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Abstract
In this article we define a procedure which corrects
an incoherent probability assessment on a finite domain by exploiting a geometric property of L1-distance
(known also as Manhattan distance) and mixed integer programming. L1-distance minimization does not
produce, in general, a unique solution but rather a
corrected assessment that could result an imprecise
probability model. We propose a correction method
for the merging of two separate assessments whose
direct juxtaposition could be incoherent, and for the
revision of beliefs where the core of the assessment
must remain unchanged. A prototypical example on
antidoping analysis guides the reader through this
article to explain the various procedures.
Keywords. coherence, mixed-integer optimization,
probability merging and revision, imprecise probability.

1

Introduction

The problem of correcting probability evaluations, especially on finite settings, has a long history and
has been largely debated. Considering the significant amount of research on this subject, we can just
mention two main “streams”: one is the “right way” of
assessing probability values, whose roots can be found
in [4, 17, 20] while the other is the so called “calibration question” that stems from the seminal paper [31]
and subsequent developments [15, 16]. More recently
these two streams have been joined and faced with a
unifying view by de Finetti’s notion of coherence ([18]
and in particular [27, pag. 361]). Hence several approaches have been proposed to deal with “incoherent”
probabilities, for both unconditional and conditional
values and by adopting different notions of “distances”
and “scoring rules” (among the many, refer, e.g., to
[6, 7, 8, 9, 28, 30]).
The risk of dealing with incoherent probability as-

sessments is significantly present when the numerical
evaluation comes from different sources of information
and/or structural constraints limit the possible states
(see, e.g., [5, 11, 12, 24, 33]). In this paper we come
back to the fore of this argument leaving aside the
more probabilistic approaches based on scoring rules
that have a forecasting perspectives, by adopting the
more aseptic approach based on geometrical distance
minimization. In particular we will deal with the simple and easily understood L1 -distance, known also as
“Manhattan” or “taxi-cab” metric. The main reason
for using such metric is because we are able to propose
an effective procedure (presented in Sec. 3), which
is based on integer linear programming and hence is
much more efficient than the correction procedures
needed for other distances, for instance the quadratic
programming for L2 -distance. L1 -distance minimization has moreover a simple interpretation, since it
implies a direct minimal modification of each single
value, permitting to use it for different purposes like
the merging between two separate assessments (described in Sec. 4) and the revision of beliefs (depicted
in Sec. 5).
The peculiarity of using L1 minimization is the nonuniqueness, in general, of the solution and this could
represent an alternative way of legitimating the adoption of imprecise probability models, in addition to the
historical ones as stemming from buying/selling prices
or desirability of gambles [35], or from extensions of
coherent precise initial assessments [13, Chap.15]. In
this paper, we assume that the initial assessments
are precise, but this assumption could be easily generalized to initial imprecise probability assessments.
However, assuming initial assessments as being precise
is reasonable as it is consistent with usual estimate
techniques which tend to express precise values.
In order for this paper to be as self-contained as possible, the next Section 2 briefly introduces the notion
of probability assessments and formalizes the problem
of their coherence. As already stated, the subsequent
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Section 3 contains a proposal of a new correction algorithm based on L1 -distance minimization via mixed
integer programming and on properties of convex polytopes, while Sections 4 and 5 legitimate its usefulness.
A short concluding Section 6 closes the contribution.

2

Probability Assessments

A probability assessment on a finite domain can be
expressed through a quadruple π = (V, U, p, C), where
V = {X1 , . . . , Xn } is a finite set of propositional variables, representing any potential event of interest, U is
a subset of V that contains the effective events taken
into consideration, p : U → [0, 1] is a function which
assigns a probability value to each variable in U , and
C is a finite set of logical constraints which lie among
all the variables in V .
Note that the explicit presence of the set of variables
V , even if the numerical assessment is given on the
subset U , permits to extend an initial assessment to
a larger domain without redefine the whole model,
allowing a dynamical analysis. In this paper we will
use it only on the merging application of Sec.4, but
it is a good practice to allow this distinction also in
static descriptions.
Since the Boolean logical setting in which we embed the assessment, in the sequel we will adopt the
usual logical notation, with ¬, ∧ and ∨ denoting the
negation, disjunction and conjunction connectives, respectively; ⇒ the material implication; = the logical
equivalence; > and ⊥ the universal tautology and contradiction (sure and impossible events), respectively.

