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Abstract
A Gaussian Process (GP) defines a distribution over
functions and thus it is a natural prior distribution for
learning real-valued functions from a set of noisy data.
GPs offer a great modeling flexibility and have found
widespread application in many regression problems.
A GP is fully defined by a mean function that repre-
sents our prior belief about the shape of the regression
function and a covariance function, relating the func-
tion values at different covariates. In the absence of
prior information, one typically assumes a GP with
zero mean function. Therefore, a priori, it is assumed
that the regression function is constantly equal to zero.
The aim of this paper is to model a situation of prior
near-ignorance about the GP mean function. For this
we consider the set of all GPs with fixed covariance
function and constant mean function free to vary from
−∞ to +∞. We apply the model with constant mean
function to hypothesis testing; in particular we test
the equality of two regression functions and show that
the use of a prior near-ignorance model allows the
test to automatically detect when a reliable decision
cannot be made based on the available data. Finally,
we propose a generalization of this model that allows
considering other sets of prior mean functions.

Keywords. Gaussian Process, prior near-ignorance,
nonparametric regression, hypothesis testing, Bayesian
nonparametrics.

1 Introduction

Gaussian processes (GPs) extend multivariate Gaus-
sian distributions to infinite dimensionality, thus defin-
ing a distribution over functions that can be used as
prior distribution for inferences about an unknown
function f(x). GPs have found widespread use in
different application domains such as classification,
regression etc. [9, 8, 6, 12, 11, 4]. The reason of
such success can be attributed to the great modelling
flexibility of GPs, which are often used in situations

where little is known about f(x). However, GPs are
not completely free-form, since a GP is completely
specified by its mean function and covariance function.
The covariance function describes the relation between
observations from the same process. A multitude of
possible families exists for the covariance function,
including squared exponential, polynomial, periodic,
etc. (see [12]), among which the squared exponential
family is by far the most popular. On the other side,
the mean function represents our prior belief about
the form of the regression function. In the absence of
prior knowledge, which is typically the case, the mean
function is assumed to be zero everywhere and, to
comply with this assumption, data are transformed to
have zero mean. However, this seems quite a poor rep-
resentation of the condition of prior ignorance about
f(x). In this work we improve this representation by
considering a set of GP priors with mean functions
free to vary in the set of all constant functions. As
the expectation of f(x∗) at the covariate x∗ w.r.t. the
prior GPs can vary in [−∞,+∞], this set of priors
is a model of prior ignorance about f(x). Prior igno-
rance and learning from data are usually conflicting
properties [13, Sec. 7.4],[10, 14]. However, in [3, 2] it
is shown that, for Gaussian distributions, if we let the
variance to depend on the mean, prior near-ignorance
and learning from data can be guaranteed at the same
time. In this work, we apply this idea to GPs. In
order for the GP model to be able to learn from data,
we add to the covariance function a constant term
increasing with the prior mean function.

We will use this set of priors to test the difference
between two regression function given two samples of
noisy observations. A nonparametric Bayesian test for
the equality of regression functions based on GPs is
described in [1]. In that work it is assumed that the
covariates of the two samples cover the same range
of values, and the comparison between the regression
functions is limited to that range of values, assuming
that, having no data outside of it, nothing can be
stated about the difference or equality of the two
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functions. Using the Imprecise GP (IGP) it is possible
to perform the equality test without worrying about
the distribution of the covariates, as the imprecise
approach is able to identify those instances where the
decision is prior dependent and thus it automatically
detects when a reliable decision cannot be made.

Finally, we introduce a IGP model that generalizes
the previous one by considering all GPs with mean
function Mh(x) where M > 0 and h(x) belongs to
a set of functions H. We derive the conditions that
H has to satisfy to make prior near-ignorance and
leaning hold for the IGP model. From this model we
can derive the IGP with constant mean as well as well
as other models considering different/larger sets of
prior mean functions.

2 Gaussian Process

Consider the regression model

y = f(x) + v, (1)

where x ∈ X ⊆ R, f : R → R and v ∼ N (0, σ2
n) is

a white noise, and assume that we observe the data
(xi, yi) for i = 1, . . . , n. Our goal is to employ these
observations to make inferences about the unknown
function f(x). Following the Bayesian estimation ap-
proach, we place a prior distribution on f(x), and
employ the observations to compute its posterior distri-
bution; finally we use this posterior to make inferences
about f(x). Since f(x) is a function, the Gaussian
process is a natural prior distribution for it [6, 12].
Formally,
Definition 1. Let µ : R → R and k : R × R → R+

be a positive definite symmetric function.1 A function
f(x) with x ∈ R is said to be distributed according
to a Gaussian process with mean function µ and co-
variance kernel k if for any finite set of covariates
x∗1, . . . , x

∗
m, the vector [f(x∗1), . . . , f(x∗m)]T has a mul-

tivariate m-dimensional Gaussian distribution with
mean [µ(x∗1), . . . , µ(x∗m)]T and covariance matrix with
(i, j)-th entry k(x∗i , x∗j ), i, j = 1, . . . ,m.

