

of  and o? with F* = [Ei,ﬁi} x 02,57, i=1,...,n,
as follows:
. (F;02) 7
—i peeil([a,00)) ;> a,
P(a,00) = P o) |
pF%i)(Ja,00)) otherwise,
and
(p..07)
i p=([a,00)) p, <a,
P'(la,00)) = (u 72) - .
p=i7(Ja,00)) otherwise.
Then
F([av 00)) = Zm(FZ)Pl([av 00))
i=1
and

P([a,00)) = ) m(F)P'([a, 0)).

i=1

3 Sets of joint probability measures
generated by ordinary sets

3.1 Preliminaries

In this paper we restrict ourselves to the combina-
tion of only two sets of probability measures. In
the following we always need the measurable spaces
(1,A1), (22,A2) and (2, A) with Q = Q; x Q9 and
A = A1 @A, for the uncertain variables and (01, %),
(@2,%2) and (@,Q[) with © = ©; x ©5 for the un-
certain parameters of the probabilty measures with
o-Algebras such that mappings like § — p?(A) are
measurable. A set A will be always in A.

The generation of a set of joint probability measures
by two marginal sets K1 and Ko of probability mea-
sures will be written as K (XK1, XKs). First we recall two
general ways of combining sets X; and Xy of proba-
bility measures.

Unknown interaction: The set of joint probabil-
ity measures according to unknown interaction [2] is
generated by

Ky = {P P( X Qg) e X, P(Ql X ) S g<2} (U)
Strong independence: The set of joint probability

measures according to strong independence [2, 11] is
generated by

Kg Z:{P1®P21 P e Xy, PQEKQ}QKU. (S)



Notation for the corresponding probabilities:

Pg(A) :=sup{Ps(A) : Ps € Ks},
Po(A) :=inf{Ps(A) : Ps € Ks},

Py(A) :=sup{Py(4) : Py € Ky},
Py(A) :=inf{Py(A) : Py € Ky}.

In the following we are analyzing very special cases of
sets of joint probability measures which is a prelimi-
nary work for Sec. 4 and 5 for dealing with the joint
focals sets in these sections.

3.2 :Kk = K(Fk) = ﬂc(ﬁ(Fk), 54%)

Given subsets Fj, € Ag, k = 1,2, we generate the sets
XKy and Kg of joint probability measures by the sets
K(Fy) and K(F3). Ku(K(F1),X(Fz)) is the set of
joint probability measures generated by the two sets
K(Fy) and K(F>) of probability measures according to
(U). Since the marginals of all probability measures on
F) x Fy are in the sets K(Fy) and K(F3), respectively,
we have Ky (K(F1), K(Fy)) = K(Fy x Fy). To get the
upper and lower probability Py(A) and Py (A) it is
sufficient to put a Dirac measure at the appropriate
place. Since a Dirac measure is a product measure we
get

Pg(A)

= Py(A) and Py(A) = Py(A).

Now we make a first step towards sets of joint prob-
ability measures generated by parameterized proba-

bilities doing the same for K(&(F}), d,,, ) in the more
general notation.

We already know that K(Fy) =
K (R(F}),0.,) and therefore

Ky = Ky (K(F1), K(F)) = K(Fy x Fy) =
= j((ﬁ(Fl X FQ),(Swl X 5w2).

Further we have for strong independence

Ks = Ks (K(F1), K(F)) =
— K5 (K(R(F)), 6 ), K(R(F), 0,)) =
= K(ﬁs(ﬁ(Fl)aﬁ(FQ))’ 60-’1 ® 6“’2)7

because

Ps(4) = (Prs Pa) () = [ Py Pa(don) = (9

1951

- / ( / / Xk, (©02)0 (Ao az (de) ) Pr(don) =

Q1 Q20

// //XAW1 (w2)d, dw2)M2(dW2))

QG 00, + Oyt (dwr ) py (dwy) =
T fraserssiomiin)
G0 O Mz(dwz)ul(dw1)
— [ [ 1(8 2 6 ) )] el (@) =
Q1 Oy
- / [(5%@5%)(/1)} p(d(wy,wsp))

Q1 X002

with p1 € R(F1), p2 € R(Fh), p € Rs(R(F
and A,, = {w2 € Q2 (w1,w2) € 4}

1), R(F2))

3.3 K = K(R(F,), p)

Now we replace the Diracs by parameterized proba-
bility measures pzk and analyze the cases of strong
independence and unknown interaction.