from semantical, syntactical or operational point of
views (see, e.g., [12, 13, 18, 27]). Here we adopt the
pragmatic way already used in [1], where a probability
assessment π = (V, U, p, C) is coherent if there exists
a probability distribution µ : 2V → [0, 1] on the set
of all truth-value assignments 2V which satisfies the
following properties
1. for each α ∈ 2V , if there exists a constraint c ∈ C
such that α 6|= c, then µ(α) = 0;
X
2.
µ(α) = 1;
α∈2V

3. for each X ∈ U ,

The computational problem CPA is strictly related to
the Probabilistic Satisfiability problem (PSAT [23]),
where the probability assessment is defined on some
finite set of propositions, instead that on the propositional variables. It can be proved that every instance
of CPA can be easily translated as a PSAT instance,
and that every PSAT can be formulated in a normal
form, which is essentially a CPA instance [14].
There exist several algorithms to solve CPA and PSAT
problems:
• A column-generation [23, 25] approach, where the
problem is solved using linear programming techniques which exploit the sparsity of the solutions;
• CPA algorithm [1, 2], which is based on a symbolic
manipulation which, in some cases, needs a further
linear programming procedure;
• SAT-based approach [19], in which the problem
is translated in a pure propositional satisfiability
form (SAT);

l∈L

for some H, L ⊆ {1, . . . , n}, so that C results as their
conjunction.
For example, the constraint Xi =⇒ Xj is expressed
in C by the clause ¬Xi ∨ Xj .

A truth-value assignment α is a function from V to
{0, 1}. Given a proposition φ, we write α |= φ when α
satisfies φ, otherwise we write α 6|= φ.

There are different, but equivalent, ways to define the
coherence, i.e., the “rationality”, of an assessment π:
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µ(α) = p(X).

α∈2V ,α|=X

The coherence of a probability assessment, called
shortly CPA, has been already studied in [1, 2, 3, 32],
albeit in a slightly different form, showing that checking if π is coherent is a NP-complete problem, even
when the constraints in C are binary (i.e., each of them
involves only two variables).

Usually some possible forms of logical constraints are:
φ = ψ, φ =⇒ ψ and φ = ⊥, where ψ and φ are
boolean expressions involving the variables of V . But
without loss of generality, we suppose that C is expressed in conjunctive normal form, i.e., each element
of C is a disjunction of literals formed with variables
in V , i.e., each element can be written as disjunctive
clause
!
!
_
_
Xh ∨
¬Xl
h∈H

X

• MIP-based approach [14], in which the problem
is formulated as a mixed integer programming
problem (MIP).

3

Correcting Probability Assessments

When a probability assessment π = (V, U, p, C) is not
coherent, then it is possible to “correct” it in different
ways, in order to obtain a coherent probability assessment π 0 which is as close as possible to π, according
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to a distance or a pseudo-distance function between
probability assessments.

all of them are non-negative (as usual in linear programming).

One possibility is to revise only the probability values,
i.e., π 0 = (V, U, p0 , C), and to use a distance between
probability assessments which is defined only in terms
of p and p0 .

The program P1 also has the integer variables

Another possibility, which will not be taken into account in this paper, could be to revise (also) the logical
constraints.

which are constrained to 0 or 1.

