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Abstract
The paper addresses the evaluation of upper and lower
probabilities induced by functions of an imprecise random
variable. Given a function g and a family Xλ of random
variables, where the parameter λ ranges in an index set
Λ, one may ask for the upper/lower probability that g(Xλ )
belongs to some Borel set B. Two interpretations are inves-
tigated. In the first case, the upper probability is computed
as the supremum of the probabilities that g(Xλ ) lies in B.
In the second case, one considers the random set generated
by all g(Xλ ), λ ∈ Λ, e.g. by transforming Xλ to standard
normal as a common probability space, and computes the
corresponding upper probability. The two results are dif-
ferent, in general. We analyze this situation and highlight
the implications for Monte Carlo simulation. Attention is
given to efficient simulation procedures and an engineering
application is presented.

Keywords. Upper and lower probabilities, imprecise ran-
dom variables, random sets, propagation of uncertainty
through a function, Monte Carlo simulation.

1 Introduction

Methods of imprecise probability have increasingly at-
tracted interest in the engineering community, see e.g. the
recent survey article [3]. In most industrial applications,
engineering structures are described by black box input-
output models, given by large computer programs. To
evaluate probabilities of output quantities, Monte Carlo
simulation is the method of choice. Computational effort
is aggravated, if the input variables are imprecise random
variables (or even random fields) with set-valued parame-
ters.

The present paper is motivated by recent papers on simu-
lation of random sets [16, 17] and on simulation of upper
and lower probabilities in engineering reliability [2]. These
papers raise the question what is the appropriate model of
imprecision and what are cost-saving ways of simulating
the output quantities. The key issue is to keep the number

of required evaluations of the expensive input-output map
as low as possible. Suppose the imprecision of the input is
described in terms of a family of random variables. Two in-
terpretations of resulting lower and upper probabilities are
at hand: the first one by taking infima and suprema over the
probabilities generated by the individual members of the
family, the second one by first forming random sets based
on the family and then evaluating the lower and upper prob-
ability as belief and plausibility (see e.g. [4]). In general,
the results differ. The second question is the appropriate
simulation method in the two cases.

In civil engineering, the use of random sets on continuous
probability spaces goes back at least to [20], see also the
text book [4] and the survey in [15]. Various alternative
approaches to simulation of random sets have been pro-
posed in recent years [1, 14, 22, 21]. The employed notion
of imprecise probability is of course crucial. This paper
focusses on the two limiting cases given by a family of ran-
dom variables versus the random set generated by it. Once
the random set is given, other ways of generating upper and
lower probabilities are known: by means of all measurable
selections of the random set, by means of measurable se-
lections of the measures living on the focal elements, or by
means of its core (the set of probabilities dominated by the
upper probability of the random set). For these notions we
refer to [5, 11, 12] as well as the exhaustive comparison in
[6] (see also the remarks in Section 3 of the paper).

The paper is organized as follows. In Section 2, the set-up
is explained and sufficient conditions are given making the
formation of a random set possible. Section 3 is devoted to
comparing the two versions of lower and upper probabil-
ities and to stating conditions under which they coincide.
Section 4 presents an engineering example, which is used
in the subsequent sections for the purpose of illustration.
Section 5 addresses issues of simulating random sets and
the corresponding lower/upper probabilities, while Section
6 addresses the issue of simulation for lower/upper proba-
bilities derived from families of random variables. Section
7 contains a summary and conclusions.
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2 The Set-Up

The issue of the paper is how to evaluate and to simulate
a function of an imprecise random variable. To fix the
notation, let Λ be an index set. Consider a family of random
variables {Xλ : λ ∈ Λ}, defined on some probability space
(Ω,Σ,m). At fixed λ ∈ Λ, the random variable Xλ may be
univariate or multivariate, with values in some Rn. Further,
let g : Rn→ R be a continuous function.

We wish to investigate lower and upper probabilities in-
duced by the family of random variables g(Xλ ), λ ∈ Λ.
From a probabilistic point of view, the function g could
be suppressed, because Yλ = g(Xλ ) is again a family of
random variables. However, in the applications we have
in mind, the function g will be an input-output map of a
complex system, for which we want to compute the output
distribution. Using Monte Carlo simulation, large sam-
ples of g(Xλ ) should be computed. While generating large
samples of the input is computationally inexpensive, the
evaluation of the function g might be very expensive. As
mentioned, a focus of the paper will be on devising simu-
lation methods of low computational cost. For this reason,
the function g will play a role in Sections 4 to 6. One could
also consider more generally parametrized functions of the
form g(λ ,Xλ ). For the initial probabilistic analysis, we
drop mentioning the function g and consider families of
real valued random variables.

