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Ljqrudqfh dqg Udwlrqdo Fkrlfh

Nodxv Qhkulqj

Ghsduwphqw ri Hfrqrplfv
Xqlyhuvlw| ri Fdoliruqld/ Gdylv

ngqhkulqjCxfgdylv1hgx
kwws=22srodu1xfgdylv1hgx2�qhkulqj2

Devwudfw

Ljqrudqfh derxw wkh frpsdudwlyh olnholkrrg ri hyhqwv
lv uh hfwhg lq lqfrpsohwhqhvv ri dq djhqw*v suhihu0
hqfhv ryhu ehwv1 Zh dujxh wkdw ghwhuplqdwh udwlr0
qdo fkrlfh lv vwloo srvvleoh li rswlpdo fkrlfh lv xqghu0
vwrrg dv frqwh{w0ghshqghqw ehvw frpsurplvh1 Dq d{0
lrpdwlf fkdudfwhul}dwlrq ri vxfk d fkrlfh uxoh lv gh0
vfulehg iru wkh vshfldo fdvh ri vlwxdwlrqv ri frpsohwh
ljqrudqfh +pd{lpdoo| lqfrpsohwh suhihuhqfhv, zklfk
fdq eh ylhzhg dv �uhgxfhg irupv� ri jhqhudo ghflvlrq
sureohpv xqghu sduwldo ljqrudqfh1