3.3.1 Strong independence

Similar to Eq. (8) it holds:

_ / /( / / Y, (@2)p (dea) ()
6,01 V650 .

P (dwi)pa (d61) =

-// ( /] xAm(wz)p32<dw2>p?1<dw1>>~

0,06 Q1 Q
e - pi2(db2)pa (b)) =

— [ [ (o 088 ) ()] ratdta)pn(a0n).

©; O3

1®p

So we get

Ks = K (Rs(R(F1), R(F2)), pl* @ p3?).

3.3.2 Unknown interaction

For strong independence the joint probability mea-
sure generated by p(fl and ng was pfl)1 ® pgz, a single
probability measure. In case of unknown interaction
we would need the whole set of all possible joint prob-
ability measures on (2, A). Maybe on the other hand
we have more information how the joint probability
measure, say p’, is generated by pfl and pg2 than
how the parameters of the joint probability measure
interact. So we introduce the sets K(ys) and Kypo)
of joint probability measures for which the choice of
u is according to (U) and the choice of the joint pa-
rameterized probability measure is according to (S)
or defined by p?.



Then it holds:
Ks : = K(Rs(R(F1), R(F2)), p* @ p?) C
C K(Ru(R(F1), R(F2)), p* @ p5?)
— K(R(F x B, @) = Kus).

For the upper and lower probabilities we have
Ps(A) = Ps)(A) und Ps(A) = P(yg)(4),

because we can obtain the upper and lower proba-
bilities from Xyg) by means of Dirac measures in
R(Fy x Fy) which are also in Rs(&(F}), R(F»)).

4 General formulation of the
generation of sets of joint
probability measures by random
sets

Let random sets (Fy, my), k = 1,2, be given for mod-
elling the uncertainty of the variables 1 and 5. As a
consequence of Dempster’s rule of combination [3, 4]
the joint random set (F,m) is defined by

F={FY9:i=1,....n;;j=1,...,ny}

where N _ ,
FY .= F} x FJ
and ‘ ‘ ‘ _
m(Fy x F3) :=mq(F])ma(Fy) (9)

which is the case of random set independence (RS-
independence).

For our more general approach we start with the mul-
tivariate analogon of Eq. (2):

[F1] |T2|

Ky =Y Y m(F x FJ)K(X5, %)

i=1 j=1

where the question mark in K- (X%, %3) indicates the
possibility of different choices in combining the sets
of probability measures K¢ and X associated with
the marginal focal sets F} and sz . Further we have
to define how the joint weights m (F} x FJ) are com-
puted (perhaps not in the way of Eq. (9)) and to
think about possible interactions between probability
measures in the different sets Ko (K¢, X3).

The consequences of these different choices are dif-
ferent sets of joint probability measures K- and the
goal is to generate sets according to strong indepen-
dence, unknown interaction and RS-independence. In
the following we describe the different choices we have
for the above formula and discuss their consequences
for the set of joint probability measures.

4.1 The choice of the joint weights
m(F} x FY)

The weights m; and ms are discrete probability
measures on the sets of focal sets {F},..., F"},
{F},..., F3?} respectively. So if we want to choose
the joint focal sets in a stochastically independent
way, then m = m; ® ma which means m(Fj x Fy) =
my (FiYmy(F) for all 4, j. If we do not know how m;
and my interact, we allow all possible combinations,
that means unknown interaction.

Case (U—-): Unknown interaction, m must satisfy
the following conditions:

|F2|
ml(Ff):Zm(FfXFQJ)7 Z'Zl,...,|5"~1|,
j=1

[F1]

1=1

In this case m is not uniquely defined and is deter-
mined later on by solving an optimization problem
for the lower or upper probabilities.

Case (S——): Stochastic independence:

m(Fi x FJ) := my (F})my(FY).

4.2 The choice of P¥, X, respectively

Pl ¢ XV is a probability measure associated to the
joint focal set F} x F3. How a P% looks like depends
on how X% is constructed from X! and X3.

Case (—-U-): KV := Ky(K}, K3)) which is the set
of all joint probability measures generated by the sets
K% and X2, according to condition (U).