In the following, GP (µ(x), kθ(x, x′)) will denote a
GP with mean function µ(x) and covariance func-
tion kθ(x, x′) : R × R → R+. The subscript θ has
been introduced to highlight that the covariance func-
tion usually depends on a vector of hyperparame-
ters θ [12]. If f(x) ∼ GP (µ(x), kθ(x, x′)), then, for
any fixed m points x∗ = [x∗1, . . . , x∗m]T , the vector
f∗ = [f(x∗1), . . . , f(x∗m)]T is Gaussian distributed:

p(f∗|x∗,θ) = N (f∗;µ∗,K∗∗), (2)
1A symmetric function k : R×R→ R+ is said to be positive

definite if for any x = [x∗1, . . . , x∗m]T with x∗i ∈ R, the m ×m
matrix [k(x∗i , x∗j )]ij is positive definite.

with mean µ∗ = µ(x∗) and covariance matrix K∗∗ =
[kθ(x∗i , x∗j )]ij for each i, j = 1, . . . ,m. Consider a
set of n inputs x = [x1, . . . , xn]T and a vector of
noisy output data y = [y1, . . . , yn]T . Based on the
training data (xi, yi) for i = 1, . . . , n, and given a test
input x∗, we wish to find the posterior distribution of
f∗ = [f(x∗1), . . . , f(x∗m)]T . From (1) and the properties
of the Gaussian distribution, it follows that [12, Sec.
2.2]:
[

y
f∗
]
∼ N

([
µ
µ∗

]
,

[
K + σ2

nI K∗T

K∗ K∗∗

])
, (3)

where µ = µ(x), K = [kθ(xi, xj)]ij , i, j = 1 . . . , n and
K∗ = [kθ(x∗i , xj)]ij , i = 1 . . . ,m, j = 1 . . . , n. When
σ2
n is not known, it can also be considered a hyper-

parameter. Hence, we introduce the extended vector
θn = [θ, σ2

n] of all model hyperparameters, including
the noise variance. The posterior distribution of f∗ is
then

p(f∗|x∗,x,y,θn) = N (f∗; µ̂∗, K̂∗∗), (4)

with posterior mean and covariance given by:

µ̂∗ = µ∗ +K∗(K + σ2
nI)−1(y− µ), (5)

K̂∗∗ = K∗∗ −K∗(K + σ2
nI)−1K∗T . (6)

Once we have computed p(f∗|x∗,x,y,θn) we can make
any inference about f∗.

GP models use a kernel to define the covariance be-
tween any two function values: Cov(f(x), f(x′)) =
kθ(x, x′). A popular choice is the squared exponential
kernel:

kθ(x, x′) = σ2
k exp

[
−1

2
(x− x′)2

`2

]
, (7)

with hyperparameters θ = (σk, `) > 0. This kernel
assumes that the correlation between two function
values decreases with the distance of their covariates.
Observations whose covariates have a distance much
larger than the lengthscale ` are almost uncorrelated.
A multitude of other possible families of covariance
functions exists (polynomial, periodic, etc.), and more
can be obtained by kernel composition, as positive def-
inite kernels (i.e. those which define valid covariance
functions) are closed under addition and multiplica-
tion. Once we have selected a kernel or a particular
kernel composition, we must determine the values of
the hyperparameters θn. The proper Bayesian proce-
dure is to choose a prior for θn and then determine
the posterior distribution of the quantities of interest.
For instance, inferences on f∗ can be carried out by
marginalizing out θn:

p(f∗|x∗,x,y) =
∫
p(f∗|x∗,x,y,θn)p(θn|x∗,x,y))dθn.

No closed form solution exists for p(f∗|x∗,x,y) or for
the posterior of the hyperparameters and, therefore,
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inferences must be computed numerically by Markov
Chain Monte Carlo methods (MCMC). The conver-
gence of MCMC methods can be quite slow when the
dimension of θn is high and, therefore, when we are
not interested in the posterior distribution of θn, we
can approximate the marginal of f∗ by plugging the
maximum a posteriori (MAP) estimate for θn into
(4). In other words, we maximize w.r.t. θn the joint
marginal probability of y and θn, whose logarithm can
be computed analytically [12, Ch.2]:

log p(y,θn|x) =− 1
2(y− µ∗)T (Kn)−1(y− µ∗)+

− 1
2 log |Kn| −

n

2 log 2π + log p(θn)
(8)

where Kn = K + σ2
nI.

3 Imprecise Gaussian Process with
Constant Mean Function

In this section we relax the assumption of zero-mean
function and consider a set of GPs with constant mean
function varying from −∞ to +∞.
Definition 2. Given a covariance kernel kθ(x, x′) and
a constant c > 0, we define the constant mean Impre-
cise Gaussian Process (c-IGP) as the set of GPs:

Gc =
{
GP

(
Mh, kθ(x, x′) + 1+M

c

)
: h = ±1, M ≥ 0

}
.

As discussed below, the constant parameter c deter-
mines the degree of posterior imprecision.
The c-IGP includes all GPs with constant mean func-
tion and covariance function made of two components:
a first one, kθ(x, x′), hereafter referred to as base ker-
nel, which is chosen according to the specific applica-
tion and is identical for all GPs in Gc, and a constant
component (M +1)/c proportional to M +1. The con-
stant component allows the model to learn from data,
as it forces the covariance to increase with the prior
mean. In [2, pag. 22], it is shown for the one-parameter
exponential family that if the product n0|y0| of the
number of pseudo-observations n0 (which represent the
strength of the prior and for a Gaussian prior is given
by the inverse of its variance) and the absolute value of
the pseudo-observation y0 (which represent our prior
opinion about the parameter value and for a Gaussian
prior is given by its mean) is bounded, then learn-
ing from data is guaranteed. For the c-IGP model,
this holds for each individual x∗ because the prior
about f(x∗) is a Gaussian distribution with mean Mh
(corresponding to y0) and variance kθ(x∗, x∗) + M+1

c
(corresponding to 1/n0), and thus:

n0|y0| =
M |h|

kθ(x∗, x∗) + M+1
c

≤ c.