Nh|zrugv1 Lqfrpsohwh suhihuhqfh/ ljqrudqfh/ ur0

exvwqhvv/ frqwh{w0ghshqghqw fkrlfh/ qrq0lqirupdwlyh

sulruv

4 Lqwurgxfwlrq= Wkh Glohppd ri

Fkrlfh xqghu Ljqrudqfh

Dffhswlqj Vxemhfwlyh H{shfwhg Xwlolw| wkhru| dv xql0

yhuvdoo| ydolg iurp d qrupdwlyh srlqw ri ylhz kdv d

vwduwolqj lpsolfdwlrq= djhqwv vkrxog uhsuhvhqw dq| xq0

fhuwdlqw| lq whupv ri d xqltxh vxemhfwlyh suredelolw|

phdvxuh1 Krzhyhu/ wkh fodlp wkdw vlwxdwlrqv ri jhq0

xlqh ljqrudqfh fdq dghtxdwho| eh uhsuhvhqwhg e| d

xqltxh sulru/ fodvvlfdoo| h{suhvvhg dv Odsodfh*v �sulq0

flsoh ri lqvx!flhqw uhdvrq�/ kdv ehhq kdug wr ghihqg1

Douhdg| yrq Nulhv +4;;9, srlqwhg rxw wkdw qr sured0

elolw| phdvxuh fdq wuhdw doo qrq0wulyldo hyhqwv v|pphw0

ulfdoo|1 Lq frqwhpsrudu| Ed|hvldq vwdwlvwlfv dv zhoo

lw lv riwhq dwwhpswhg wr prgho wkh suh0revhuydwlrq

xqfhuwdlqw| lq whupv ri d qhxwudo �qrq0lqirupdwlyh�

sulru/ zlwk xqfrqylqflqj uhvxowv lq wkh ylhz ri pdq|>

vhh iru lqvwdqfh Ehujhu +4<;8/ fk1 6, iru d uhylhz

dqg Zdooh| +4<<8, iru dq h{whqghg fulwltxh1 Vr/ hslv0

whplfdoo|/ wkh fdvh iru xqltxh vxemhfwlyh suredelolwlhv

vhhpv zhdn1 Pruhryhu/ wkhuh lv d qdwxudo dqg zrun0

deoh jhqhudol}dwlrq ri wkh Ed|hvldq prgho wkdw qdwx0

udoo| dffrpprgdwhv ljqrudqfh dqg dpeljxlw|= vlpso|

h{suhvv dq djhqw*v eholhiv e| d +frqyh{, vhw ri sul0

ruv1 Frpsohwh Ljqrudqfh/ iru h{dpsoh/ lv qdwxudoo|

fdswxuhg e| wkh vhw ri doo sulruv1

Ghflvlrq0wkhruhwlfdoo|/ wkh pryh iurp srlqw0ydoxhg wr

vhw0ydoxhg sulruv wudqvodwhv qdwxudoo| lqwr d pryh iurp

frpsohwh wr lqfrpsohwh suhihuhqfhv +vhh lq sduwlfxodu

Vplwk +4<94,/ Ehzoh| +4<;9,/ Zdooh| +4<<4, iru wkh

uhohydqw uhsuhvhqwdwlrq wkhruhpv,1 Khuh lv wkh uxe=

zkloh lw vhhpv sulpd idflh yhu| qdwxudo dqg hyhq frp0

shoolqj wr h{suhvv rqh*v ljqrudqfh e| vxvshqglqj mxgj0

phqw ri suhihuhqfh ehwzhhq ehwv +dqg dfwv pruh jhqhu0

doo|,/ lv wkhuh dq| phulw ri grlqj vr iru wkh sxusrvh ri

ghflvlrq pdnlqjB Grhvq*w lqfrpsohwhqhvv phuho| uhq0

ghu fkrlfh pruh lqghwhuplqdwhB Vrph ghflvlrq pxvw

eh pdgh � vrph dfw zloo eh fkrvhq/ diwhu doo � vr

zkdw xvh lv lw wr vxvshqg mxgjphqw li |rx fdqqrw vxv0

shqg fkrlfhB Zk| qrw/ rqh lv lqfolqhg wr dvn/ �oo lq

wkh jdsv lq wkh suhihuhqfh uhodwlrq/ wkhuhe| pdnlqj

lw frpsohwh> dw zruvw/ lw vhhpv/ vrph �oo0lq suhihu0

hqfh mxgjphqw pljkw eh duelwudu|1 Zkloh hslvwhp0

lfdoo| frpshoolqj/ wkh fulwltxh ri xqltxh vxemhfwlyh

suredelolwlhv vhhpv wr eh vwudqjho| srlqwohvv ghflvlrq0

wkhruhwlfdoo|1

Wklv �Glohppd ri Fkrlfh xqghu Ljqrudqfh� pd| zhoo

eh uhohydqw hyhq lq vlwxdwlrqv lq zklfk wkh gluhfw lq0

whuhvw lv lq eholhiv udwkhu wkdq fkrlfh/ dv lq w|slfdo vlw0

xdwlrqv ri vwdwlvwlfdo lqihuhqfh1 Wklv krogv hvshfldoo|

li rqh zdqwv wr pdlqwdlq sklorvrsklfdo frqwlqxlw| zlwk

wkh gh0Ilqhwwl0Vdydjh wudglwlrq ri Ed|hvldq wklqnlqj/

lq zklfk fkrlfh kdv wkh fhqwudo uroh ri pdnlqj eholhiv

�rshudwlrqdoo| phdqlqjixo�> wkh odwwhu hqvxuhv wkdw/

lq Ed|hvldq glvfrxuvh/ rqh dozd|v nqrzv zkdw rqh lv

wdonlqj derxw +lq sulqflsoh,/ zklfk fdqqrw eh vdlg ri

pdq| ri lwv frpshwlwruv1 Khqfh wkh ryhudoo jrdo ri p|

zrun= wr h{whqg Ed|hvldq glvfrxuvh vr wkdw lw fdq df0

frpprgdwh ljqrudqfh dqg dpeljxlw| zkloh suhvhuylqj

wkh vrxufhv ri lwv lqwhooljlelolw|1

L zloo dujxh wkdw wkhuh lv d zd| rxw ri wkh Glohppd ri

Fkrlfh xqghu Ljqrudqfh zkhq rqh dedqgrqv wkh wud0

glwlrqdo htxdwlrq ri rswlpdo fkrlfh zlwk lqfrpsohwh

suhihuhqfhv zlwk dgplvvlelolw|/ l1h1 qrq0lqihulrulw| wr



vrph rwkhu ihdvleoh dfw lq whupv ri wkh suhihuhqfh uh0
odwlrq1 Zkloh dgplvvlelolw| lv fohduo| qhfhvvdu| iru rs0
wlpdolw|/ lw lv dujxdeo| qrw vx!flhqw iru lw1 Lq sdu0
wlfxodu/ vrph dfwv pd| eh vxshulru wr rwkhuv lq whupv
ri wkhlu urexvwqhvv1 Lqwxlwlyho|/ dq dfw lv qrq0urexvw
li lw pd| wxuq rxw wr eh d sduwlfxoduo| srru fkrlfh
xqghu vrph dffhswdeoh sulru1 Frqvlghu/ iru h{dpsoh/
d vlwxdwlrq ri frpsohwh ljqrudqfh ryhu wzr vwdwhv/ lq
zklfk wkh ghflvlrq0pdnhu kdv wzr fkrrvh dprqj wkuhh
dfwv ghvfulehg e| wkh sd|r�0yhfwruv +lq xwlohv, +4/3,/
+3/4,/ dqg +31</31<,1 Qrwh wkdw lq ylhz ri wkh dvvxphg
frpsohwh ljqrudqfh/ doo wkuhh dfwv duh pxwxdoo| qrq0
frpsdudeoh/ khqfh doo wkuhh duh dgplvvleoh1 Slfnlqj
hlwkhu dfw +4/3, ru +3/4, pd| wxuq rxw wr kdyh ehhq wkh
zruvw srvvleoh fkrlfh> e| frqwudvw/ wkh dfw +31</31<, lv
forvh wr ehlqj rswlpdo qr pdwwhu zkdw vwdwh zloo kds0
shq1

Wkh fkrlfh uxoh suhvhqwhg ehorz dqg ghyhorshg pruh
h{whqvlyho| lq Qhkulqj +4<<;, fdoohg �Vlpxowdqhrxv
H{shfwhg Xwlolw| Pd{lpl}dwlrq� +VLPHX,/ pdnhv
wklv lqwxlwlrq ri rswlpdo fkrlfh dv slfnlqj wkh prvw
urexvw dgplvvleoh dowhuqdwlyh irupdoo| suhflvh dqg
surylghv dq d{lrpdwlf mxvwl�fdwlrq iru lw1 Udwkhu
wkdq uho|lqj rq wkh volsshu| dqg ydjxh frqfhsw ri
�urexvwqhvv�/ wkh wzr nh| d{lrpv/ V|pphwu| dqg
Frqvhtxhqfh0Lvrprusklvp/ h{suhvv devwudfw uhtxluh0
phqwv ri lvrprusklvp ri fkrlfh zlwk uhvshfw wr xq0
ghuo|lqj suhihuhqfh1 Lq Qhkulqj +4<<;,/ wkhvh lq
wxuq duh prwlydwhg e| wkh lghd wkdw d vdwlvidfwru|
fkrlfh0uxoh pxvw pdnh ixoo xvh ri wkh lqirupdwlrq hp0
erglhg lq wkh dvvhuwhg suhihuhqfhv/ lqfoxglqj wkh dv0
vhuwhg qrq0frpsdudelolwlhv +�Sulqflsoh ri Suhihuhqfh0
Edvhgqhvv�,1