Since p and p0 correspond to vectors of Rn , where
n = |U |, it is possible to use a distance d in Rn . Then,
chosen a distance d, a d-correction of a probability
assessment π = (V, U, p, C) is a vector p0 such that the
probability assessment π 0 = (V, U, p0 , C) is coherent
and d(p, p0 ) is minimized. We denote Cd (π) the sets of
all the d-correction of π.
Clearly if π is coherent, then Cd (π) = {p}, for any
distance d of Rn .
In general, given a probability assessment π, Cd (π)
could have more than one element and in this case
the operation of correcting a probability assessment
leads to an imprecise probability model, the so called
“credal set”.
As already stated in te Introduction, several distance
choice are possible. Among the many, in this paper
we focus on the L1 distance defined as
d1 (p, p0 ) =

n
X
i=1

|p(Xi ) − p0 (Xi )|

and we denote Cd1 (π) as C(π). Whether this could be
the best distance and how it performs with respect to
the others is not directly considered. Rather its use
as a tool is considered as it is reasonable and easily
interpretable by users so that technical aspects connected with its adoption are addressed. Our interest
in L1 distance is that with its adoption translating the
optimization problem into a linear problem by using
both integer and real variables is possible. This last
represents a computational advantage compared to
other distances that imply implementation of non linear (quadratic, logarithmic, etc.) optimizations tools.
The resulting mixed integer program P1 is built similarly to the method described in [14]. Let us suppose
that U = {X1 , . . . , Xn }. Moreover let m = |C|.

The real variables of P1 are

• bij , for i = 1, . . . , n and j = 1, . . . , n + 1.
• qj , for j = 1, . . . , n + 1
• ri , si , for i = 1, . . . , n

• aij , for i = 1, . . . , n and j = 1, . . . , n + 1
The constraints of P1 are
1. for each i = 1, . . . , n,
n+1
X
j=1

bij = p(Xi ) + (ri − si )

2. for i = 1, . . . , n and j = 1, . . . , n + 1,
0 ≤ bij ≤ aij ,
3.

aij − 1 + qj ≤ bij ≤ qj
n+1
X

qj = 1

i=1

4. for i = 1, . . . , n,

ri ≤ 1,

si ≤ 1

Moreover,
W for each
W clause ci (for i = 1, . . . , m), where
ci =
Xh ∨
¬Xl , and for each j = 1, . . . , n + 1
h∈Hi

l∈Li

the following linear constraint is added
X
X
ah,j +
(1 − al,j ) ≥ 1
h∈Hi

l∈Li

Finally, the objective function to be minimized is
n
X
(ri + si )
i=1

Solving the linear program P1 is equivalent to correcting the probability p, because every correction p0 of
p is a coherent probability assessment, hence it can
be written as a convex combination of at most n + 1
atoms, i.e., truth assignments which satisfy the logical constraint C (for more details refer, e.g., to [25]).
The binary variables aij are a representation of these
atoms, because of the constraint 4., while the real variables qj are the coefficients of the convex combination.
The role of constraint number 2. is to set bij = aij · qj
(for i = 1, . . . , n and j = 1, . . . , n + 1), without using
the multiplication, otherwise P1 would not be a linear
problem. The variables ri , si are slack variables, which
represent, respectively, the positive and the negative
difference between p(Xi ) and p0 (Xi ), as implied by
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the constraint 1. Finally, the objective function corresponds
L1 -distance between p and p0 ,
Pnto minimize the
0
i.e., i=1 |p(Xi ) − p (Xi )|.

From a theoretical point of view, to find the correction
is a computational hard problem. Indeed given a
probability assessment π = (V, U, p, C) and a real nonnegative number D, it is a NP-complete problem to
check if there exists a coherent probability assessment
π 0 = (V, U, p0 , C) such that d1 (p, p0 ) ≤ D. The proof
of NP-containment is easy because any solution of
P1 provides a succinct certificate for the existence of
π 0 i.e., the values of aij , ri and si ’s. While the NP–
hardness derives from the fact that the coherence of
π (which is a NP-complete problem) can be tested by
posing D = 0.
Anyway, the actual implementations of MIP solvers
make possible to solve probability correction problems
of reasonable size in a feasible amount of time.
The optimal value δ for the objective function corresponds to the minimum possible correction on p and
any coherent probability assessment π 0 = (V, U, p0 , C)
such that d1 (p, p0 ) = δ is a possible solution i.e., p0 is
an element of C(π).
In many situations C(π) has more than one element
and the MIP problem is able to find just one solution,
which could not be a good representative of all the
elements of C(π), as it happens when it is an extreme
value. Hence the following procedure to generate all
the elements of C(π) is proposed.
Let Q be the set of all vectors q ∈ Rn such that the
probability assessments (V, U, q, C) are coherent. Q
forms a convex polytope whose extremal points are
exactly the atoms, i.e., all truth-value assignments α
which satisfy the logical constraints C.