Notice however that this guarantees only learning from
data with covariate equal to x∗.
Proposition 1. The c-IGP is a model of prior igno-
rance about the expectation of f(x∗) in the sense that
for any covariate x∗ it holds

inf
M,h

E[f(x∗)] = −∞, sup
M,h

E[f(x∗)] = +∞.

The proof of this and the following propositions and
theorems can be found in the Appendix.

A posteriori we have the following result.
Theorem 1. Let x be a vector of inputs and y a set of
noisy observations of f(x) with f(x) ∼ GP (Mh, kθ +
M+1
c ), and let kx = [kθ(x, x1), . . . , kθ(x, xn)]T . The

posterior distribution of f is a GP with mean function

µ̂(x) = kTxK−1
n (y− ŷ1n) + ŷ (9)

with ŷ = (M+1)sT
k y+cMh

c+(M+1)Sk
, and covariance function

k̂(x, x′) =kθ(x, x′)− kTxK−1
n kx′+ (10)

(M + 1)(1− kTx sk)(1− kTx′sk)
c+ (M + 1)Sk

,

where sk = K−1
n 1n, Sk = 1

T
nK
−1
n 1n, and 1n is a

n-dimensional vector of ones.

The posterior mean function is the same that would
have been obtained from the prior GP (ŷ, kθ(x, x′)).
We can interpret ŷ as an adjusted mean obtained by
combining the prior mean Mh and a weighted average
of the observations y. This is due to the constant term
in the covariance function which introduces a correla-
tion between all function values (does not matter how
distant their covariates are). As this constant term
goes to infinity, that is, as c→ 0, the adjusted mean
becomes ŷ → sT

k

Sk
y which is independent of h and M

and the posterior distribution is a GP with mean and
covariance functions

lim
c→0

µ̂(x) = kTxK−1
n y + (1− kTx sk)s

T
k

Sk
y,

lim
c→0

k̂(x, x′) = kθ(x, x′)− kTxK−1
n kx′+

(1− kTx sk)(1− kTx′sk)
Sk

.

Notice that, for c → 0 we have a precise model, as
IGP posterior inferences are not influenced by the
mean function of the prior and converge to a single
GP. This prior can, thus, be interpreted as a partially
uninformative prior (inferences still depend on the
base kernel).

As discussed in Section 2, MAP estimates of the hy-
perparameters θn are used in the model. However
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the different priors in the IGP set produce different
estimates, whereas the IGP model here proposed re-
quires the same set of hyperparameters for all priors.
The issue is, then, which of the IGP priors should be
used to estimate θn. Notice that posterior inferences
obtained for any c always encompass those obtained
for c→ 0 (see Theorem 3 below). Hence, we use the
MAP estimate of θn given by this prior.
Theorem 2. MAP estimates of the hyperparameters
of the GP (Mh, kθ + M+1

c ) with c→ 0 are obtained by
maximizing L(y,θn|x) + log p(θn) where

L(y,θn|x) =1
2

(
yTK−1

n y− (yT sk)2

Sk
− logSk|Kn|

)

(11)

is, up to an additive constant, the logarithm of the
joint marginal likelihood of y,θn

From (9) we can derive the upper and lower expecta-
tions of f(x).

Theorem 3. Under the c-IGP model, if
∣∣∣ sky
Sk

∣∣∣ ≤ 1 +
c
Sk

, the upper and lower bounds, µ(x) and µ(x), of
µ̂(x) are

µ(x) = kTxK−1
n y + (1− kTx sk) sTk

Sk
y + c

|1− kTx sk|
Sk

(12)

µ(x) = kTxK−1
n y + (1− kTx sk) sTk

Sk
y− c |1− kTx sk|

Sk
, (13)

which, if 1−kTx sk ≥ 0, are obtained for M →∞, h =
1 (upper) and M → ∞, h = −1 (lower), while, if
1 − kTx sk < 0, are obtained for M → ∞, h = −1
(upper) and M →∞, h = 1 (lower).

If, instead,
∣∣∣ sky
Sk

∣∣∣ > 1 + c
Sk

and (1−kTx sk) sky
Sk

> 0, the
upper bound is found for M →∞ and h = 1 and the
lower for M = 0; they are given by

µ(x) = kTxK−1
n y + (1− kTx sk)sTk

Sk
y + c

1− kTx sk
Sk

µ(x) = kTxK−1
n y + (1− kTx sk) sTk y

c+ Sk
.

Finally, if (1−kTx sk) sky
Sk

< 0, the upper bound is found
for M = 0 and the lower for M →∞ and h = 1.

From Theorem 3 we can see that the imprecision of
the model verifies

µ(x)− µ(x) ≥ 2c |1− kTx sk|
Sk

,

where the equality holds if the condition
∣∣∣ sky
Sk

∣∣∣ ≤ 1+ c
Sk

is verified. In this case, we can see that the imprecision
is symmetric with respect to the posterior mean of the
prior with c→ 0. Parameter c determines the degree
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Figure 1: GP and c-IGP estimates of the function f(x)
given n = 50 observations.

of imprecision of the model. A large value of c implies
a large imprecision. For c → ∞ we have a vacuous
model that cannot learn from data.

When the condition
∣∣∣ sky
Sk

∣∣∣ ≤ 1 + c
Sk

is verified, by a
simple rewriting of equations (12)-(13) it can be seen
that µ(x) and µ(x) are equivalent to the posterior
mean given the prior GP (ŷ, kθ(x, x′)) with adjusted
mean

ŷb = sTk
Sk

y± c

Sk
.