5 Iudphzrun dqg Qrwdwlrq

Ohw 
 ghqrwh dq lq�qlwh xqlyhuvh ri vwdwhv/ dqg ohw I

eh wkh vhw ri �qlwh sduwlwlrqv I @ iVjV5I ri 
 lqwr

lq�qlwh vxevhwv V1 Qrwh wkdw/ e| gh�qlwlrq/ dq| I 5 I

lv lq�qlwho| glylvleoh lq wkh vhqvh wkdw dq| hyhqw ri dq|

sduwlwlrq lq I fdq eh eurnhq xs lqwr duelwudulo| pdq|

vxehyhqwv
4
1

Dq dfw { pdsv vwdwhv wr frqvhtxhqfhv f 5 N = { =


 $ N1 Iru h{srvlwlrqdo vlpsolflw|/ zh zloo dvvxph

wkdw N @ ^3>4`/ lqwhusuhwlqj f dv fduglqdo xwlolw| +qru0

pdol}hg yrq0Qhxpdqq Prujhqvwhuq xwlolw|/ �sd|r��,>
vxfk dq lqwhusuhwdwlrq fdq eh mxvwl�hg e| vwdqgdug
dujxphqwv dorqj wkh olqhv ri Dqvfrpeh0Dxpdqq*v
+4<96, wzr0vwdjh �kruvh0orwwhu|� dssurdfk1 Lq d zruog
zlwk rqo| wzr �qdo frqvhtxhqfhv +�zlqqlqj� dqg �orv0

4L1h1/ iru hdfk 8 M 5 dqg hdfk r8 0wxsoh ri qdwxudo
qxpehuv +?r,7M8 / wkhuh h{lvwv d uh�qhphqw C ri 8 lq 5

vxfk wkdw rtA M C�A \ 7� ' ?r1 1

lqj�/ zlwk zlqqlqj suhihuuhg,/ {$ fdq eh lghqwl�hg

zlwk wkh remhfwlyh suredelolw| ri zlqqlqj frqglwlrqdo

rq $=

D zhoo0gh�qhg fkrlfh vhw lv dvvxphg wr eh forvhg

zlwk uhvshfw wr wkh lqfoxvlrq ri pl{hg dfwv/ dqg lv

wkhuhiruh irupdoo| uhsuhvhqwhg dv d frqyh{ vhw ri dfwv

[ � ^3> 4`
1 Wr fdqrqlfdoo| lqfoxgh pl{hg dfwv lv

whfkqlfdoo| qhfhvvdu| dqg vhhpv wr eh wkh pruh frq0

vhuydwlyh zd| wr surfhhg rxwvlgh VHX0wkhru|1

Iru I 5 I / ohw ^3> 4`I ghqrwh wkh fodvv ri I 0

phdvxudeoh5 dfwv/ dqg ghqrwh ^3>4`I @
V

I5I

^3>4`I >

wkh fodvv ri vlpsoh dfwv1 D fkrlfh0vhw [ lv vlpsoh li lw

lv d forvhg +khqfh frpsdfw,
6 dqg frqyh{ vhw ri vlpsoh

dfwv> ohw [ ghqrwh wkhlu fodvv1 Lw lv qrw yhu| gl!fxow wr

vkrz wkdw d forvhg frqyh{ vhw [ � ^3>4`I lv vlpsoh li

dqg rqo| li doo dfwv lq [ duh phdvxudeoh zlwk uhvshfw

wr d frpprq �qlwh sduwlwlrq/ l1h1 li [ � ^3>4`I iru

vrph I 5 I 1 Wklv idfw lv whfkqlfdoo| lpsruwdqw dqg

zloo eh xvhg wkurxjkrxw17

Vrph dgglwlrqdo qrwdwlrq= �fo [� lv wkh forvxuh ri [/

�fr [� lv wkh frqyh{ kxoo ri [> dqg ^{> |` @ fr i{> |j1
�{ ? |� krogv li { � | dqg {$ ? |$ iru vrph $ 5 
/

�{ � |� li {$ ? |$ iru doo $ 5 
> h
V ghqrwhv wkh

lqglfdwru0ixqfwlrq ri V/ l1h1/ hV
$
@ 4 li $ 5 V/ dqg

h
V

$
@ 3 rwkhuzlvh1

D ghflvlrq sureohp xqghu Frpsohwh Ljqrudqfh +�FL

sureohp�, lv d sdlu +[> U>, / zkhuh [ lv d fkrlfh vhw

dqg U> ghqrwhv wkh Frpsohwh Ljqrudqfh suhihuhqfh

uhodwlrq gh�qhg e|

{ U> | +, ^{$ � |$ iru doo $ 5 
` =

Vlqfh U> lv dvvxphg �{hg lq doprvw doo ri wkh iroorz0

lqj/ zh zloo qrupdoo| lghqwli| d FL sureohp +[>U>,
zlwk lwv fkrlfh vhw [/ dqg gh�qh d fkrlfh ixqfwlrq