Let (Ω,Σ,m) be the basic probability space, which we
assume to be complete. Let {Xλ}λ∈Λ be a family of random
variables Xλ : Ω→ R : ω → Xλ (ω). Then the probability
of a Borel set B ∈B(R) for a fixed random variable Xλ is

P(Xλ ∈ B) =
∫

Ω

1Xλ (ω)∈B dm(ω) (1)

where

1E =

{
1 if event E occurs,
0 otherwise,

(2)

denotes the indicator function of an event E. Modeling
uncertainty by a family {Xλ}λ∈Λ of random variables, it is
natural to define lower and upper probabilities:

Definition 1 For a family {Xλ}λ∈Λ of random variables,
the lower probability P and the upper probability P are
given by

P(B) = inf
λ∈Λ

P(Xλ ∈ B) = inf
λ∈Λ

∫

Ω

1Xλ (ω)∈B dm(ω), (3)

P(B) = sup
λ∈Λ

P(Xλ ∈ B) = sup
λ∈Λ

∫

Ω

1Xλ (ω)∈B dm(ω), (4)

where B⊂ R is a Borel set.

On the other hand, it is also natural to construct a random
set based on the family {Xλ}λ∈Λ of random variables. To
this end, we define the set-valued map X : Ω→ R by

X(ω) = {Xλ (ω) : λ ∈ Λ}. (5)

By definition, this set-valued map X is a random set, pro-
vided the upper inverses

X−(B) = {ω ∈Ω : X(ω)∩B 6=∅} (6)

are measurable subsets of Ω for every Borel set B. Then
the same holds also for the lower inverses

X−(B) = {ω ∈Ω : X(ω)⊂ B}. (7)

These lower and upper inverses lead to lower and upper
probabilities based on the random set X:

Definition 2 For a random set X, the lower probability P
˜and the upper probability P̃ is defined by

P
˜
(B) =m(X−(B)) =

∫

Ω

1X(ω)⊆B dm(ω), (8)

P̃(B) =m(X−(B)) =
∫

Ω

1X(ω)∩B6=∅ dm(ω). (9)

We will show in the next section that

P
˜
≤ P ≤ P ≤ P̃ (10)

with equality only in special cases, but first we give suffi-
cient conditions so that X generated by the family {Xλ}λ∈Λ
is a random set.

Theorem 1 Let a family {Xλ}λ∈Λ of random variables be
given. Assume that Λ is a compact subset of a metric space
and that the maps λ → Xλ (ω) are continuous for each
fixed ω ∈Ω. Then

(a) the set-valued map X defined by

X(ω) = {Xλ (ω) : λ ∈ Λ} (11)

is a compact random set;

(b) the map 1B : ω → supλ∈Λ1Xλ (ω)∈B is measurable;

(c) the map 1B : ω → infλ∈Λ1Xλ (ω)∈B is measurable;

where B is a Borel set.

Proof. (a) As a compact subset of a metric space, Λ is sepa-
rable. Take a countable dense subset of parameter values
λk in Λ. From the continuity assumption, it follows that the
sequence {Xλk

(ω) : k = 1,2,3, . . .} is dense in X(ω) for
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every fixed ω . (That is, it is a Castaing representation.) Let
B be an open set. Then the set

X−(B) = {ω ∈Ω : X(ω)∩B 6=∅} (12)
= {ω ∈Ω : there is k such that Xλk

(ω) ∈ B}
=

⋃

k

{ω ∈Ω : Xλk
(ω) ∈ B}

is measurable as a countable union of measurable sets.
(The individual sets are measurable, because each Xλ is a
random variable.) The fundamental measurability theorem
(see e.g. [13]) implies that X−(B) is measurable for every
Borel set B. In addition, X(ω) is the continuous image of a
compact set. Thus X is a compact random set.

(b) Considering 1B, we observe the equivalence

1B(ω) = sup
λ∈Λ

1Xλ (ω)∈B = 1 (13)

⇐⇒ ∃λ ∈ Λ : Xλ (ω) ∈ B ⇐⇒ X(ω)∩B 6=∅.

Thus X−(B) = 1
−1
B ({1}). Since 1B takes only the two

values 0 and 1, this proves that 1B is measurable.

(c) For 1B we have

1B(ω) = inf
λ∈Λ

1Xλ (ω)∈B = 1 (14)

⇐⇒ ∀λ ∈ Λ : Xλ (ω) ∈ B ⇐⇒ X(ω)⊆ B

which leads to X−(B) = 1
−1
B ({1}). The same arguments

as in (b) yield the measurability of 1B. �

3 Comparison Results

The purpose of this section is to prove the chain of inequal-
ities formulated in Eq. (10), exhibit some circumstances
when they are equal and illustrate the behavior by means
of simple examples.

Theorem 2 Let {Xλ}λ∈Λ be a family of random variables
according to the assumptions of Theorem 1 and let X be the
random set induced by this family together with the map
X(ω) = {Xλ (ω) : λ ∈ Λ}. Then it holds

P
˜
≤ P ≤ P ≤ P̃ (15)

for the lower and upper probabilities in Def. 1 and 2.