Let Bπ (δ) be the ball of all vectors q ∈ Rn such that
d(p, q) ≤ δ, with p the numerical probability assessment present in π. Such ball Bπ (δ) is a convex set
whose extremal points are the points p±δei , where ei is
the i-th vector of the canonical basis, for i = 1, . . . , n.
Then C(π) is a convex set of Rn , because it is the
intersection (see [29]) between the convex sets Q and
Bπ (δ).
It is possible to describe C(π) in terms of its extremal
points q1 , . . . , qs , indeed any element of q ∈ C(π) can
be expressed as
s
X
q=
λi qi
i=1

for some coefficients λ1 , . . . P
, λs ∈ R, such that 0 ≤
s
λi ≤ 1, for i = 1, . . . , s, and i=1 λi = 1.

As a starting point, let us find a particular element
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p̄ ∈ C(π), which has the property that
max |p̄(Xi ) − p(Xi )|

(1)

i=1,...,n

is minimum, among all the coherent assessments such
that
d1 (p̄, p) = δ.
(2)
This optimization problem can be formulated as a MIP
problem P2. All the constraints and the variables of
P1 are reported in P2. Moreover, P2 contains a
new real variable z, which is subject to the constraints
ri +si ≤ z, for i = 1, . . . , n (hence z ≥ max (ri +si )),
Pni=1,...,n
and the new additional constraint i=1 (ri + si ) = δ
(which represents the equality (2)). In this way, the
P2 objective function to be minimized is simply z,
since it equates (1).
The corrected assessment π̄ = (V, U, p̄, C) differs from
π by δ and tries to spread this difference as much as
possible among the variables of U . Moreover, p̄ is, in
some sense, the most “central” point of C(π).

Using p̄, it is possible to find the face F1 of the polytope
Q where C(π) lies. The face F1 is itself a convex set
with at most n + 1 atoms as extremal points, which
can be found as a part of the solutions of P2 (i.e., the
optimal values of aij ).
By looking at the signs of p̄(Xi ) − p(Xi ), for i =
1, . . . , n, it is also possible to determine the face F2 of
Bπ (δ) which contains C(π). Indeed, F2 is a convex set
with at most n extremal points of the form
p + sign(p̄(Xj ) − p(Xj )) · δ · ej .

(3)

The extremal points Q = {q1 , . . . , qs } of C(π) can be
easily found by means of the following procedure.
• let E1 be the extremal points of F1 and E2 be the
extremal points of F2
• compute H1 as the H-representation of F1

• compute H2 as the H-representation of F2

• let H = H1 ∪H2 , the H-representation of F1 ∩F2 =
C(π)
• compute Q as the V-representation of H

where the V-representation of a convex set C is the set
of its extremal points, while the H-representation
of
T
C is a set H of half-spaces such that C =
h. It is
h∈H

possible to convert from the V-representation of C to
its H-representation by means of a face enumeration
algorithm, while the inverse conversion is performed
by a vertex enumeration algorithm [21].
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Both steps can be computed in polynomial time as
shown, for instance, in [21].
Let us summarize the whole process with the following
pseudo-code where FaceEnum and VertexEnum are
suitable procedures to compute the H and V representations.
procedure Correct
Input: assessment (V, U, p, C)
Output: extr. points W and min. distance δ
begin
prepare MIP program P1
solve it and extract the optimal value δ
if δ = 0 then
return ({p}, 0)
else
prepare MIP program P2
solve it
extract the values aij , ri , si
E1 :=columns of matrix aij
compute p̄ from ri , si
compute E2 with formula 3
H1 := FaceEnum(E1)
H2 := FaceEnum(E2)
Q := VertexEnum(H1 ∪ H2)
return (Q, δ)
endif
end
3.1

A Simple Numerical Example

Let us illustrate a simplified example that can help
one to show the previous procedure step by step.
Example 1. Consider a statistical analysis of doping
in sports and how it improves performance while simultaneously damaging health. So let us consider the
binary variables (i.e., events) X1 = D ≡“the athlete
uses banned performance-enhancing drugs” (i.e., "doping"), X2 = E ≡“the athlete is showing a performanceenhancing in the last period” and X3 = H ≡“the athlete is showing a significant change in his/her biological
profile”.
Hence the domain U of our assessment will be U =
{D, E, H}, while, at the moment, the universal set V
can be any, not better specified, superset V ⊇ U .