dv d qrq0hpsw|0ydoxhg pdsslqj F rq [ vxfk wkdw

F+[, � [ iru doo [ 5 [ 1 Zh zloo zulwh �{ S> |�

iru �{ U> | dqg qrw | U> {�/ dv zhoo dv �{ Q> |% iru

�qhlwkhu { U> | qru | U> {%=

6 VLPHX dqg Oh{lplq= Gh�qlwlrq

dqg Edvlf Surshuwlhv1

Wkh iroorzlqj vhfwlrqv duh ghyrwhg wr dq d{lrp0

dwl}dwlrq ri VLPHX iru Frpsohwh0Ljqrudqfh sure0

5
Dq dfw % lv 8 0phdvxudeoh l� lw lv frqvwdqw rq hdfk

fhoo 7 M 8�
6
Zlwk dfc�o5 ehlqj hqgrzhg zlwk wkh surgxfw wrsro0

rj|> vlqfh dfc �o5 lv frpsdfw lq wklv wrsrorj| +e| W|0

fkrqr�*v Wkhruhp,/ vr lv dq| vlpsoh fkrlfh0vhw f M c �1

7
L rzh wklv idfw wr wkh lqwhuyhqwlrq ri d uhihuhh> qrwh

wkdw lw zrxog fohduo| eh idovh iru qrq0frqyh{ f 1



ohpv/ �
FL 1 Dorqj wkh zd|/ zh dovr rewdlq d fkrlfh0

ixqfwlrqdo fkdudfwhul}dwlrq ri wkh oh{lfrjudsklf pd{0

lplq uxoh OP gh�qhg dv iroorzv/ zlwk plq > @ �41

OP+[, @ i{ 5 [ m Iru doo

| 5 [ = plq$={
$
9@|

$
{$ � plq$={

$
9@|

$
|$j=

Dv lw uhdgv/ zh kdyh gh�qhg OP+[, dv Eduehuã0

Mdfnvrq*v +4<;;, �surwhfwlyh fulwhulrq�1 Vlqfh wkh iro0

orzlqj sursrvlwlrq vkrzv lw wr frlqflgh +rq frqyh{

vhwv, zlwk wkh oh{lfrjudsklf pd{lplq/ zh ghqrwh lw

e| OP dqg uhihu wr lw e| wkh odwwhu/ pruh lqirupdwlyh

qdph1

Wkh VLPHX uxoh �FL prgl�hv OP e| qrupdol}lqj

h{0srvw xwlolwlhv> wkh qrupdol}dwlrq |lhogv �ghjuhhv ri

lpsohphqwdwlrq� �$+{, ri { zlwklq [ lq vwdwh $>

�$+{, @
{$�lqi|5D+[, |$

vxs
|5D+[, |$�lqi|5D+[, |$

> zlwk 3@3 @ 4

e| frqyhqwlrq1

Qrwh wkdw e| gh�qlwlrq lqi{5D+[, �$+{, @ 3 dqg

vxs
{5D+[, �$+{, @ 4 iru dq| vwdwh $= Dovr/ gh�qh

�
FL +[, @ i{ 5 [ m Iru doo

| 5 [ = plq
$=�$+{,9@�$+|, �$+{, �

plq
$=�$+{,9@�$+|, �$+|,j=

Wkh dowhuqdwlyhv fkrvhq e| �
FL duh �urexvw� lq wkh

vhqvh ri jxdudqwhhlqj wkh kljkhvw srvvleoh ghjuhh ri

lpsohphqwdwlrq zkdwhyhu wkh wuxh vwdwh1 Wkh| fdq

dovr eh lqwhusuhwhg dv dq rswlpdo frpsurplvh lq d
edujdlqlqj jdph zlwk wkh srvvleoh vwdwhv dv sod|huv
zkr ydoxh dfwv dffruglqj wr wkh h{0srvw sd|r� lq wkhlu
vwdwh> rq wklv lqwhusuhwdwlrq/ wkh 304 qrupdol}dwlrq ri
xwlolw| udqjhv uh hfwv wkh devhqfh ri �lqwhu0shuvrqdo�
+l1h1 lqwhu0vwdwh $, frpsdudelolw| ri xwlolwlhv dfurvv
sod|huv> iru pruh ghwdlov/ vhh Qhkulqj +4<<;,1

H{dpsoh 41 Wkh iroorzlqj pdwul{ ghvfulehv wkh

sd|r�v ri wzr dfwv lq whupv ri wkh hyhqw sduwlwlrq

iV4> V5j=

V4 V5

{ =<3 3

| 3 =43

Frqvlghu fkrlfhv iurp wkh vhw [ @ ^{> |`= Wkh

oh{lplq0uxoh htxdol}hv sd|r�v dfurvv vwdwhv/ vhohfwlqj

OP+[, @ +3=3<>3=3<, @ 3=4{ . 3=<|> zklfk fdq eh

lqwhusuhwhg dv udqgrpl}hg fkrlfh ri | zlwk d sured0

elolw| ri <3(1 Phdvxuhg lq whupv ri ghjuhhv ri lp0

sohphqwdwlrq/ OP+[, idyruv wkh hyhqw V5 / dqg lv

wkxv qrq0urexvw zlwk uhvshfw wr wkh srvvlelolw| ri V4>

zlwk �$++3=3<>3=3<,, @ 3=<3 iru dq| $ 5 V5 / zkhuhdv

�$++3=3<>3=3<,, @ 3=43 iru dq| $ 5 V4= E| frpsdu0

lvrq/ VLPHX+[, @ +3=78>3=378, @ 3=8{ . 3=8| /

htxdol}lqj ghjuhhv ri lpsohphqwdwlrq dfurvv vwdwhv1

Lw lv lqvwuxfwlyh wr frpsduh wkh vhohfwlrq ri

VLPHX wr wkdw ri Vdydjh*v +4<84, �plqlpd{ orvv�

uxoh +�PPO�,/8 lwv forvhvw nlq lq wkh olwhudwxuh1

PPO htxdol}hv orvvhv dfurvv vwdwhv= PPO+[, @
+3=;4> 3=34, @ 3=<{ . 3=4|= Wklv lv dovr qrq0urexvw/