Proof. For the upper probabilities of a Borel set B we have

P(B) = sup
λ∈Λ

P(Xλ ∈ B) = sup
λ∈Λ

∫

Ω

1Xλ (ω)∈B dm(ω) (16)

≤
∫

Ω

sup
λ∈Λ

1Xλ (ω)∈B dm(ω) =
∫

Ω

1B dm(ω)

=
∫

Ω

1X(ω)∩B 6=∅ dm(ω) = P̃(B)

using Eq. (13). Together with Eq. (14) we get

P(B) = inf
λ∈Λ

P(Xλ ∈ B) = inf
λ∈Λ

∫

Ω

1Xλ (ω)∈B dm(ω) (17)

≥
∫

Ω

inf
λ∈Λ

1Xλ (ω)∈B dm(ω) =
∫

Ω

1B dm(ω)

=
∫

Ω

1X(ω)⊆B dm(ω) = P
˜
(B)

for the lower probabilities. �
Remark. Let

M(P̃) = {P : P(A)≤ P̃(A), A ∈ Σ} (18)

be the set of all probability measures dominated by the
upper probability P̃ induced by the random set X. Further
let

P(X) = {PX : X ∈ S(X)} (19)

be the set of all probability measures generated by the
measurable selections

S(X) = {X : Ω→ R measurable : X(ω) ∈ X(ω)} (20)

of the random set X. In [5, 11, 12] these two sets P(X)
and M(P̃) are investigated and it is proven that the relation
P(X)⊆M(P̃) holds and that we have P(X) =M(P̃) under
certain conditions.

In our case the random variables X ∈ {Xλ}λ∈Λ are mea-
surable selections of the random set X but in general
not all of the selections in S(X). That means we have
{Xλ}λ∈Λ ⊆ S(X) and the following relations

P(B) = sup
λ∈Λ

P(Xλ ∈ B) = sup
X∈{Xλ }λ∈Λ

PX (B)

︸ ︷︷ ︸
family of random variables

≤

≤ sup
X∈S(X)

PX (B)

︸ ︷︷ ︸
all measurable selections

≤ sup
P∈M(P̃)

P(B)

︸ ︷︷ ︸
dominated probabilities

= P̃(B)

for the upper probabilities and vice versa for the lower
probabilities.

Example 1 Let (Ω,Σ,m) = (R,B(R),m) be the probabil-
ity space with probability measure

m(B) =
∫

R

1ω∈B
1√
2π

e−ω2/2 dω, B ∈B(R). (21)

On the one hand, the family {Xλ}λ∈Λ of random variables
is given by

{X(µ,σ)}(µ,σ)∈Λ, Λ = [µ,µ]× [σ ,σ ], σ > 0 (22)

where
X(µ,σ)(ω) = σω +µ. (23)
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This means that X(µ,σ) ∼N(µ,σ2) is a Gaussian random
variable parameterized by (µ,σ). In particular, we have
X(0,1) ∼N(0,1) and X(0,1)(ω) = ω .

On the other hand, the random set X is generated by the
set-valued map

X(ω) = {Xλ (ω) : λ ∈ Λ}. (24)

In this case, X(ω) is an interval [X(ω),X(ω)] with lower
bound

X(ω) = inf
µ∈[µ,µ]
σ∈[σ ,σ ]

X(µ,σ)(ω) =

{
σω +µ ω < 0,
σω +µ ω ≥ 0,

(25)

and upper bound

X(ω) = sup
µ∈[µ,µ]
σ∈[σ ,σ ]

X(µ,σ)(ω) =

{
σω +µ ω < 0,
σω +µ ω ≥ 0.

(26)

As a specific example, we determine the lower and upper
probabilities P(B) and P(B) given Λ = [−0.5,2]× [1,2]
and B = [1,2.5]. For the family {X(µ,σ)}(µ,σ)∈Λ of random
variables we get

P(B) = inf
(µ,σ)∈Λ

P(X(µ,σ) ∈ B) = P(X(−0.5,1) ∈ B) (27)

= 0.065457,

P(B) = sup
(µ,σ)∈Λ

P(X(µ,σ) ∈ B) = P(X(1.75,1) ∈ B)

= 0.546745,

cf. Fig. 1 where the probability P(X(µ,σ) ∈ [1,2]) on Λ is
visualized as a contour plot. The maximum probability is
achieved at parameter values (µ,σ) = (1.75,1) (4) and the
minimum probability at (−0.5,1) (5).

P
(X

(µ
,σ
)
∈
[1
,2
])

σ
∈
[1
,2
]

µ ∈ [−0.5,2]
0 1 2

0.2

0.4

1

1.5

2

Figure 1: Set Λ = [−0.5,2] × [1,2] and probabilities
P(X(µ,σ) ∈ [1,2]) visualized as a contour plot.

In Fig. 2 the random set X (gray area) corresponding to
the above family of random variables, the bounds X, X, a
single random variable X(1.5,1.3) ∈ {X(µ,σ)}(µ,σ)∈Λ and the
focal set X(ω) at ω = 1 are depicted.

X

X
(ω

) X(ω)

XX

X(1.5,1.3)

ω = 1
-4 -2 0 2 4 6

−1

0

1

2

3

4

Figure 2: Random set X, bounds X and X, a single random
variable X(1.5,1.3) and a focal set X(ω).