Case (—S—): K¥ := Ks(K}, X)) which is the set
generated according to strong independence (S).

4.3 The choice of interactions between the
P

Case (——1): Row- and columnwise equality condi-
tions on the marginals of the probability measures on
the joint focal sets:

i pigl  pijing .
P =P = =P i=1,...,n,
J . pdli _ _ pimii i _
Pl =P =-.. =P ,i=1,...,n9
where
ik pik gki _ pkj
Pt = PP (- x Qg) and Py = Py7 (g x +).

This condition seems to be very artificial, but we need
this to get results according to strong independence
later on.



Case (——0): No interactions, this means that we
can choose a P € X" on F}| x Fj irrespective of the
probability measures chosen on other joint focal sets.

Remark: It is clear that it should hold that the con-
vex sum

> m(F} x FJ)P*
m

& 1(FY)

is in K%. This is always true for convex sets K% of
probability measures, but for sets which are generated
by measurable selections (see Eq. (3)) it is not true
in general. In this case one should introduce a more
restrictive condition than (——1).

4.4 The choice of the joint marginals

We emphasize that the choice of the Cartesian prod-
ucts F} x Fy as joint focals is no restriction of gener-
ality. Joint focal sets V' C Fj x sz of arbitrary shape
can be subsumed in our approach by restricting sets of
joint probability measures on F} x Fj to those whose
support lies in V. Such subsets would describe spe-
cific types of dependence or interaction between the
marginal focal sets F} and Fy. But such interactions
are not investigated in this paper.

5 The different cases

Now we will discuss combinations of the above cases
which lead to random set independence, unknown in-
teraction, strong independence. The cases are indi-
cated by indices of the form (ABC) where for exam-
ple (SUO) means m according (S——), P¥ according
to (—U—) and no interaction between the P%.

We want to stress that again, that it is not our goal
to introduce a number of eight (all possible combina-
tions) new types of joint probability measures, but to
identify the combinations which leads to the desired
types of sets joint probability measures. We do this
for RS-independence, unknown interaction and strong
independence. In this very technical part we first re-
call for each of these types the case where “pure ran-
dom sets” are used, that means the case where no pa-
rameterized probabilities are involved. Then we gen-
eralize the results to the case of parameterized prob-
abilities. So the sets K¢ are first sets of probability
measures X(F}) and then in a second part replaced by
sets K(R(F}),p?) associated with the marginal focal
set F,z

5.1 (SUO0), (SS0) and RS-independence

5.1.1 General formulation

The sets Ksyp and Kggg of joint probability measures
are generated by

[T |F2|

Ksuvo = szl FY)ma(

i=1 j=1
REIREE]

stso—ZZmz (FJ)ymy(F.

i=1 j=1

(FJ)Ku (K3, 53)

):KS(:KZD :KJ)

5.1.2 K} :=K(F}), X := K(FJ)

We obtain the upper probability Psyo(A) for a set
A e Aby

|F1] |F2|
PSUO szl Fl m2 )Pg(A)
i=1 j=1
where
P(A) = sup {PI(A): PY e Ky(K(F), K(F))}

and

K (K(F7), K(F3)) = K(F] x F]).

So ﬁg(A) is computed very easily by

P(A) = sup{d,(A): we Fi x Fi} =
{1 Jwe ANFi x FJ,

0 else

which leads to the formula for the joint plausibility
measure

Pr(A) := Psuo(A) = PI(A) = > my(F})ma(F))

i,j: FixFiNnA#g

which is the joint upper probability in the case of RS-
independence indicated by the index R. Further we
have Pgyop = Psgo because

5w = 5(0_,1)w2) = 5w1 ® 5WQ.

is a product measure (case (—S—)). Similar to the
upper probability we get for the lower probability

Pg = Bel = Py = Pgg.