wklv wlph zlwk uhvshfw wr wkh srvvlelolw| ri V5> zlwk

�$++3=;4>3=34,, @ 3=43 iru dq| $ 5 V5 / dqg

�$++3=;4>3=34,, @ 3=<3 iru dq| $ 5 V4= PPO uholhv

khdylo| rq wkh frpsdulvrq ri xwlolw|0gl�huhqfhv dfurvv

vwdwhv/ dujxdeo| pruh vr wkdq lv zduudqwhg lq ylhz ri

wkh devhqfh ri dq| erxqg rq wkh uhodwlyh zhljkw ri V4
dqg V5> wklv lv ixuwkhu glvfxvvhg lq h{dpsoh 6 ehorz1

�

Sursrvlwlrq 4 l, Li [ 5 [ > OP+[, dqg �FL+[,
duh qrq0hpsw| dqg vlqjoh0ydoxhg1

ll, Pruhryhu/ li { @ OP+[, dqg | 5 [qi{j/

plq
$={$ 9@|$ {$ A plq

$={$ 9@|$ |$1

Vlploduo|/ li { @ �
FL

+[, dqg | 5 [qi{j/

plq
$=�

$
+{
$
,9@�

$
+|
$
, �$+{$, A

plq
$=�$+{$,9@�$+|$, �$+|$,1

9

7 D{lrpdwlfv

Wkh prvw edvlf udwlrqdolw|0uhtxluhphqw lv frpsdwlelo0

lw| zlwk dvvhuwhg suhihuhqfhv1

D{lrp 4 +Dgplvvlelolw|, Iru doo [ 5 [ dqg

{> | 5 [= { S> | lpsolhv | @5 F+[,1

Li rqh uhzulwhv wkh frqglwlrq �{ S> |� lq xwlolw|0

whupv dv �iru doo $ 5 
/ {
$
� |

$
/ dqg iru vrph

$ 5 
> {
$

A |
$
�/ lw lv hylghqw wkdw wklv d{lrp

dprxqwv wr wkh vwdqgdug frqfhsw ri vwulfw dgplvvl0

elolw|1

Wkh wzr nh| d{lrpv ri wkh wkhru| duh d{lrpv ri vwuxf0

wxudo htxlydohqfh1 Wkh �uvw lv edvhg rq wkh v|pphwu|

ri U> lq hyhqwv1 Iru dq| rqh0wr0rqh pds ! = I $ I
3

rq hyhqw sduwlwlrqv I / I
3
5 I / gh�qh dq dvvrfldwhg

rqh0wr0rqh pds rq dfwv � = ^3> 4`I $ ^3>4`I
3

e|

�+{,!+v, @ {v/ iru V 5 I 1 �+{, lv wkh dfw wkdw uh0

vxowv li wkh frqvhtxhqfh {V rffxuv lq wkh hyhqw !+V,
lqvwhdg ri lq wkh hyhqw V1

8
PPO+[, lv wkh vhw ri dfwv % wkdw plqlpl}h

4@ /MlE4@ +Mf +/ 3 %/��
9
Wkh frqyh{lw| dvvxpswlrq rq f lv lqglvshqvdeoh/ dv

wkh frxqwhu0h{dpsoh ri f ' tE�cf�c Efc��� vkrzv/ iru

zklfk u�Ef� ' 7U�.LEf� ' f1



D{lrp 5 +V|pphwu|/ V\, Iru doo [ 5 [ / hyhu|

I 5 I vxfk wkdw [ lv I 0phdvxudeoh/ dqg hyhu| ! =

I $ I rqh0wr0rqh= �+[, @ [ lpsolhv F+[, @
�+F+[,,1

V\ uhtxluhv wkdw v|pphwu| ri wkh fkrlfh vhw lq hyhqwv

lpsolhv d fruuhvsrqglqj v|pphwu| ri wkh fkrvhq vhw1

Lw lv d zhdn yhuvlrq ri wkh kdoopdun d{lrp ri wkh FL

olwhudwxuh fdoohg �froxpq gxsolfdwlrq� ru �phujhu ri

vwdwhv�> lw uxohv rxw uhsuhvhqwdelolw| ri wkh fkrlfh ixqf0

wlrq e| vrph +dv0li, vxemhfwlyh suredelolw|/ dv vkrzq

e| wkh iroorzlqj h{dpsoh1

H{dpsoh 51 Wkh iroorzlqj pdwul{ ghvfulehv wkh

sd|r�v ri irxu dfwv lq whupv ri wkh hyhqw0sduwlwlrq

I
�

@ iV4>V5> V6j1

V4 V5 V6
z 4 3 4

{ 4 4 3

| 3 4 4

} 4 3 3

=

Vxssrvh F wr eh uhsuhvhqwdeoh e| wkh dv0li vxemhf0

wlyh suredelolw| yhfwru +�4>�5> �6,= V\ dssolhg wr

wkh fkrlfh vhw ^z>{`/ zlwk I @ I� dqg ! jlyhq e|

!+V4, @ V4> !+V5, @ V6> dqg !+V6, @ V5> lpsolhv

{ 5 F+^z>{`, / z 5 F+^z>{`, / dqg wkxv �5 @ �6=

Dq dqdorjrxv dssolfdwlrq ri V\ wr wkh fkrlfh vhw ^z>|`
|lhogv �4 @ �5/ dqg wkxv �4 @ �5 @ �6 @

