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1. INTRODUCTION ~ 3. INDIFFERENCE
WHAT? We investigate how to model indifference with choice functions. SET OF INDIFFERENT OPTIONS Like a subject’s set of desirable options D—the options he strictly prefers
WHY INDIFFERENCE? to zero—we collect the options that he considers to be equivalent to zero in his set of indifferent options. A
- Adding indifference to the picture typically reduces the complexity of the modelling effort. set of indifferent options I is simply a subset of 7.
- Also, k.nowing how to model in.diff(?rence opens up a path towards modelling symmetry, which has We call a set of indifferent options I coherent if for all u,v = INDIFFERENCE AND DESIRABILITY Given a
many important practical applications. | | in 7 and 4 in R: set of desirable options D and a coherent set
Exchangeability is an example of both aspects. Our treatment here lays the foundation for dealing .0€ETr of indifferent options I, we call D compatible
with, say, exchangeability for choice functions. . ifue ¥ogUVopthen u é I [non-triviality with 7 if
l5.if u € I'then Au € I, [scaling] D+1CD.
WHY CHOICE FUNCTIONS? The beliefs about a random variable may, in an already quite general ls.ifu,velthenu+v el [combination]

setting, be expressed using a set of desirable options (gambles). There exists a theory of indifference

: : : . : : Elements of D /I can be identified
for sets of desirable options. However, such sets of desirable options might not be expressive

. . QUOTIENT SPACE We can collect all options that are with elements on this axis.
enough, as is shown in the next example. | | - indifferent to an option u in ¥ into the equivalence class
We flip a coin with identical sides of unknown type: either twice heads or twice tails. A
“u] ={ve?V v—uecl}= {u}—I—I.}
The set of all these equivalence classes is the quotient D' =D/I
H T H T H T H T space ¥V /I:= {|u| : u € ¥}, which is a vector space
p(H) = p(T) = 1/2 p(H) = 1, p(T) = 0 p(H) =0, p(T) = 1 vacuous with vector ordering H
“u]j[v]@(ﬂwé”f/)ujv—kw} =
for all [u] and [v] in ¥ /L. |
There is no set of desirable options that expresses this elemen- [——
tary belief. What we want is a more expressive model that can H T
model should resemble the situation depicted on the right. Proposition. A set of desirable options D C V' is compatible with a coherent set of indifferent options I if

and only if there is some (representing) set of desirable options D' C ¥ /I such that D = {u : [u] € D'} =
UD'. Moreover, the representing set of desirable options is unique and given by D' =D /1:= {|u] : u € D}.
Finally, D is coherent if and only if D /1 is.

Sets of desirable options allow only for binary comparison between gambles, whereas choice
functions determine “more than binary” comparison.

INDIFFERENCE AND CHOICE FUNCTIONS We use the same idea as for desirability.

2 COHERENT CHOICE FUNCTIONS x We call a choice function C on 2(7") compatible with a coherent set of indifferent options I if there is a

. . . . . representing choice function C' on 2(7 /1) such that
VECTOR SPACE Consider a vector space 7', consisting of options. We assume that ¥ is equipped P g (771

with a given vector ordering <, meaning that < {C(O) ={ueO0:uleC'(0/I)}forall Oin Q(”V)J
- Is a partial order (= is reflexive, antisymmetric, and transitive);
- satisfies u; < ur <> Auj +v < Aur +vforall uy, u, and vin ¥ and A in R. Proposition. For any choice function C on 2(7') that is compatible with some coherent set of indifferent

options I, the unique representing choice function C/1 on 2(7 /1) is given by C/I1(0/I) = C(0O)/I for
all 0 in 2(¥'). Hence also C(0) = 0N (UC/I(0/I)) for all O in 2(¥'). Finally, C is coherent if and
only C/1 is.

Properties:

With <, we associate the strict partial ordering < asu <v< (u <vandu#v) foralluand vin 7.
Forany O C 7/, we let CH(O) be its convex hull.
We define 2 C Z(7') as the collection of non-empty but finite subsets of 7.