Example 1. A sample of n = 50 observations affected
by Gaussian noise with σn = 0.1 is drawn from the
function f(x) = exp(−x2). The covariates x1, . . . , xn
are uniformly distributed in [−1, 1], i.e., x ∼ U [−1, 1].
The function is modelled by the precise GP process
GP (0, kθ) and the c-IGP with the squared-exponential
kernel in (7) as base kernel kθ. Figure 1 shows the
posterior expectation of the GP and the upper and
lower expectations of the c-IGP for different values of
c. Notice that in the region where there are observa-
tions (x ∈ [−1, 1]) the imprecision remains very small
even when c is large, whereas it increases significantly
outside this region.

It is often useful to compute pointwise credible in-
tervals CIf (x, α) = [f

x,α
, fx,α] for the value of f(x).

Using a GP prior f(x) ∼ GP (µ(x), kθ(x, x′)), a pos-
terior (1 − α)% credible interval for the value of
f(x) is CIf (x, α) = [µ̂(x) − zα/2

√
k̂(x, x), µ̂(x) +

zα/2

√
k̂(x, x)] with zα/2 the 1− α/2 percentile of the

standard normal distribution. Hence we have that the
posterior probability P

(
f(x) ∈ CIf (x, α)

)
is 1 − α.

In the imprecise case, we define the credible interval
by imposing that the upper posterior probabilities
P
(
f(x) < f

x,α
) and P

(
f(x) > fx,α) are equal to α/2.

This implies that P
(
f(x) ∈ CIf (x, α)

)
≥ 1− α for all

GPs in G.
Theorem 4. Under the c-IGP model, the interval
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Figure 2: GP and c-IGP estimates of pointwise credible
intervals for the value of f(x) in Example 1.

CIα = [f
x,α

= µ(x)− zα/2σfx
, fx,α = µ(x) + zα/2σfx

]
with

σ2
fx

= kθ(x, x)− kTxK−1
n kx + (1− kTx sk)2

Sk
,

verifies

P
(
f(x) < f

x
) ≤ α/2, P

(
f(x) > fx) ≤ α/2

where the equality holds if
∣∣∣ sky
Sk

∣∣∣ ≤ 1 + c
Sk

.

Notice that with respect to the precise model
GP (0, kθ(x, x)) the value of σ2

fx
increases only for

the term (1−kT
x sk)2

Sk
. Moreover, σ2

fx
does not depend

on c and is the same given by the precise model with
c→ 0. Then, the width of the pointwise CIs for c > 0
increases only for a term equal to the difference be-
tween the upper and lower expectation of f(x). Figure
2 compares the credible intervals obtained using the
prior GP (0, kθ(x, x)) and the c-IGP model. As for
the expectation, the width of the CIs remains small
for x ∈ [−1, 1] and increases significantly outside this
region.

Data analyst are often interested also in simultaneous
credible regions (SCR) for the value of f at multiple
covariate values. Given a vector of m covariates x∗, a
(1 − α)% SGR for f(x∗) includes all vectors f∗ that
verify

(f − µ̂∗)T (K̂∗∗)−1(f − µ̂∗) < χ−1(1− α|m), (14)

where χ−1(1− α|m) is the (1− α)-quantile of a Chi-
squared distribution with m degrees of freedoms. For
the the condition 14 to be verified by all priors in
the c-IGP, it has to be verified by the upper bound
of (f − µ̂∗)T (K̂∗∗)−1(f − µ̂∗), which can be found
by solving numerically an optimization problem. An
example of such optimization is given in the next
section in the context of hypothesis testing.

4 Application: Hypothesis Test for
the Equality of two Functions

An equality test is used to detect differences between
two regression functions f1(x) and f2(x) given the
two independent samples D1 = (x(1),y(1)) and D2 =
(x(2),y(2)) of, respectively, n1 and n2 observations.
Our aim is to extend the Bayesian test based on the
GP presented in [1] using the c-IGP model. The
approach in [1] assumes the same GP prior GP (0, kθ)
for the two functions f1 and f2; the two posterior
distributions share the same hyperparameters. Here,
we assume the same c-IGP set of priors G for the two
functions, that is,

fi ∼ GP
(
Mihi, kθ(x, x′) + Mi + 1

c

)
,

with i = 1, 2, hi = ±1 and Mi ≥ 0. As a consequence,
we are assuming that f1 and f2 are two GPs with the
same base kernel kθ(x, x′). Instead, their prior mean
functionsM1h1 andM2h2 can be different, as they are
free to vary in the set of all constant functions. We as-
sume that the two samples y(1) and y(2) are affected by
Gaussian noise with variance, respectively, σ2

1 and σ2
2 .

The hyperparameters θ, σ1, σ2 are obtained consider-
ing for both f1 and f2 the prior with c→ 0. Then, after
combining the two datasets {D1, D2}, we maximize
the joint marginal probability of (y(1),y(2),θ, σ1, σ2)
with respect to θ, σ1, σ2. Assuming that f1 and f2 are
independent Gaussian processes, we have that

p(y(1),y(2)|x(1),x(2),θ, σ1, σ2) =
p(y(1)|x(1),θ, σ1)p(y(2)|x(2),θ, σ2).

Then, the logarithm of the joint marginal of
y(1),y(2),θ, σ2

1 , σ
2
2 is

2∑

i=1
log p(y(i)|x(i),θ, σi) + log p(θ, σ1, σ2)

where log p(y(i)|x(i),θ, σi), is given in (11), up to an
additive constant.