4

6
= Krzhyhu/

dsso|lqj V\ wr ^|> }` zlwk I @ iV4> V5 ^ V6j dqg !

jlyhq e| !+V4, @ V5^V6> dqg !+V5^V6, @ V4 lpsolhv

| 5 F+^|> }`,/ } 5 F+^|> }`, / dqg wkxv �4 @ �5 .�6/

d frqwudglfwlrq= �

V|pphwu| fdq eh ylhzhg dv h{suhvvlqj d ghflvlrq0

wkhruhwlf �sulqflsoh ri lqvx!flhqw uhdvrq�1 Lw lv gh0

vludeo| zhdnhu wkdq lwv fodvvlfdo Odsodfldq hslvwhplf

frxqwhusduw e| phuho| dvvhuwlqj frqwh{w0ghshqghqw

htxlydohqfhv ri fkrlfh/ udwkhu wkdq htxdo suredelol0
wlhv1 Dv looxvwudwhg e| h{dpsoh 5/ wklv pdnhv lw srv0
vleoh wr dsso| wklv sulqflsoh wr duelwudu| hyhqw sduwl0
wlrqv vlpxowdqhrxvo| dqg wr wkhuhe| fdswxuh frpsohwh

ljqrudqfh1

D vhfrqg lqyduldqfh d{lrp fdoohg FLVR +iru �Frqvh0
txhqfh Lvrprusklvp�,/ �gxdo� wr V|pphwu|/ frqvlg0
huv wudqvirupdwlrqv ri sd|r�v zlwklq vwdwhv1 Lw klqjhv
fulwlfdoo| rq dq xqghuvwdqglqj ri rswlpdo fkrlfh dv
frpsurplvh/ dqg lv d qdwxudo frqvhtxhqfh ri wkh edu0
jdlqlqj phwdskru= wkh rswlpdo fkrlfh vkrxog eh lq0
yduldqw wr srvlwlyh d!qh wudqvirupdwlrqv ri vwdwh +�f0
wlwlrxv sod|huv*, xwlolwlhv1 Lq Qhkulqj +4<<;/ vhfwlrq
816, d pruh ghwdlohg mxvwl�fdwlrq ri wkh d{lrp lv jlyhq
zklfk lv looxvwudwhg lq h{dpsoh 6 ehorz1 Wr gh�qh

FLVR irupdoo|/ ohw dq d!qh frqvhtxhqfh0lvrprusklvp

eh d pdsslqj � iurp ^3>4`I wr ^3> 4`I +qrw qhfhvvdulo|

rqwr, ri wkh irup �+{, @ +�${$ . �
$
,$5
/ iru dssur0

suldwh �$ A 3 dqg �
$
1

D{lrp 6 +FLVR, Iru doo [ 5 [ dqg dq|

d!qh frqvhtxhqfh0lvrprusklvp � vxfk wkdw �+[, 5
[ = F+�+[,, @ �+F+[,,1

H{dpsoh 61 Frqvlghu d w|slfdo lqvwdqfh ri FLVR1

V4 V5

{ 4 3

| 3 4

|� 3 �

1

Ohw [ @ ^{> |`>[�
@ ^{> |�`> dqg dvvxph 3? � ? 41

Vlqfh { Q> | dv zhoo dv { Q> |
�/ dqg dv [� fdq eh

rewdlqhg iurp [ e| srvlwlyh d!qh wudqvirupdwlrq ri

sd|r�v/ FLVR lpsolhv | 5 F+[,/ |� 5 F+[�,=

Kroglqj iru duelwudulo| vpdoo srvlwlyh % / wklv lpsol0

fdwlrq vhhpv zlog dw �uvw eoxvk= zkloh lw vhhpv shu0

ihfwo| uhdvrqdeoh wr fkrrvh | lq [> zkr zrxog qrw

fkrrvh { ryhu |� lq [�B Diwhu doo/ { pljkw eh pxfk

ehwwhu wkdq |� +lq V4, zklfk dw ehvw pljkw rqo| eh

voljkwo| ehwwhu +lq V5,1 Vxfk d uhdfwlrq irujhwv/ krz0

hyhu/ wkdw wkh ghflvlrq0pdnhu frxog kdyh dvvhuwhg wklv

suhihuhqfh klpvhoi/ exw h{solflwo| ghfolqhg wr gr vr e|

dvvhuwlqj { Q> |
�
1 FLVR hqvxuhv wkdw wkh dvvhuwhg

qrq0frpsdudelolwlhv duh ixoo| uhvshfwhg e| wkh fkrlfh0
ixqfwlrq1 �

Wkh suhfhglqj wkuhh d{lrpv duh lqfrpsdwleoh zlwk
wudglwlrqdo frqwh{w0lqghshqghqw fkrlfh0frqvlvwhqf|
frqglwlrqv vxfk dv ZDUS1