To compute the lower and upper probabilities P
˜
(B) and

P̃(B) we need the lower and upper inverses. The lower in-
verse X−(B) is the empty set, because there are no focal sets
X(ω) which are subsets of B = [1,2.5]. The upper inverse
X−(B) is the interval [−1,3], cf. Fig. 3 where the random
set X and the set B are depicted. In addition, some of the
focal sets X(ω), ω ∈ X−(B), with non-empty intersection
with B are visualized as vertical lines. For comparison, the
random variables X(−0.5,1) and X(1.75,1) resulting in P(B)
and P(B) are plotted as well.

X

B

X(1.75,1)

X(− 1
2 ,1)

X
(ω

)

ω
−1 0 3

1

2.5

Figure 3: Set B = [1,2.5], random set X, random variables
X(1.75,1) and X(− 1

2 ,1)
resulting in P(B) and P(B). The verti-

cal lines are focal sets with non-empty intersection with B
leading to P̃(B).

Then the lower and upper probabilities are easily obtained:

P
˜
(B) =m(X−(B)) =m(∅) = 0 (28)
≤ 0.065457 = P(B),

P̃(B) =m(X−(B)) =m([−1,3]) = Φ(3)−Φ(−1) (29)

= 0.839994≥ 0.546745 = P(B)

where Φ(ω) =m((−∞,ω]) denotes the Gaussian cumula-
tive distribution function.
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In the following theorem we present special cases where
P
˜
(B) = P(B) and/or P̃(B) = P(B) holds for a fixed Borel

set B. Since we are interested in probabilities P(g(X)≤ 0),
we focus on sets B of type (−∞,b].

Theorem 3 Let {Xλ}λ∈Λ be a family of random variables,
Λ a compact subset of a metric space and assume that the
maps λ → Xλ (ω) are continuous for each fixed ω ∈ Ω.
Further let X(ω) = {Xλ (ω) : λ ∈ Λ} and denote the lower
and upper bounds by

X(ω) = minX(ω) and X(ω) = maxX(ω). (30)

(a) If there is a λ ∈ Λ such that 1Xλ (ω)∈B = 1B(ω) m-
almost everywhere, then we have P(B) = P

˜
(B).

If there is a λ ∈ Λ such that 1Xλ (ω)∈B = 1B m-almost
everywhere, then we have P(B) = P̃(B).

(b) Let B = (−∞,b]. If there is a λ∗ ∈ Λ such that
X−1

λ∗ (B) = X
−1
(B), then we have P(B) = P

˜
(B).

If there is a λ∗∈Λ such that X−1
λ∗ (B) = X−1(B), then

we have P(B) = P̃(B).

(c) Let B= (−∞,b]. If there is a λ∗ ∈Λ such that Xλ∗ =X,
then we have P(B) = P

˜
(B).

If there is a λ∗∈Λ such that Xλ∗ = X, then we have
P(B) = P̃(B).

(d) Let B = (−∞,b], (Ω,Σ,m) = (R,B(R),m) and Λ×
R → R : (λ ,ω) → Xλ (ω) continuous and strictly
monotonically increasing (decreasing) in the ω-
direction, then P(B) = P

˜
(B) and P(B) = P̃(B).

Proof. (a) It follows directly from the Eqs. (16) and (17) in
the proof of Theorem 2.

For the further proof we use that X−(B) = X
−1
(B) and

X−(B) = X−1(B) holds for a set of the form B = (∞,b].

(b) Let B = (−∞,b]. Then

P
˜
(B) =m(X−(B)) =m(X

−1
(B)) =m(X−1

λ∗ (B)) (31)

=
∫

Ω

1Xλ∗ (ω)∈B dm(ω)≥ P(B)

and

P̃(B) =m(X−(B)) =m(X−1(B)) =m(X−1
λ∗ (B)) (32)

=
∫

Ω

1Xλ∗ (ω)∈B dm(ω)≤ P(B).

(c) It is a special case of (b). E.g., if there is a λ∗∈Λ such
that Xλ∗ = X, then it follows that X−1(B) = X−1

λ∗ (B).

(d) Let B = (−∞,b] and (λ ,ω)→ Xλ (ω) continuous and
strictly monotonically increasing in the ω-direction. In this
case the bound X is continuous and strictly monotonically
increasing in ω . (Assume X(ω1) ≥ X(ω2) for ω1 < ω2.
Then it follows from Eq. (30) that there is a λ such that
X(ω2) =Xλ (ω2). This leads to the contradiction Xλ (ω1)≥
X(ω1)≥ Xλ (ω2).)

There are three cases:

(i) Case b < X. Then X−1(B) = ∅, P̃(B) = m(∅) = 0
and P(B) = 0.

(ii) Case b>X. Then X−1(B) =R, P̃(B) =m(R) = 1.
Further, P(B) = 1. Indeed, take any ω ∈ R. Then
there is λ ∈ Λ such that X(ω) ≤ Xλ (ω) < b and by
strict monotonicity X(ω)≤ Xλ (ω)< b for all ω ≤ ω .
This implies P(B)≥m((∞,ω]). Since ω is arbitrary,
we get P(B) = 1 for ω → ∞.