Suppose one obtains the probability values p(D) = 0.9,
p(E) = 0.8 and p(H) = 0.9 by collecting information from disparate sources of information (e.g., public
health registers, drugs consumption’s and physicians’
files, trainer interviews, etc.) on athletes showing
significant increases in their performances or health
alterations. At a first look the numerical evaluation
p = (0.9, 0.8, 0.9) on U , except from the extremely

a2

a1
p

a3

Q
a4

Figure 1: Configuration of the assessment of the doping example: the coherent assessments polytope Q is
delimited by vertexes a1 , a2 , a3 , a4 ; the initial incoherent assessment p = (0.9, 0.8, 0.9) is at L1 distance
δ = 0.2 from Q.
high values, could seems “acceptable”. On the contrary,
since doping causes both an enhancing in the performance and an alteration of the health and furthermore
and since information is collected only among athletes
already showing at least one of the two “symptoms”,
the assessment must be endowed with the logical constraints:
D ⇒ E ∧ H;
¬(E ∨ H) = ⊥,

(4)
(5)

or, equivalently, with the set of clauses
C = {E ∨ H, ¬D ∨ E, ¬D ∨ H}.

(6)

Consequently the assessment π = (V, U, p, C) is incoherent since the set of coherent values Q is characterized by the probability inequalities
 0
≤ p0 (E)
 p (D)
0
p (D)
≤ p0 (H) ,
 0
0
0
p (E) + p (H) − p (D) ≥ 1
and consist of the convex 0-1 polytope with vertexes
a1 = (1, 1, 1), a2 = (0, 1, 1), a3 = (0, 0, 1), a4 =
(0, 1, 0) and, as it also apparent from Fig. 1, p is outside it and hence incoherent. The first step of the
previously described procedure, through MIP program
P1, returns that δ = 0.2, while the second MIP program P2 finds p = (0.833, 0.867, 0.967) so that one can
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common among π1 and π2 . The compatibility of two
probability assessments means that they do not assign,
in an apparent way, different probability values to the
same variable. Nevertheless, they can be contradictory
by assigning different values to same proposition in an
implicit way, thus the assessment formed by joining
together π1 and π2 could be incoherent.

b3
a1

q3
q4

C(p)

p

Example 2. Take for example as π1 = (V, U, p, C)
the “barycentric” correction of π in Ex.1 given by the
first P1 MIP program, and let π2 = (V, W, q, D) be a
further investigation over official training data that,
agreeing with the percentages of enhancing performers
and of biological perturbations, claims moreover that
the percentage of athletes that naturally, i.e., without
doping, are able to enhance significantly their performance showing biological modifications is of the 1%.
Hence one has

q2=b2

p
q1=b1

Figure 2: Zooming on the doping example assessment:
facet F2 of Bπ (δ) is the grey triangle (b1 , b2 , b3 ), the
set of corrected assessment C(π) is the dashed polygon
with vertexes q1 = b1, q2 = b2, q3 and q4 .
derive the V-representations of the two facets as


 a1· = a1 , 
a2· = a3 ,
E1 =
(7)


a3· = a4


 b1 = (0.7, 0.8, 0.9), 
b2 = (0.9, 1, 0.9),
E2 =
.
(8)


b3 = (0.9, 0.8, 1.1)