^ZDUS` Iru doo {/ | 5 [ _ \ = { 5 F+[, , ^| 5

F+\ , , { 5 F+\ ,`1

Lq zrugv= li { lv fkrvhq lq [/ lw lv �uhyhdohg� wr eh

dw ohdvw dv fkrlfh0zruwk| dv dq| dowhuqdwlyh | lq [/

khqfh pxvw eh fkrvhq lq \ zkhqhyhu | lv1 Lw vhhpv

qdwxudo wr frqwdlq wkh h{whqw ri frqwh{w0ghshqghqfh

e| uhvwulfwlqj ZDUS wr �udqjh0htxlydohqw� sdluv ri

ghflvlrq sureohpv iru zklfk lw lv xqsureohpdwlf1 [

dqg [3
duh udqjh0htxlydohqw li surm$ fo D+[, @ surm$

fo D+[3, iru doo $ 5 
> wkdw lv/ li wkh| djuhh rq wkh

vhw ri �dgplvvleoh frqvhtxhqfhv� lq hdfk vwdwh1

D{lrp 7 +ZDUHS, Iru dq| udqjh0htxlydohqw [/

[
3
5 [ dqg {/ {3 5 [_[3

= { 5 F+[,, +{
3
5 F+[

3
,

, { 5 F+[
3
,,1

Zkloh ZDUHS grhv qrw uhvw rq txlwh dv frpshoolqj

d irxqgdwlrq dv wkh rwkhu d{lrpv/ lw kdv wkh gh�qlwh



phulw ri ohdglqj wr d wudfwdeoh dqg qlfho| lqwhusuhwdeoh

vroxwlrq1 Pruhryhu/ lw lv zhdn lq ehlqj vdwlv�hg e| doo

pdmru FL0vroxwlrqv sursrvhg lq wkh olwhudwxuh/ dqg lq

qrw ghwhuplqlqj wkh txdolwdwlyh fkdudfwhu ri wkh fkrlfh

uxoh/ iru zklfk V\ dqg FLVR duh uhvsrqvleoh1

Wkhruhp 5 �
FL lv xqltxho| fkdudfwhul}hg e| Dgplv0

vlelolw|/ V|pphwu|/ Frqvhtxhqfh0Lvrprusklvp dqg

ZDUHS1

Li rqh lqvlvwv rq suhvhuylqj frqwh{w0lqghshqghqfh/ dw

ohdvw rqh ri wkh rwkhu d{lrpv kdv wr jr1 Li rqh gursv

FLVR dqg vwuhqjwkhqlqj ZDUHS wr ZDUS/ d fkdu0

dfwhul}dwlrq ri oh{lplq lv rewdlqhg1

Wkhruhp 6 OP lv xqltxho| fkdudfwhul}hg e| V|p0

phwu|/ Dgplvvlelolw| dqg ZDUS1

Iru surriv/ vhh Qhkulqj +4<<;,> lw lv vkrzq wkhuh dv
zhoo krz wkhvh wkhruhpv dsso| wr �qlwh xqlyhuvhv yld
dq hpehgglqj dujxphqw1

8 Rq wkh Udwlrqdoh iru

Frqwh{w0Ghshqghqfh

Lw iroorzv hdvlo| iurp h{dpsohv 5 dqg 6 wkdw iru vlqjoh0
ydoxhg fkrlfh0ixqfwlrqv wkh frqmxqfwlrq ri V|pphwu|
dqg FLVR lpso|

{ Q> |, F +^{> |`, @ i
4

5
{.

4

5
|j = +4,

Wklv �frlq0 ls surshuw|� +4, hqgrzv mxgjphqwv
ri qrq0frpsdudelolw| zlwk zhoo0gh�qhg rshudwlrqdo

phdqlqj1 Lw dovr hqwdlov wkdw rqh fdqqrw uhfrqfloh
wkhvh d{lrpv zlwk wudglwlrqdo frqwh{w0lqghshqghqw
fkrlfh0frqvlvwhqf| frqglwlrqv vxfk dv ZDUS1

Lq wkh suhvhqw qrq0frpsdudelolw|0edvhg dssurdfk/ wkh
qhfhvvlw| ri ylrodwlqj ZDUS vkrxog frph dv qr vxu0
sulvh1 Lqghhg/ vlqfh FLVR dqg V|pphwu| h{suhvv wkh
uhtxluhphqw wkdw wkh fkrlfh0ixqfwlrq wdnh surshu df0