(iii) Case b ∈ X(R). Then there is an ω∗ ∈ R such that
X(ω∗) = b.

In case (iii) we have on the one hand

X((−∞,ω∗])⊆ (−∞,b] (33)

because of the strict monotonicity of X and on the other
hand for the complement of (−∞,ω∗]

X((ω∗,∞))∩ (−∞,b] =∅ (34)

which means that X−1((−∞,b]) = (−∞,ω∗].

Further there is a λ∗ ∈ Λ such that X(ω∗) = b = Xλ∗(ω
∗)

because of Eq. (30). This and the monotonicity of Xλ∗ ≥ X

leads to

Xλ∗((−∞,ω∗])⊆ (−∞,b], (35)
Xλ∗((ω

∗,∞))∩ (−∞,b] =∅,

X−1
λ∗ ((−∞,b]) = (−∞,ω∗]

and this in turn leads to the assumption

X−1
λ∗ ((−∞,b]) = X−1((−∞,b]) (36)

of case (b). In particular, we get ω∗ = X−1(b) = X−1
λ∗ (b)

and P(B) = P̃(B) =m((−∞,ω∗]).

By the same arguments one can prove for the lower
probabilities that P(B) = P

˜
(B) =m((−∞,ω∗]) with ω∗ =

X
−1
(b) = X−1

λ∗ (b) and the results for decreasing functions
(λ ,ω)→ Xλ (ω) as well. �
Remark on Theorem 3c. If there is a λ∗ ∈ Λ such that
Xλ∗ = X, then we have FXλ∗ = FX for the cumulative distri-
bution functions and therefore

P̃((−∞,b])) = FX(b) = FXλ∗ (b) = P((−∞,b]). (37)

The relation FXλ∗ = FX means in the notion of p-boxes [7],
that one of the distribution functions FXλ , λ ∈ Λ, coincides
with the upper envelope F = FX, cf. [7], of the p-box.
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Example 2 We continue with Example 1. Here we want
to compute the lower and upper probabilities for the set
B = (−∞,b].

Since (µ,σ ,ω)→ X(µ,σ)(ω) = σω +µ , σ > 0, is contin-
uous and a strictly monotonically increasing function in ω ,
we can apply Theorem 3 (d).

First we determine the inverses of X and X (cf. Eqs. (25)
and (26)):

X−1(x) =




(x−µ)/σ = X−1

(µ,σ)
(x) x < µ,

(x−µ)/σ = X−1
(µ,σ)

(x) x≥ µ,
(38)

and

X
−1
(x) =

{
(x−µ)/σ = X−1

(µ,σ)
(x) x < µ,

(x−µ)/σ = X−1
(µ,σ)

(x) x≥ µ.
(39)

Now let again Λ = [µ,µ]× [σ ,σ ] = [−0.5,2]× [1,2] and
B = (−∞,b] = (−∞,2.5]. Then 2.5≥ µ ≥ µ which means
that we have to take the second parts of Eqs. (38) and (39)
to determine the lower and upper probabilities:

P
˜
((−∞,b]) = P((−∞,b]) =m((−∞,X

−1
(b)]) (40)

=m((−∞,ω∗]) = Φ(X−1
(2,2)(2.5)) = Φ(0.25)

= 0.598706,

P̃((−∞,b]) = P((−∞,b]) =m((−∞,X−1(b)]) (41)

=m((−∞,ω∗]) = Φ(X−1
(−0.5,1)(2.5)) = Φ(3)

= 0.998650

with b = 2.5, ω∗ = X
−1
(b) = 0.25 and ω∗ = X−1(b) = 3,

see also Fig. 4.

X

B

X(2,2) X(− 1
2 ,1)

X
(ω

)

ω∗=X−1
(2,2)(2.5)=

1
4 ω∗=X−1

(− 1
2 ,2)

(2.5)=3

2.5

Figure 4: Set B = (−∞,b] = (−∞,2.5], random set X, ω∗,
ω∗, random variables X(2,2) and X(− 1

2 ,1)
resulting in P(B)

and P(B). The vertical lines are focal sets with non-empty
intersection with B leading to P̃(B) = P(B).

4 Numerical Example

As a simple engineering example we consider a beam of
length L= 3 m supported on both ends and additionally bed-
ded on a spring, cf. Fig. 5. The values of the beam rigidity
EI = 1 kNm2, of the elastic limit moment Myield = 21 kNm
and of the load f (ξ ) = q = 100 kN/m are deterministic, but
the value of the spring constant x (in our notation for the
variables of the function g) is assumed to be uncertain.

The beam will fail in the case where the value of limit
state function g depending on the spring constant x is less
or equal to 0. This means that we are interested in the
failure probability P(g(X)≤ 0) where the random variable
X describes the uncertainty of the spring constant.