With them the intermediate calls to FaceEnum produce
the H-representations (not reported here because of an
hard reading) of the facets F1 and F2. The final call
to the VertexEnum returns the V-representation of the
whole set C(π) of corrected values (the dashed polygon
in Fig. 2) that is



 q1 = b1 = (0.7, 0.8, 0.9), 



q2 = b2 = (0.9, 1, 0.9),
Q=
.
(9)
q3 = (0.9, 0.9, 1),






q4 = (0.8, 0.8, 1)


4

Merging Probability Assessments

Given two coherent probability assessments π1 =
(V, U, p, C) and π2 = (V, W, q, D), on the same propositional variables V , one can say that π1 and π2 are
compatible if for each variable x ∈ U ∩ W , p(x) = q(x).
In other words, p and q coincide on the variables in
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W = {X2 = E, X3 = H, X4 = (¬D ∧ E ∧ H)}; (10)

q(E) = p(E) = 0.867,
q =  q(H) = p(H) = 0.967,  ;
q(X4 ) = 0.01


D ≡ C ∪ {¬D ∨ ¬X4 , E ∨ ¬X4 , H ∨ ¬X4 }.

(11)
(12)

By construction π1 and π2 are “compatible” since they
give the same probabilities to the common subdomain
U ∩ W = {E, H}, but they disagree on X4 since the all
coherent extensions of p give zero probability to X4 .
If two probability assessments π1 = (V, U, p, C) and
π2 = (V, W, q, D) are compatible, one can denote π1 +
π2 as the probability assessment (V, U ∪ W, r, C ∪ D),
where r : U ∪ W → [0, 1] is defined by joining together
p and q, i.e.,
r(x) =



p(x)
q(x)

if x ∈ U
if x ∈ W

The compatibility condition assures that the value of
r(x), when x ∈ U ∩ W , is uniquely defined.

Given two compatible probability assessments π1 =
(V, U, p, C) and π2 = (V, W, q, D), the merging operation of π1 and π2 is defined by
π1 ⊕ π2 = Correct(π1 + π2 )
Example 2. (continues) If one takes the juxtaposition of the two assessments π1 and π2 one gets an
assessment π1 + π2 with components V , U ∪ W =
(D, E, H, X4 ), r = (0.8333, 0.8667, 0.9667, 0.01) and
logical constraints D. It is, as explained before, incoherent, with an L1 minimal distance of δ = 0.01 and
its correction π1 ⊕ π2 is the credal set with extremal
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numerical values

set with extremal values
q1 = (0.8333, 0.8742, 0.9667, 0.0075)

q1 = (0.8333, 0.8767, 0.9667, 0.01)

q2 = (0.8308, 0.8642, 0.9667, 0.00)

q2 = (0.8333, 0.8667, 0.9767, 0.01)

q3 = (0.8333, 0.8667, 0.9742, 0.0075)

q3 = (0.8233, 0.8667, 0.9667, 0.01)
q4 = (0.8333, 0.8667, 0.9667, 0.00).



q4 = (0.8308, 0.8667, 0.9642, 0.00)
q5 = (0.8358, 0.8692, 0.9667, 0.00)
q6 = (0.8258, 0.8667, 0.9667, 0.0075).

Compatibility is not always present between different
assessments, especially if the two sources of information stem from disparate contexts. When the probability assessments to be merged are non compatible,
i.e., they assign different probability values to some
common variables, it is not possible to join directly
them into a unique assessment. Anyhow two different
solutions are possible: a “weighted combination” of
the two assessments, or a “assignment to duplicates”,
as detailed in the next paragraphs.
The first approach requires one to create a non contradictory probability assessment from π1 and π2 , by
choosing a unique probability value for each variable
in U ∩ W . A possible solution is to use a weighted
average of p and q, i.e., chosen a weighting coefficient
ω ∈ [0, 1], where π1 +ω π2 defines the probability assessment (V, U ∪ W, r, C ∪ D), where r : U ∪ W → [0, 1]
is now defined

 p(x)
q(x)
r(x) =

ωp(x) + (1 − ω)q(x)