Contrary to the above equalities we have for the cor-
responding sets of joint probability measures only

Kr := Ksvo 2 Ksso-



5.1.3 K& := K(R(F}),pl), K = K(R(F), p5?)

An idea would be to define Xr by Ksyg as before
[6], but then we have the same problem as in Sec.
3.3.2. So another possibility would be to define Ky :=
jCS(US)O or fKR = :KS(Up9)O-

We start with the case of (SSO) and get

|F1] |T2]
Ksso = » > ma(Fj)ma(F]) K¢
i=1 j=1
[F1] |F2]
C szl Fl m2 )KEUS)
=1 j=1
|F1] |F2]
_szl Fl mo F2)
i=1j=1 - K(R(F} x Fj),p* @ps?) =
= j{(ﬁ(§7 m),plal ®p2 ) = :KS(US)O = fKR,
with K¢ = Ks(K(R(F), p{*), K(R(FY), ps?)) and

rxgﬂUS) = K (R(F{x F}),p]* ®py’) and Eq. (7). (F,m)
is the joint random set according to RS-independence.
Kssuyo is the set of probability measures where
the parameterized probability measure is the prod-
uct measure, but the uncertainty of the parameters of
this poduct measure is discribed by the set &(F,m)
of joint probability measures which are generated by
the random set describing the uncertainty of 6, and

5.
For the upper and lower probabilities we have Pggg =

Pgsusyo and Pggy = Pgug)o by the same arguments
as in Sec. 3.3.2.

5.2 (UUO0), (USO) and unknown interaction

5.2.1  Ki:=K(F}), K = K(F)

Let Kyuo be the set of probability measures generated
according to case (UU0). A computational method for
Pyuo(A) is obtained in the following way:

|F1] |F2|
=> > m*(F{ x FJ VPU(A) =
=1 j=1
>

i,5:
FixFiNA#2

Pyuo(A

m*(F} x F),

where ?S(Alis computed by the same Dirac mea-
sures as for Pr and the weights m* by solving the
following linear optimization problem:

E m(F} x FJ) = max!
4,5
FixFJNA#@

subject to condition (U——). Minimization instead of
maximization leads to lower probability Pyyo(4).

The set Kyuyg is just the set of probability measures
which is generated by the least restrictive conditions
on m and P%. Tt is proven in [5, 6] that Xy = Kyuo.-

By the same arguments as in the previous cases we

get Py = Pyuo = Puso and Py = Pyyg = Puso-

5.2.2  Ki:=K(R(F),pl), K = K(R(F), pl?)

Similar to Sec. 5.1.3 we can define sets
|F1| |F2]

SO m(F) x Fi):

=1 j=1
K (K(R(F),
|F1] |F2]

> m(F] x F):

=1 j=1
K (Rs (R(
|F1] |T2]

Ku(usyo = sz(Ff x Fy)-

i=1 j=1

K(RE] x FY),p)”

Kuvo =
191 )7 fK(ﬁ(sz),p202 ))
Kuso =

Fli)aﬁ(FQj))vplgl ®p292)

® p202)7

where in addition the joint weights can be choosen
according to (U——); and it also holds

Puso(A) = Pyus)o, Luso(4) = EU(US)O and

Kuuo 2 Kyus)o 2 Kuso-

But unfortunately we do not have Xy = Kyyp in
general what we show in the following example.

Example:

The sets X7 and Ko of probability measures are given
by
:Kl = K(?l,ml) = K(ﬁ(ffl,ml), 5w)
and
j<2 = K<ﬁ(g27 m2)ap32)
where p%2 is defined by pf2({0}) = 65 and
92({1}) = 1 — 6, and where
Ql 292:{0,1}, Q:Ql XQQ
Ty = {0}, {11}, mi({0}) = i ({1)) =
Fo={{z}} ma({5}) =1
In this very special example both marginal sets of

probability measures have only one element, namely
the discrete uniform distribution on {0, 1}:

le :{Pll}, fKQZ{le}, P1 :P2 and
P({0}) = A({1}) = 5

But this uniform distribution is “generated” by two
different ways:



1. As a degenerated random set where the two focal
sets are singletons.

2. As a realization of the parameterized probability
measure pgz with a parameterization by a random
set with only one focal set.

The sets of probability measures associated with the
marginal focal sets are given by

Ki=A{Pi}, PL({0}) =1,

Xi={pPt} PE({1}) =1,

Ky =A{Pr} ={P}.

Now we determine the joint focal sets and weights:
F={F", F2} with F'' = {(0, 1)}, F*' = {(1,3)},
m(F1) =m(F?) =1

Since |F,| = 1 the joint weights are uniquely deter-
mined independent of (S——) or (U——).