In this example the limit state function g is given as

g(x) = Myield− max
ξ∈[0,3]

|M(ξ ,x)| (42)

= Myield−
qL2

4
max

(
(1− c(x))2

2
,c(x)− 1

2

)

with c(x) = 5x/(384EI/L3 + 8x), see Fig. 5 and [9]. Ob-
viously this function is cheap to evaluate. Nevertheless
we will apply the strategies for handling time consuming
functions g as described in the following sections.

g(
x)

spring constant x
15 20 25 30 35 40 45

−2

0

2

Figure 5: Beam bedded on a spring and deterministic limit
state function g depending on the spring constant.

We model the uncertainty of the spring constant by a fam-
ily {X(µ,σ)}(µ,σ)∈Λ of random variables X(µ,σ) ∼N(µ,σ2)
and, alternatively, by the induced random set X. For this
purpose, we simply continue with the set-up of Example 1.
However, the set Λ is now given by

Λ = [µ,µ]× [σ ,σ ] = [20,30]× [0.5,3]. (43)

In the following sections the function g, the family of ran-
dom variables as defined above and the corresponding ran-
dom set will be used to exemplify the simulation techniques
presented.
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5 Simulation of Random Sets

First, let us recall how the propagation of random set data
through a map is accomplished. Let g : Rn → R be a
continuous function and X(ω), ω ∈ Ω be a random set.
The image set G(ω) = g(X(ω)), ω ∈ Ω, where g(X(ω))
is the set of values the function y = g(x) attains when x
ranges in X(ω) is a random set. Computational aspects
of random sets have been discussed at many places, see
e.g. the references in [3]. In our context, the principles
of Monte Carlo simulation of random sets of the form
g(X(ω)) = g({Xλ (ω) : λ ∈ Λ}) have to be explained.

We assume that Λ is a compact subset of a metric space
and that the maps λ → Xλ (ω) are continuous for each
fixed ω ∈ Ω. Then G(ω) = g(X(ω)) is contained in a
random interval [G(ω),G(ω)], where G(ω) = ming(X(ω))

and G(ω) = maxg(X(ω)). Suppose we wish to compute
its upper and lower distribution functions F(y) and F(y).
Note that

F(y) = P
(
(−∞,y]∩ [G,G] 6=∅

)
= P

(
G≤ y

)
= FG(y),

the cumulative distribution function of the random variable
G. Similarly,

F(y) = P
(
[G,G]⊂ (−∞,y]

)
= P

(
G≤ y

)
= FG(y).

Recall that g(X(ω)) = {g(Xλ (ω))) : λ ∈ Λ}. Thus, in
order to compute G(ω) and G(ω), an optimization problem
has to be solved that determines the smallest and the largest
value of the set {g(Xλ (ω))) : λ ∈ Λ}. This leads to the
following algorithm for computing the upper distribution
function F(x).

• Generate a sample ω1, . . . ,ωNsamp random elements of
Ω, distributed according to m .

• For each ωn, estimate G(ωn)=ming(Xλ (ωn)) by min-
imization with respect to λ ∈ Λ.

• The empirical distribution function of the sample
{G(ωn) : n = 1, . . . ,Nsamp} is an approximation to
F(y).

In order to compute the respective minima and maxima, the
parameter set should be discretized into λ1, . . . ,λNgrid . The
algorithm requires Ngrid ·Nsamp evaluations of the function g.
Generally, this is too expensive for large scale applications.
Computational cost can be saved by suitably approximating
the input-output function g by a surrogate model. For such
an approximation, two levels are at hand:

Ω
Xλ−→ Rn g−→ R.

There are two possibilities to construct a surrogate model:
either by a surrogate model g̃ of the map g : Rn → R or
by a family of stochastic surrogate models of the maps

Ω→ g ◦ Xλ . Both approaches start with a set of collo-
cation points x j, j = 1, . . . ,Ncoll in Rn, together with the
corresponding function values y j = g(x j). This requires
Ncoll evaluations of the input-output function g. In the first
approach, the functions g̃◦Xλ have to be simulated for λ
belonging to a grid of representative parameter values λi,
i = 1, . . . ,Ngrid. Each Xλi has a different probability distri-
bution. If a Monte Carlo sample of size Nsamp is desired,
this still requires Ngrid ·Nsamp evaluations of the function g̃.
We will show below that reweighting technique can reduce
the computational cost to Nsamp evaluations.

We first discuss the second approach. Here the collocation
points are pulled back to Ω as follows: For each λi and x j,
define a collocation point in Ω by ωi j = X−1

λi
(x j). Clearly,

y j = g(Xλi(ωi j)) for every i. Fitting a surrogate model g̃i
for each i, based on the data (ωi j,g j), j = 1, . . . ,Ncoll is
computationally inexpensive. Typically, when Ω =Rm and
the measure dm(ω) is absolutely continuous with respect
to Lebesgue measure, one may use orthogonal polynomials
with respect to the measure dm(ω) (Hermite expansion
in the Gaussian case) and then compute the coefficients by
weighted regression through the data.