In the precise approach, given the prior GP (0, kθ),
we compute from (4) the posterior marginal GPs
p(f∗1 |x∗, D1) and p(f∗2 |x∗, D2) at the m = n1 + n2
test inputs x∗ = {x∗i : i = 1, . . . ,m, x∗i ∈ [x(1),x(2)]}.
In this way, the equality of the two functions is tested
at the covariates of the observations, that is, where
we have the experimental evidence. Moreover, it is
assumed that the observation covariates x(1) and x(2)

cover the same region of the covariate space. This is
done to avoid testing the equality in regions where
there are no observations for one or both functions, as
in these region we do not expect to be able to state
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any conclusion about equality or difference of the two
functions. If applied in such regions, the precise test
would always assign very large posterior probability
to the hypothesis that there is no difference between
the functions. Using a IGP model, we can test the
equality assumption in any subset XT of the covariate
space X by taking the m test inputs x∗ so to cover
uniformly the region of interest XT . If all priors in
the IGP set entail the same decision, we retain it, if
instead they lead to different decisions we conclude
that a robust decision cannot be made in XT . This
way, we can automatically identify a situation where
data do not allow to state any conclusion.

Let us denote the mean and covariance functions of
the posterior distributions of f∗1 and f∗2 as µ̂(i)(x) and
k̂(i)(x, x′), i = 1, 2. Since the difference of two Gaus-
sian variables is Gaussian, it follows that the posterior
of the GP ∆f(x) = f1(x)− f2(x) is also a GP with
mean and covariance functions ∆µ̂(x) = µ̂(1)(x) −
µ̂(2)(x) and k̂∆(x, x′) = k̂(1)(x, x′) + k̂(2)(x, x′). Let
∆f∗ , ∆µ̂∗ and K̂∗∆ be the difference, the mean and the
covariance functions evaluated at the test covariates
x∗, then, we say that the two functions are equal with
posterior probability 1 − α if the credible region for
∆f∗ includes the zero vector or, in other words, if:

(∆µ̂∗)T (K̂∗∆)−1∆µ̂∗ ≤ χ−1(1− α|ν), (15)

where ν is the number of positive eigenvalues of K̂∗∆.
In practice, as the number m of test inputs is likely to
be considerably larger than the dimensionality of the
covariance function, the matrix K̂∗∆ is not full rank.
Thus, we decompose it as PDPT , where D is the
diagonal matrix of the eigenvalues λ1, . . . , λm (sorted
in descending order), and retain only the sub-matrices
PνDνP

T
ν corresponding to the eigenvalues λ1, . . . , λν

which verify the condition λν+1/
∑m
i=1 λi < ε, where

ε is a small, positive constant. In the example below,
we use ε = 0.0001.

In the c-IGP model, the inference about
χ2
s(M1,M2, h1, h2) = (∆µ̂∗)T (K̂∗∆)−1∆µ̂∗ de-

pends on the choice of the prior, that is on the value
of M1, M2, and of h1, h2.
Proposition 2. The c-IGP model is a prior ignorance
model for inferences about χ2

s, i.e.,

χ2
s

= 0 χ2
s →= +∞.

A posteriori let µ̂(i)
0 (x) = k

(i)T
x K

(i)−1
n y(i) be the pos-

terior mean functions obtained from a GP with zero
mean and covariance function kθ(x, x′) when x = x(i),
y = y(i), and let k̂(i)

0 (x, x′) be the covariance function
obtained from (10) when c → ∞. For a given value
of M1 and M2 the posterior expectation of the GP

∆f(x), that is ∆µ̂(x), can be derived from (9) and is

∆µ̂M1,M2(x) = µ̂
(1)
0 (x)− µ̂(2)

0 (x) + µ(1)
c (x) + µ(2)

c (x)

where µ(i)
c (x) = (1 − k(i)T

x K
(i)−1
n ) s(i)T

k
y(i)+tic

c(1−|ti|)+S(i)
k

, ti =
Mh
M+1 and k(i)

x and K(i)
n are obtained by evaluating the

covariance functions at the training covariates x(i), i =
1, 2. The lower/upper bounds for χ2

s(M1,M2, h1, h2)
are obtained by minimizing/maximizing w.r.t. ti ∈
[−1, 1] the statistic:

χ2
s = ∆µ̂∗T (K̂∆

M1,M2)−1∆µ̂∗, (16)

where K̂∆
M1,M2

= [k̂(1)
0 (xi, xj) + k̂

(2)
0 (xi, xj) +

k̂
(1)
c (xi, xj) + k̂

(2)
c (xi, xj)]i,j , and k̂

(i)
c (x, x′) =

(Mi+1)[1−k(i)T
x s(i)

k
][1−k(i)T

x′ s(i)
k

]T

c+(Mi+1)S(i)
k

, i = 1, 2.

4.1 Numerical Example

Let us consider two samples D1 and D2 that we wish
to compare on the subset XT = [a, b] of the covariate
space. Assuming an observation noise v ∼ N (0, σn =
0.2), we sample D1 and D2 from:

Case A: x(1,2)
i ∼ U [−2, 2], y

(1,2)
i = f(xi) + vi,

Case B: x(1)
i ∼ U [−2, 2], y

(1)
i = f(xi) + vi,

x
(2)
i ∼ U [−2, 2] y

(2)
i = g(xi) + vi,

Case C: x(1)
i ∼ U [−2, 0], y

(1)
i = f(xi) + vi,

x
(2)
i ∼ U [−2, 4], y

(2)
i = g(xi) + vi,

Case D: x(1)
i ∼ U [−2, 2], y

(1)
i = f(xi) + vi,

x
(2)
i ∼ U [−2, 4], y

(2)
i = g(xi) + vi,

where f(x) = exp(−x2) and g(x) = f(x) + 0.5f(x− 2)
(see Figure 3). For each scenario the two datasets D1
and D2 have been simulated only once. More extensive
simulations are left to future work. We have tested
the difference between the two samples for different
test subsets XT ∈ [−2, b]. The difference f(x)− g(x)
is about zero for x < 0, is large (> σn) in the interval
[1, 3] and is small (< σn) in [0, 1]. Therefore, we expect
to easily detect a difference between the two samples
when b > 1, whereas for b < 1 the decision is more
difficult and for b < 0 we can assume that the two
functions are equal. Table 1 shows the decisions for
the precise and the imprecise tests at different values
of c and b. One can notice that for c = 10 we are most
often undecided (save when the decision is simple,
e.g., in cases B and D when b > 1 and thus all tests
recognize the difference) as the imprecision is very
large in this case.
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Figure 3: Left: Functions f (continuous line) and g
(dashed line). Right: difference f − g.

GP IGP
Case b n=50 n=200 n=50 n=200
A 2 0 0 0/0/2 0/0/2
A 4 0 0 0/2/2 0/2/2
B 0 0 0 0/0/2 0/0/2
B 1 0 1 0/2/2 1/1/1
B 2 1 1 1/1/1 1/1/1
B 4 1 1 1/1/1 1/1/1
C 0 0 0 0/0/2 0/0/2
C 1 0 0 0/0/2 0/0/2
C 2 0 0 0/2/2 0/2/2
C 4 0 0 0/2/2 0/2/2
D 0 0 0 0/0/0 0/0/2
D 1 0 1 2/2/2 1/1/1
D 2 1 1 1/1/1 1/1/1
D 4 1 1 1/1/1 1/1/1

Table 1: Decisions of the precise test for c = 1/5/10,
where 0 indicates that the two functions are equal
with posterior probability 1− α, 1 indicates that the
two functions are different (i.e., the posterior proba-
bility that they are equal is less than α), 2 indicates
indecision (i.e., the decision depends on the prior).

On the other side, for c = 1 the test makes almost
always the same decision as the precise test, as the
imprecision is very small in this case. When c = 5 we
have a better balance between robustness and power:
the IGP test makes the same decision as the precise
one when there is enough information to make a robust
decision, whereas it is undecided when the decision is
difficult due to the lack of information. For instance,
in case A with b = 2 the precise test always issues a
no difference decision. The same happens in case C,
although the two situations are very different, because
in the first case f1 = f2 and we can observe both
functions on the entire set XT , whereas in the second
case f1 6= f2 but we cannot see it as we observe f1
only in the range [−2, 0] where the two function are
almost identical. On the other side, the imprecise test
detects the difference of the two situations, and in case
A it correctly issues a no difference decision, whereas
in case C it is undecided, thus acknowledging that
there is not enough information to make a decision.

Something similar can be observed also in case D: when
b = 0 both the precise and imprecise tests issue a no
difference decision as in this range the two function can
be actually considered identical; when, instead, b = 1,
the functions are different, but, since the difference is
small, it cannot be clearly detected with only n = 50
data. However, the imprecise test recognizes that
the decision is somehow difficult and is undecided,
whereas the precise test can only decide that there is
no difference. For n = 200, the information is enough
to make both tests detect a difference.

5 A Generalization of the IGP Model

In this Section we generalize the IGP with constant
mean by considering an IGP with mean function pro-
portional to an arbitrary function h(x).
Definition 3. Given a function h(x) and a constant
c > 0, we define an Imprecise Gaussian Process with
base mean function h(x) (hIGP) the set of GPs:

Gh(x) =
{
GP

(
Mh(x), kθ(x, x′) + M+1

c h(x)h(x′)
)
, M ≥ 0

}
.

A posteriori we have the following result.
Theorem 5. Let h = h(x) and

f(x) ∼ GP (Mh(x), kθ + M+1
c h(x), h(x′)).

The posterior distribution of f is a GP with mean
function

µ̂(x) = kTxK−1
n (y− ŷ(x)) + ŷ(x) (17)

with ŷ(x) = (M+1)hTK−1
n y+cM

c+(M+1)hTK−1
n h h(x), and covariance

function

k̂(x, x′) = kθ(x, x′)− kTxK−1
n kx′+

(M + 1)(h(x)− kTxK−1
n h)T (h(x′)− kTx′K−1

n h)
c+ (M + 1)hTK−1

n h
.

We can further generalize the IGP model in Definition
3 by letting h(x) free to vary in a set of functions H.
Definition 4. Given a set of functions H and a con-
stant c > 0, we define an Imprecise Gaussian Process
with set of base mean functions H (H-IGP) the set of
GPs:

GH =
{
Gh(x) : h(x) ∈ H

}
. (18)

From Theorem 5 we can see that not all H-IGP verify
learning. In fact, if H include functions that are zero
at all training covariates x so that hTK−1

n h = 0,
posterior inferences are vacuous.
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Proposition 3. Any set H-IGP such that h is a
nonzero vector for all h(x) ∈ H can learn from the
observations x,y.

Moreover, not all H-IGP verify prior-ignorance about
E[f(x∗)] for all x∗. If, for instance, h(x∗) = 0 all
h(x) ∈ H, then a priori E[f(x∗i )] = Mh(x∗) = 0 for
all M .
Proposition 4. If it exist h+(x∗) ∈ H : h+(x∗) > 0
and h−(x∗) ∈ H : h−(x∗) < 0, then the H-IGP is a
model of prior ignorance about the expectation of f(x∗)
in the sense that it verifies

inf
M,h(x)

E[f(x∗i )] = −∞, sup
M,h(x)

E[f(x∗i )] = +∞.