The sets of probability measures associated with the
joint focal sets:

Kt = Ku (K, %3) = Ko (P, Py) =
P ({(0,0)}) = PF*({(0,1)}) = 5
and

K = Ky (KF,K3) = Ku(PE, Py) = {P3'} with
P10} = PF (L, 1)}) = 3

Let A= {(0,0),(1,1)}. Then

Puuo(A) = m(E)PE(A) + m(F)PE(A) =
= 3PS {0,00}) + 3PE ({(1,1)}) =

=33 +t33 =3

But it is clear that

Py(A) = sup{Py(A) :
Py defined by Py({(0,0)})

{P{} with

PU S g(:U(th:KQ)} =1 for
= Pu({(1,1)}) = 3

5.3 The case (SS1), strong independence
5.3.1  Ki:=X(F}), X = K(F)

We write a probability measure Psg; € Kggp in the
following way:

|F1] [F2|

)= > mu(F)ma(F]) (P ® P)(A) =

i=1 j=1

|F1] E
(Zml F P1> <Zm2 (F)) PJ> (A) =

= (P ® P)(A)

Pgsi(A

= Ps(A)

with P; € K(F1,m1) and Py € K(Fa, m2). This leads
to

Kss1 =Kg =
= {Pl QPy: P € fK(ffl,ml),Pg S fK(fo,mg)}

which is the case of strong independence.
Computational method:
Theorem 1. The upper probability Ps(A) is the so-

lution of the following global optimization problem:

[F1] |F2]

ZZm Fi x FJ) xa(wi,wi) =

i=1 j=1

max!

subject to

wieF) i=1,...,|71],
w% EFQJ, jzl,...,|§2|,

where x 4 s the indicator function of the set A. The
lower probability Py(A) is obtained by minimization.

Proof: see [5, 8].

In general it is very hard to solve the above optimiza-
tion problem because there may be many local max-
ima (or minima) and because the objective function
is not continuous. Criteria when we have Py = Py
are given in [6]. In this case we automatically get Pg
by using the computationally cheaper Pg.

5.3.2 K :=K(&(F}),p?), K = K(R(F]), p5?)

It holds

Ps(A) = Pss1(A) = (PL®@ P2)(A) =

|F1] [F2|
<Zm1 Fj P1> <Zm2 (F)) PJ) (A) =

[F1] 2]

=33 (Fma(F) (Pl e PE) (4) =
i=1 j=1
[F1] |T2]

—szl Fl m2 Fj)

=1 j=1

: / / ( / / XA, (wz)p292(dw2)p191(dw1)>'

010, “Q1 Qs 4
N;(d92):u7i(d91) =



|F1| |F2|
=22 ma(F)ma(F)
[ @ 08) )] i@t ) =

[SINED)

- / / [(p" ©97)(A)] na(db2)pna(@01) =

[SINCED

= [ (o e )] utor,02)
@1 X@Q
with p € Rs(R(F1,m1), R(F,ma)), pf € R(FY), ) €
R(EY), p1 € R(F1,mq) and ps € R(Fa, ma).

Computational method:

We get the following optimization problem for the
computation of Ps(A) and Pq(A), respectively:
[F1]|F2| ‘ ‘ o o

> muE)ma(r) (1 @97 ) (4) = supl (inf)
i=1 j=1

subject to 01 € F! and 6} € FJ. Proof: see [6].

6 Summary

We summarize the results where parameterized prob-
abilities are involved: Fig. 1 depicts the relations
between the sets of joint probability measures. For
the upper probabilities see Fig. 2. There are three
differences to the results for “pure random sets” in

[5]-

1. Kuuo is only a subset of Ky in general.

2. New cases induced by (—(US)—) which coincide
with (=U—) for “pure random sets” because of
the Dirac measures.

3. Generalization of the computational method for
Pg and Pgq.

2 Kuwso 2 Kuso
Ul Ul Ul
Ksuo 2 Kr = Kswus)o 2 Ksso

Ul

Ks = Kssi

Figure 1: Relations between the sets of probability
measures.

> Puwsyp = Puso
VI VI VI
Pauo 2 - P
VI
Ps = Pssy

Figure 2: Relations between the upper probabilities.
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