At fixed ω , the lower bound G(ω) of the focal set G(ω) can
simply be estimated by the smallest value among the g̃i(ω),
i = 1, . . . ,Ngrid. Repeating this procedure for a sample
ω1, . . . ,ωNsamp produces a Monte Carlo sample {G(ωn) :
n = 1, . . . ,Nsamp} which can be used to estimate the desired
upper distribution function F(y), and similarly for the lower
distribution function F(y).

This approach requires Ncoll evaluations of the expensive
full model and Nsamp evaluations of the inexpensive sur-
rogate model. Details of the procedure can be found in
[16]; further information on the construction of stochastic
surrogate models is in [10].

Remarks. (a) In case Xλ are Gaussian variables with
λ = (µ,σ) and Ω = R with the standard Gaussian density,
we simply have Xλ (ω) = µ+σω and X−1

λi
(x) = (x−µ)/σ .

The same procedure can be applied to a non-Gaussian fam-
ily Xλ by transforming it to standard Gaussian space, i.e.,
Xλ (ω) = F−1

λ (Φ(ω)) where Fλ and Φ denote the cumula-
tive distribution functions of Xλ and of a standard normal
variable, respectively.

(b) Some indications on multivariate families Xλ are in
order. We consider the case of an n-dimensional Gaus-
sian variable Xλ ∼ N

(
µ(λ ),S(λ )

)
with mean µ(λ ) and

covariance S(λ ), both assumed to depend continuously on
a possibly multidimensional parameter λ . Performing the
Cholesky factorization S(λ ) = C(λ )C(λ )T, the random
variables Xλ can be realized as Xλ = C(λ )Y where Y is an
n-dimensional standard Gaussian variable. The procedure
outlined above can be applied in the same way, employing
n-dimensional Hermite polynomials.
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In this framework, finite dimensional discretizations of
Gaussian random fields can be accommodated as well, ei-
ther using the Cholesky factorization or – equivalently – a
truncated Karhunen-Loève expansion.

Example 3 We continue with our engineering example.
Due to its small size, we may use the full model without
constructing a surrogate model.

Let the grid points (µi,σ j) with

µi = 20,21, . . . ,30 and σ j = 0.5,1,1.5, . . . ,3 (44)

define a grid on Λ = [µ,µ]× [σ ,σ ] = [20,30]× [0.5,3].
Then a focal set [G(ω),G(ω)] of the random set G at ω is
approximated by

G(ω)≈min
i, j

g◦X(µi,σ j)(ω), (45)

G(ω)≈max
i, j

g◦X(µi,σ j)(ω).

We approximate the upper probability of failure of the beam
by means of Monte Carlo simulation:

P̃(g≤ 0) =
∫

R

1G(ω)∩(−∞,0]6=∅ dm(ω) (46)

=
∫

R

1G(ω)≤0 dm(ω)

≈
Nsamp

∑
k=1

1G(ωk)≤0 ·
1

Nsamp
= 0.358.

where ω1, . . . ,ωNsamp is a standard normally distributed sam-
ple.

In Fig. 6 the random set G and one of the functions which
are generating G, namely g◦X(24,2), are depicted. Further in
Fig. 7 a sample of focal sets G(ωk), k = 1, . . . ,Nsamp, is visu-
alized. Counting the focal sets with non-empty intersection
with (−∞,0] leads to the upper probability P̃(g≤ 0).

G

g◦X(24,2)

G

G

g(
X (

µ i
,σ

j)
(ω

k)
)

ω
−4 −2 0 2 4

−1

0

1

2

Figure 6: Random set G, g◦X(24,2) (one of the transforma-
tions of g), lower and upper bounds G and G.

G

G

G

g(
X (

µ i
,σ

j)
(ω

k)
)

ω
−4 −2 0 2 4

−1

0

1

2

Figure 7: Random set G and focal sets G(ωk) for sample
ω1, . . . ,ωNsamp visualized as vertical lines.

6 Simulation of Families of Random
Variables

In this section we show how to simulate families of random
variables and how to save computational cost applying
sample reweighting techniques.

We shortly present the ideas of resampling: Let v be a
measurable function (later on an indicator function 1g(x)≤y),
fX > 0 the strictly positive density function of a random
variable X and fY > 0 the strictly positive density of a
random variable Y . Then, for the random variable X we
have the approximation

∫

R

v(x) fX (x) dx ≈
Nsamp

∑
k=1

v(xk) ·
1

Nsamp
(47)

of the integral where x1, . . . ,xNsamp is a sample distributed
according to X together with weights 1/Nsamp. Similarly,
for Y we get

∫

R

v(x) fY (x) dx ≈
Nsamp

∑
k=1

v(yk) ·
1

Nsamp
(48)

where now y1, . . . ,yNsamp is a sample distributed as Y with
weights 1/Nsamp. In this version, replacing the density
function fX by fY needs new samples and new function
evaluations v(yk).