By properly selecting the set H one can obtain IGP
models that verify both prior near-ignorance and learn-
ing.
Example 2. The c-IGP model presented in Sec-
tion 3 is an H-IGP model with set of base mean
functions Hc = {h(x) = −1, h(x) = 1}. This set
verifies the conditions of both Proposition 4 and 3
an thus verifies both prior near-ignorance and learning.

Example 3. Let us consider the set H = {h(x) =
−x, h(x) = x}. It verifies the conditions of Proposi-
tion 4 for all covariates except x = 0 and verifies the
condition of Proposition 3 provided that x is a nonzero
vector. The corresponding H-IGP includes GPs with
mean function varying in the set of all linear functions
with intercept in 0. It is a model of prior ignorance
about f(x) for all x 6= 0 and can learn from data with
covariate x 6= 0.

6 Conclusions

In this paper we have presented a model of prior near
ignorance about the value of a regression function
based on the Gaussian process. We have shown that
this IGP model can be used to make inferences about
the regression functions which are more robust with
respect to the choice of the prior. In fact, for those
subsets of X where there are many observations infer-
ences almost coincide with the precise model, whereas
in those subset with no observations the imprecision of
the prediction is very high, thus reflecting the actual
lack of knowledge. As a consequence of this, decisions
based on this model are more reliable. For instance,
we have applied the IGP to test the difference between
regression functions, and shown that the IGP model
allows us to acknowledge when the available data are
not informative enough to make a robust decision. Al-
though in this paper we have only consider univariate
functions, the c-IGP model can be straightforward

extended to the multivariate case where x is a vector
of covariates.

A generalization of the IGP with constant mean has
also been proposed, based on which it will be possible
to develop other prior near ignorance models that con-
sider different sets of prior mean functions. The study
of these models and their properties will be the object
of future work. Moreover, as a strong prior informa-
tion is introduced in the model also by the base kernel,
further research should focus on the development of
models allowing for a weaker specification of the kernel
function.

There are many techniques other than GPs available
for nonparametric regression, e.g., splines, relevance
vector machines, kernel smoothers, etc., that have not
been considered in this work. Their relative strengths
and weaknesses w.r.t. GPs are discussed in [12, Sec. 7].
As they are all precise methods, we can expect them
to suffer from the same weaknesses of the precise GPs.
The probabilistic formulation of GPs and the simple
closed form expression of their posterior inferences,
have made them a good starting point to develop an
imprecise approach to nonparametric regression that,
in the future, could be extended to other regression
techniques, taking advantage also from the connections
they have with GPs [12, Sec. 6].

Appendix

6.1 Proof of Proposition 1

This can be seen by considering that a priori E[f(x∗i )] =
Mh(x∗i ) so that for h(x∗i ) = ±1 and M → ∞ we have
E[f(x∗i )]→ ±∞.

6.2 Proof of Theorem 1

Miller in [7] proves the following

Lemma 1. If A and A+B are invertible, and B has rank
1, then

(A+B)−1 = A−1 − 1
1 + g

A−1BA−1,

where g = trace(BA−1) with g 6= −1.

From this, it follows that

(Kn + M + 1
c

1nn)−1 = K−1
n −

M + 1
c+ (M + 1)Sk

sksTk ,

(19)
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where 1nn is a n× n dimensional matrix of ones. Then,

µ̂(x)

= Mh+
(

kx + M + 1
c

1n

)T

(
K−1
n −

M + 1
c+ (M + 1)Sk

sksTk
)

(y−Mh1n)

= Mh+
[

kTxK−1
n

(
1− (M + 1)1nsTk

c+ (M + 1)Sk

)
+

(M + 1)sTk
c+ (M + 1)Sk

]
(y−Mh1n)

= kTxK−1
n

(
y−Mh(x)− (M + 1)1nsTk

c+ (M + 1)Sk
(y−Mh(x))

)

+Mh+ (M + 1)sTk
c+ (M + 1)Sk

(y−Mh(x))

= kTxK−1
n

(
y− (M + 1)sTk y + cMh

c+ (M + 1)Sk
1n

)
+

(M + 1)sTk y + cMh

c+ (M + 1)Sk
.

Similarly for the covariance function we obtain:

k̂(x, x′)

= kθ(x, x′) + M + 1
c
−
(

kx + M + 1
c

1n

)T

(
K−1
n −

M + 1
c+ (M + 1)Sk

sksTk
)(

kx′ + M + 1
c

1n

)

= kθ(x, x′)− kTxK−1
n kx+

M + 1
c+ (M + 1)Sk

(
kTx sksTk kx′ − kTx sk − sTk kx′ + 1

)
.

6.3 Proof of Theorem 2

From (8), the logarithm of the marginal probability of
y, θn given the prior GP

(
Mh, kθ(x, x′) + M+1

c

)
is

log p(y, θn) =

− 1
2 (y−Mh1n)T

(
Kn + M + 1

c
1nn

)−1
(y−Mh1n)+

− 1
2 log |Kn + M+1

c
1nn| − n

2 log 2π + log p(θn).