- Indifference is preserved under arbitrary infima.
- Given a coherent choice function C that is compatible with I, then D¢ is also compatible with 1.
- Given a coherent set of desirable options D that is compatible with I, then Cp is also compatible with 1.

DEFINITION A choice function C is a map
C: 2 2U{0}: 0+ C(0) such that C(0) C 0.

RATIONALITY AXIOMs We call a choice function C on 2(¥) coherent if for all O,01,0, in 2(7),
u,vin ¥ and A in R.y:

C,.C(0) # 0; [non-emptiness’
o uﬁ y thenC{v} \ C({M,V});C C C : [domlna,nce: Consider the possibility space 2™ := {a,b,c} and the vector space ¥ = R#* = R3. We want to express
Cs. a. !f C(0») - 0\ O, ang 0, C 02h_ O then C(O)C_ 0_\ O1; A[.Sens @. indifference between a and b, or in other words between I, and Iy, where I,y := (1,0,0) and
o. | C(02) C Orand O C 0,\ 0y then C(0,\ 0) C Oy; | [ lzerman. Iy :== (0,1,0). What is the most conservative choice function C compatible with this assessment?
C4. a.if Oy CC(0,) then L0 C C(A03); [scaling invariance’
b.if O; C C(0;) then O1+ {u} C C(Or+ {u}); [independence] - o . |
Cs.if O C CH({u,v}) then {u,v} NC(OU{u,v}) # 0. [sticking to extremes] Set of indifferent options: A’ set ofindifferent options
I = {A(I[{a} —H{b}) = ]R} = {(A,—A,O) = IR} ) I = {(l,—l,O): A € R}
: _ _ /
THE ‘IS NOT MORE INFORMATIVE THAN’ RELATION Given two choice functions C; and C, = {u € R’ : Ey(u) = Ex(u) = 0} 1 / A
{Q is not more informative than C; < (YO € 2)(C,(0) D CZ(O)).} with E; and E, the expectations associated with the mass func- |/ " "
- tions p; == (1/2,1/2,0) and p, := (0,0, 1). S e
For a collection C of coherent choice functions, its infimum is the coherent choice function given by Equivalence class: 2 |
B B 3 B B The vector ordering on
{(infC)(O) = JC(0) for all O in Q} u] ={u} +1={v e R":Ei(u) = Ei(v) and Ex(u) = Ex(v)}. IR?/1 is the usual one
dim(IR3/I) = 2. . in this two-dimensional
Vector ordering: ) vector space

CONNECTION WITH SETS OF DESIRABLE OPTIONS Choice functions are essentially non-pairwise
comparisons of options. Therefore, we can associated a single coherent set of desirable options with
a coherent choice function C by

{DC —lue¥ : {u) = c({o,u})}ﬂ

[u] =< [V] & (EM, - ]R)Lt = V—I—A(H{a} —H{b})
S (AL ER) (ug <va+ A, up <vy—A and u. < v,)
<~ (E1 (u) < E; (V) and Ez(u) < EQ(V))

Conversely, given a coherent set of desirable options D, there are multiple associated coherent A
choice functions, and the least informative one is given by
{CD(O):{ueoz(vve())v—ugéz)}forauomgﬂ |2
AT 1 e 2 e
A cCp({e,a,m>})since P S
_ _A é D, .....................
- — - u
B-A¢ZD; >
e -»—A¢D.
~A L TRl mcCp({e A, m>}) since The vacuous—Ieast informative—choice func-
........... .. _médD tion C/I on R?/I selects the
- . wdD - C{L V), ], [w13) = ([, [wl, [w/])-
......... )H ’ That means that the most conservative choice
B ’ > —8.¢D. function C we are looking for (the one on R?),
N ¢ Cp({® a,m>})since a cD. | 5 has the following behaviour on those four op-
- é CD({., A .0 }) since @ — eD. tions:
C({v,V,w,w'}) ={v,w,w'}.