Alternatively, applying sample reweighting, we have
∫

R

v(x) fY (x) dx =
∫

R

v(x) · fY (x)
fX (x)

· fX (x) dx (49)

≈
Nsamp

∑
k=1

v(xk) ·
fY (xk)

fX (xk)

1
Nsamp

using the original sample x1, . . . ,xNsamp , but now with new
weights

wk :=
fY (xk)

fX (xk)

1
Nsamp

(50)

instead of the uniform weights 1/Nsamp.
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Our goal is to approximate probabilities P(g(Xλ )≤ y) by
means of Monte Carlo simulation using only one sample
for all Xλ , λ ∈ Λ.

As a first step, we start with the generation of a sample
x1, . . . ,xNsamp . This sample may be distributed as one of our
random variables Xλ , λ ∈Λ. But a better choice is a “basic”
distribution covering a greater range than a distribution
of a single Xλ , λ ∈ Λ, does. In our example with the
family {X(µ,σ)}(µ,σ)∈Λ of Gaussian random variables, this
can be achieved by using an appropriate high variance
σ2
∗ > σ2 and µ∗ = (µ + µ)/2 for generating a Gaussian

sample x1, . . . ,xNsamp ∼N(µ∗,σ2
∗ ). In general we say that

this “basic” sample is distributed as a random variable X∗.

As a second step, we compute all function values g(xk),
k = 1, . . . ,Nsamp, of the limit state function, either directly
evaluating g or using a surrogate model g̃.

As a third step, we have to perform a reweighting of the
sample generated above, since we need samples distributed
according to certain random variables Xλ . These weights
for a given Xλ are obtained by

wk(λ ) =
fXλ (xk)

fX∗(xk)

1
Nsamp

. (51)

Now we are able to approximately compute probabilities
P(g(Xλ ) ≤ y) for different random variables Xλ without
additional function evaluations of g:

P(g(Xλ )≤ y)≈
Nsamp

∑
k=1

1g(xk)≤y ·wk(λ ). (52)

For the computation of the upper/lower probabilities we use
a grid of representative parameter values λi as mentioned in
the previous section, estimate the probabilities P(g(Xλi)≤
y) at the grid points λi by means of Monte Carlo simulation
as in Eq. (52) and take the maximum/minimum value as an
approximation:

P(g≤ y) = sup
λ∈Λ

P(g(Xλ )≤ y)≈ max
i=1,...,Ngrid

P(g(Xλi)≤ y)

≈ max
i=1,...,Ngrid

N

∑
k=1

1g(xk)≤y ·wk(λi), (53)

P(g≤ y)≈ min
i=1,...,Ngrid

N

∑
k=1

1g(xk)≤y ·wk(λi). (54)

Example 4 Again, we continue with the engineering ex-
ample.

We approximately compute the failure probability
P(g(X(µ,σ)) ≤ 0) of the beam for a fixed pair (µ,σ) ∈ Λ
using either Monte Carlo simulation in the space of the
variables of the limit state function g, Eq. (57), or in the

standard normal space, Eq. (56):

P(g(X(µ,σ))≤ 0) =
∫

R

1g(X(µ,σ)(ω))≤0 dm(ω) (55)

≈
Nsamp

∑
k=1

1g(X(µ,σ)(ωk))≤0 ·wk(µ,σ) (56)

≈
Nsamp

∑
k=1

1g(xk)≤0 ·wk(µ,σ) (57)

where
X(µ,σ)(ωk) = σωk +µ = xk (58)

and in the reverse direction

ωk = X−1
(µ,σ)(xk) = (xk−µ)/σ . (59)

The weights are given by

wk(µ,σ) =
fX(µ,σ)

(xk)

fX∗(xk)

1
Nsamp

(60)

where the sample x1, . . . ,xNsamp is distributed according
X∗ ∼N(25,62) for Nsamp = 100000.

In the next step we have to compute

P(g≤ 0) = sup
(µ,σ)∈Λ

P(g(X(µ,σ))≤ 0) (61)

which is approximated using grid points (µi,σ j) with

µi = 20,21, . . . ,30 and σ j = 0.5,1,1.5, . . . ,3. (62)

The probabilities P(g(X(µi,σ j))≤ 0) at these grid points are
computed as in Eq. (52) and depicted in Fig. 8. Then we
simply take the maximum of all these probabilities similar
to Eq. (53) and obtain the result

P(g≤ 0)≈max
i, j

P(g(X(µi,σ j))≤ 0)≈ 0.221 (63)

which is the upper probability of failure of the beam con-
sidered.

Comparing this result with the result in Section 5 it holds
that 0.221≈ P(g≤ 0)≤ P̃(g≤ 0)≈ 0.358.
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Figure 8: Failure probability P(g(x(µ,σ))≤ 0) computed at
grid points (µi,σ j).
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7 Summary and Conclusions

We have discussed two interpretations of upper and lower
probabilities, given a family of random variables. The
random set approach is supported by the availability of
a rich theory as well as various recent applications, e.g.
[16, 17, 18, 19]. The approach based directly on the family
of random variables has been favored e.g. in [2]. We have
shown here that the latter approach gives tighter bounds,
i.e., smaller probability intervals, in general. For both
approaches, cost saving simulation methods have been pre-
sented. We hope that the paper stimulates further research
into the computational aspects of imprecise probability.
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