(20)
From (19) we obtained that the first term on the r.h.s. of
(20) is equal to

cM2h2Sk − 2cMhyT sk − (M + 1)(yT sk)2

2c+ 2(M + 1)Sk
− 1

2yTK−1
n y.
(21)

Based on the matrix determinant Lemma [5] which states:
Lemma 2. Given a n× n invertible matrix A and two n
dimensional vectors u,v

|A+ uvT | = |A|(1 + vTA−1u),

we obtain

|Kn + M + 1
c

1nn| = |Kn|c+ (M + 1)Sk
c

. (22)

Then, from (21), (20) and (22), it follows

log p(y, θn) c→0−−−→ − 1
2

[
yTK−1

n y− (yT sk)2

Sk

]
+

− 1
2 log |Kn|Mc Sk − n

2 log 2π + log p(θn).
(23)

Finally, by considering that the terms − 1
2 log M

c
and

−n2 log 2π are constant with θ, we have that

argmaxθ[log p(y,θn)]

= argmaxθ

[
−1

2

(
yTK−1

n y− (yT sk)2

Sk
− logSk|Kn|

)

+ log p(θn)
]
.

6.4 Proof of Theorem 3

The derivative of (9) with respect to M is

∂µ̂(x)
∂M

= (1− kTx sk) ±c± Sk + sTk y
(c+ (M + 1)Sk)2

If
∣∣∣ sT

k
y

Sk

∣∣∣ ≤ c
Sk

+ 1, the second term of the derivative above
is positive for h = 1 and negative for h = −1. Notice also
that, forM = 0, the values of µ̂(x) in the two cases h = ±1
coincide. Then, if the first term 1− kTx sk is positive, we
have that µ̂(x) increases with M for h = 1 and decreases
for h = −1 so that the upper is found for h = 1 and
M → ∞ and the lower for h = −1 and M → ∞. Vice
versa, if the first term is negative, the upper is found for
h = −1 and M →∞ and the lower for h = 1 and M →∞.

If, instead,
∣∣∣ sT

k
y

Sk

∣∣∣ > c
Sk

+ 1, the second term of the deriva-

tive above is always positive (if sT
k

y
Sk

> 0) or negative

(otherwise); then, µ̂(x) increases if 1− kTx sk and sT
k

y
Sk

have
the same sign, and decreases otherwise. In the first case,
the upper is found for h = 1 and M → ∞ and the lower
for M = 0; vice versa, in the second case, the upper is
found for M = 0 and the lower for h = −1 and M →∞.

The value of the upper and lower can be derived from (9).

6.5 Proof of Theorem 4

For each GP in G the lower bound of a (1− α)% credible
interval is

µ̂(x)− zα/2

√
k̂(x, x) ≤ µ(x)− zα/2

√
k̂(x, x).

Moreover, from (10), it can be seen that k̂(x, x) increases
with M , so that it maximum is found at M →∞ and is
σ2
fx

= kθ(x, x′)− kTxK−1
n kx′ + (1−kT

x sk)2

Sk
so that

µ̂(x)− zα/2

√
k̂(x, x) ≤ µ(x)− zα/2σfx .

where the equality holds when the lower expectation µ(x) is

found for M →∞, that is when
∣∣∣ sky
Sk

∣∣∣ ≤ 1 + c
Sk

(Theorem
3).
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6.6 Proof of Proposition 2

It can be verified that the lower bound is found by choosing
M1 = M2 = 0. The upper is found, for instance, for
M1 = 0, M2 →∞, as we have

χ2
s(0,M2, h1, h2) = M2

21
T
m(2 ∗K∗∗ + M2 + 2

c
)−1

1m

= M2
2

2 1
T
m

[
(K∗∗)−1 − M2 + 2

2c+ (M2 + 2)Sk∗
sk∗sTk∗

]
1m

= M2
2

1
2

[
Sk∗ − M2 + 2

2c+ (M2 + 2)Sk∗
S2
k∗

]

= M2
2

cSk∗

2c+ (M2 + 2)Sk∗
M2→∞−−−−−→ cM2 →∞,

where Sk∗ = 1
T
m(K∗∗)−1

1m, sk∗ = (K∗∗)−1
1m and where

we have used Lemma 1.

6.7 Proof of Theorem 5

Let us define M ′ = M+1
c

, Sh = hTK−1
n h, sh = K−1

n h and
D = 1 +M ′Sh. From Lemma 1, it follows that

(Kn +M ′hhT )−1 = K−1
n −

M ′

D
shsTh . (24)

Then, µ̂(x) =

=Mh(x) +
(

kx + M ′h(x)hT
)T (

K−1
n − M ′

D
shsTh

)
(y−Mh)

=Mh(x) + kTxK−1
n y− kTx

M ′

D
shsThy + M ′

D
h(x)sThy+

− M

D
kTx sh −

MM ′

D
h(x)Sh

= kTxK−1
n (y− ŷ(x)) + ŷ(x)

Similarly for the covariance function we obtain:

k̂(x, x′) =kθ(x, x′) +M ′h(x)h(x′)−
(
kx +M ′h(x)h

)T
(
K−1
n −

M ′

D
shsTh

)(
kx′ +M ′h(x′)h

)

=kθ(x, x′)− kTxK−1
n kx + M ′

D

(
kTx shsThkx′+

−h(x)kTx sh − h(x′)sThkx′ + h(x)h(x′)
)
.

6.8 Proof of Proposition 3

From (17) it follows that

lim
M→+∞

µ̂(x) = kTxK−1
n y + (h(x)−kTxK−1

n h)hTK−1
n y + c

hTK−1
n h

,

which, if h is a nonzero vector, is bounded.

6.9 Proof of Proposition 4

This can be seen by considering that a priori E[f(x∗i )] =
Mh(x∗i ) so that for h(x) = h+(x) and M → ∞ we have
E[f(x∗i )] → +∞ and for h(x) = h−(x) and M → ∞ we
have E[f(x∗i )]→ −∞.
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