if x ∈ U \ W
if x ∈ W \ U
if x ∈ U ∩ W

Finally, the merging operation of π1 and π2 is
π1 ⊕ω π2 = Correct(π1 +ω π2 )
When ω = 12 , equal importance is given to π1 and π2
and ⊕ 21 becomes commutative. While the extreme
values ω = 0 and ω = 1 correspond to the cases
where the values of π2 (or π1 , respectively), are used
ω
for contradictory situations. In some sense 1−ω
is a
measure of the relative reliability of π1 with respect
to π2 .
Example 3. If one renders explicit the contradiction
on X4 of the two assessment π1 and π2 of Ex.2, i.e.,
by considering p(X4 ) = 0, and one chooses ω = 12 ,
one has the starting weighted assessment π1 + 12 π2
with components V , U ∪ W = (D, E, H, X4 ), r =
(0.8333, 0.8667, 0.9667, 0.005) and logical constraints
again expressed through the same set of clauses D. It
is anyhow incoherent with an L1 minimal distance of
δ = 0.01 but its correction π1 ⊕ 12 π2 is now the credal



Of course, by varying the weight ω in π1 ⊕ω π2 , one
obtains a class of new coherent (imprecise) assessments
over the domain U ∪ W that have the peculiarity of
being “compromises” of the two original π1 and π2 , but
with the same weight for each event with associated
different values.
A different approach is to create a probability assessment which maintains both numerical values and to
solve the apparent contradiction by adding a new logical variable Xi0 , for each event Xi ∈ U ∩ W such that
p(Xi ) 6= q(Xi ), and assigning the values r(Xi ) = p(Xi )
and r(Xi0 ) = q(Xi ). Moreover, the logical constraint
Xi = Xi0 is added to C ∪ D.
Indeed, the assessment so obtained π1 +π2 is obviously
incoherent and the merging operation of π1 and π2 is
computed as
π1 ⊕I π2 = Correct(π1 + π2 ).

Note that, whenever the two assessments π1 and π2
are compatible, this merging operator π1 ⊕I π2 coincides with the previous π1 ⊕ π2 since no duplication
of variables is needed in such a case.
The main difference between the two approaches is
that the latter ⊕I tries to automatically solve the contradiction, while the operator ⊕ω needs an explicit
way of solving it. The approach of ⊕ω is in some sense
a supervised one, because the user must explicitly
provide a weight ω, while ⊕I adopts an unsupervised
approach, and these difference can leads to very different final results, as the following example shows.
Example 4. Let us proceed as in Ex.3 but maintaining the two distinct values associated to X4 ,
i.e., let us start with the assessment π1 + π2
with components V , U 0 = (D, E, H, X4 , X40 ), r =
(0.8333, 0.8667, 0.9667, 0.00, 0.01) and with logical constraints augmented to D∪{¬X4 ∨X40 , X4 ∨¬X40 }. This
further assessment has again a minimal L1 distance
of δ = 0.01 from the polytope Q of coherent assessments (note anyhow the different cardinality of the
space n = 5), but whose correction leads now to a
precise assessment with numerical values
(0.8333, 0.8667, 0.9667, 0.00, 0.00).
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Anyway, the idea behind these two definitions is the
same, i.e., the merging of two information sources can
be performed in two steps. First, put together all
the information I, and then find the smallest number
of corrections on I such that the new information I 0
is consistent. The choice of which merging operator
adopt should be based on the availability or not of
relevance, or better of the reliability, of the sources of
information. If a reliability grade is available, or reasonably assessed, the ⊕ω should be preferred, if not the
⊕I operator avoids the use of unrealistic assumptions.

Thinking the probability assessments as belief states,
the merging operators are a belief merging functions
(see, e.g., [22]).

Our approach is different from usual imprecise probability technique “a la Walley” (see in particular [34]),
where usually the convex hull of incompatible assessments is considered. This is a so called “least commitment” procedure, while our proposal can be dually
thought as “maximal commitment”. In fact, in our
merging operators, values which are exogenous to the
initial assessments (like those appearing by doing the
convex hull) are avoided as much as possible, and original opinions are maintained fixed and crisp as much
as possible. Moreover the convex hull of initial assessments is not guaranteed to at least “avoid sure loss”,
so that the Walley’s “natural extension” procedure is
not always applicable. On the contrary, our approach
is always applicable.

5

Revising Probability Assessments

In this section we propose how the correction procedure
can be used to revise a probability assessment.
Suppose that the coherent probability assessment π1 =
(V, U, p, C) represents our current belief state and a
new reliable information arrives, represented by the
probability assessment π2 = (V, W, q, D).
One could merge π1 and π2 as described in the previous
section, but suppose that one would rather update our
belief state with the new available information, with
the idea that
• one assumes that the new information is correct
• one allows to revise, as less as possible, our current
state in order to adapt it to the new information
The revision can be performed as follows. First, π1
and π2 are merged together with the operator +0 , thus
in the case of contradiction, the values from π2 are
used. Second, the resulting assessment is corrected by
forbidding any change the probabilities of the variables
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in W . This can be achieved with the procedure Correct2 which is a small modification of the procedure
Correct. Correct2 has a further parameter, the set
T of the variables whose probability value cannot be
corrected, and when the MIP systems P1 and P2 are
built, the constraint 1 for the variables of T reduces to
n+1
X

bij = p(Xi )

j=1

and their corresponding variable ri and si are not
created.
The revision of π1 with π2 is then computed as
π1 ? π2 = Correct2(π1 +0 π2 , W )
Note that any probability assessment (V, U ∪ W, r0 , C ∪
D) resulting from π1 ? π2 is such that it agrees with q,
i.e., r0 (x) = q(x) for all x ∈ W .

Example 5. If in Ex.2 one wants to inevitably maintain as valid the latter investigation π2 one starts with
an adjoined initial assessment π1 +0 π2 with components V , U ∪ W = (D, E, H, X4 ), W = (E, H, X4 ),
r = (0.8333, 0.8667, 0.9667, 0.01) and logical constraints D. The only possibility to correct it is to
reduce the numerical evaluation r(D) = 0.8333 to
r0 (D) = 0.823, so that the result of the revision is the
precise assessment π1 ? π2 with components V , U ∪
W = (D, E, H, X4 ), r0 = (0.8233, 0.8667, 0.9667, 0.01)
and the same logical constraints D.


Such revising methodology, that in general leads to
an imprecise model, could be thought as an analogous of the famous Jeffrey’s rule of combination [26].
The main difference between the two is that our proposal minimize the probability mass dislocation from
the original assessment, maintaining as much as possible the magnitude of the values, hence working in
an “additive” way, while Jeffrey’s rule maintains as
much as possible the odds ratios, hence working in a
“multiplicative” way.
Moreover the Jeffrey’s rule produces a final probability
assessment which could be too different from π since
it inevitably alters all the values of p on U \ W , while
our approach tries to modify p as less as possible, in
line with the belief revision methodology [22].

6

Conclusions

In this article, a preliminary proposal for a correction
of incoherent probability assessments on finite domains
through L1 distance minimization was presented. The
proposal’s novelty is reflected in a new procedure that
uses mixed integer programming while profiting from
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geometrical properties of the convex sets involved,
makes such a method easily applicable.

periore di Scienze Economiche e Commerciali,
Bari, Casa Editrice Cressati.

Apart from the applicability of the direct incoherent correction “per se,” we have stressed that such a
method can be tailored to naturally implement the
merging of disparate assessments or reasonable belief
revisions. We focused on the combination of two different assessments, but the generalization to the merging
or revision of several assessments is straightforward:
it simply requires the generalization of the weighted
combination +ω by allowing convex combination of
several values and to iterate the juxtaposition + which
duplicates several times.

[5] A. Capotorti. Benefits of embedding structural
constraints in coherent diagnostic processes. Int.
J. of Approx. Reasoning, 39(2-3):211–233, 2005.

Our procedure can be seen as a reasonable way to
generate lower-upper probability models from precise,
but incoherent, probabilities estimates.
Future research should systematically analyze the procedure through simulation studies and investigate formal properties of the correction operator. We are
confident that the revising ? operator satisfies some
properties which are the probabilistic counter-parts
of the Katsuno-Mendelzon axiom for belief revision
operators.
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