frxqw ri wkh qrq0wudqvlwlyh qrq0frpsdudelolw| lqkhu0

hqw lq wkh vwuxfwxuh ri wkh xqghuo|lqj sduwldo rughu

U>/ ZDUS*v udglfdo lqfrpsdwlelolw| zlwk wkhvh d{0

lrpv vlpso| uh hfwv lwv lqdssursuldwhqhvv1

Wkh lqkhuhqw frqwh{w0ghshqghqfh ri VLPHX sod|v lq

idfw d srvlwlyh uroh dv lw doorzv wr uhvroyh dq dssduhqw

whqvlrq ehwzhhq wkh dvvxphg h{kdxvwlyh lqwhusuhwd0

wlrq ri wkh xqghuo|lqj sduwldo rughu dqg wkh vlqjoh0

ydoxhgqhvv ri wkh ghulyhg fkrlfh0uxoh= krz fdq dq dfw

{ eh ohjlwlpdwho| fkrvhq ryhu dqrwkhu dfw +|, zkhq

wkh ghflvlrq pdnhu kdv vxvshqghg mxgjphqw ehwzhhq

wkhpB Wkh dqvzhu lv wkdw vxvshqvlrq ri mxgjphqw

lqyroyhv devwhqwlrq rqo| iurp h{suhvvlqj d gh�qlwh

suhihuhqfh ri { ryhu |/ dqg wkxv/ jlyhq Dgplvvlelo0

lw|/ devwhqwlrq iurp frqwh{w0lqghshqghqw fkrlfh ri {

ryhu |= Wklv kdsshqv xqghu VLPHX= lw lv qrw gl!fxow

wr vkrz wkdw iru dq| {> | vxfk wkdw {Q>|> dq| fkrlfh

ri { ryhu | lv frqwh{w0ghshqghqw/ l1h1 wkdw wkhuh h{0

lvw [3
>[33 � i{> |j vxfk wkdw i{j @ �

FL+[3, dqg

i|j @ �
FL+[33,= Lqwxlwlyho|/ qrq0frpsdudelolw| uxohv

rxw wkh fkrlfh ri rqh dfw ryhu dqrwkhu dv lqwulqvlfdoo|

ehwwhu/ exw lv frpsdwleoh zlwk wkh fkrlfh ri rqh dfw

ryhu dqrwkhu dv d vxshulru frpsurplvh lq wkh frqwh{w

ri d sduwlfxodu fkrlfh0vhw1

D sduwlfxoduo| fohdu0fxw lqvwdqfh ri wklv glvwlqfwlrq

rffxuv lq wkh fkrlfh dprqj mxvw wzr qrq0frpsdudeoh

dowhuqdwlyhv/ zkhuh VLPHX uhfrpphqgv wkh  lsslqj

ri d idlu frlq1 Fohduo|/ wkh rqo| frqfhlydeoh dgydqwdjh

ri vxfk udqgrpl}dwlrq lv wkh v|pphwulf wuhdwphqw ri

erwk dowhuqdwlyhv> wklv pd| qrw vhhp pxfk1 Rq wkh

rwkhu kdqg/ lw vhhpv reylrxv wkdw jlyhq wkh dvvxphg

vxvshqvlrq ri mxgjphqw rqh fdqqrw uhdoo| krsh wr gr

ehwwhu1 Sv|fkrorjlfdoo|/ vrph glvvdwlvidfwlrq pd| vwloo

uhpdlq +lw grhv iru wkh dxwkru,1 Exw shukdsv vxfk

glvvdwlvidfwlrq uhyhdov mxvw krz kdug lw lv wr krqhvwo|

idfh jhqxlqh ljqrudqfh dqg wr vxvshqg mxgjphqw df0

fruglqjo|1 Lq wklv yhlq/ Hovwhu +4<;</ s1 8708<, dujxhv

wkdw dv d uxoh wkhuh lv d sv|fkrorjlfdo eldv djdlqvw lwv

dfnqrzohgjphqw1 Kh pdnhv d vwurqj fdvh iru wkh h{lv0

whqfh ri d kxpdq whqghqf| wr h{djjhudwh wkh vxssruw

ri pdq| ghflvlrqv e| �uhdvrqv/� vxppdul}lqj +rq s1

8;,= �Wkh wrohudwlrq ri ljqrudqfh/ olnh wkh wrohudwlrq

ri dpeljxlw| pruh jhqhudoo|/ grhv qrw frph hdvlo|1�

9 H{whqvlrq wr Jhqhudo Ghflvlrq

Sureohpv xqghu Xqfhuwdlqw|

Gxh wr wkhlu ulfk vwuxfwxuh/ wkh dqdo|vlv ri Frpsohwh

Ljqrudqfh sureohpv lv txlwh hdv| dqg iuxlwixo1 Wkhlu

frqfhswxdo vlpsolflw| pdnhv wkhp dovr dsshdolqj wr

lqwxlwlrq1 \hw/ wklv lv wkh vlpsolflw| ri d orjlfdo h{0

wuhph fdvh1 Dv vxfk/ lw qdwxudoo| whqgv wr jhqhudwh

h{wuhph lpsolfdwlrqv zkrvh iuhtxhqw dssduhqw frq0

wudulqhvv wr frpprq vhqvh uh hfwv wkh idfw wkdw lq

prvw vlwxdwlrqv lw lv vlpso| xquhdvrqdeoh wr dvvhuw

FL suhihuhqfhv U>1 Frqwhpsodwlqj zkdw udwlrqdoo|

zrxog kdyh wr eh fkrvhq li rqh zhuh frpsohwho| lj0

qrudqw eulqjv wr oljkw wkdw rqh jhqhudoo| kdv eholhiv

ryhu pdq| hyhqwv/ wkdw lv= wkdw rqh lv suhsduhg wr ehw

li ehwwlqj rqh pxvw1

Qrqhwkhohvv/ wkh zrun suhvhqwhg khuh uhpdlqv uhohydqw

lq vxfk vlwxdwlrqv ri sduwldo ljqrudqfh/ vlqfh Frpsohwh

Ljqrudqfh sureohpv fdq eh ylhzhg dv �uhgxfhg irupv�

ri jhqhudo ghflvrq sureohpv xqghu sduwldo ljqrudqfh1

Wkh uhgxfwlrq lv ghyhorshg d{lrpdwlfdoo| lq Qhkulqj

+4<<4/ fk15, dqg Qhkulqj +4<<5,/ dqg ghvfulehg eulh |

lq Qhkulqj +4<<;,1



Uhihuhqfhv

^4` Dqvfrpeh/ I1 M1 dqg U1 M1 Dxpdqq +4<96,=

�D Gh�qlwlrq ri Vxemhfwlyh Suredelolw|/�

Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 67/ ss1

4<<05381

^5` Eduehud/ V1 dqg P1 Mdfnvrq +4<;;,= �Pd{0

lplq/ Oh{lplq dqg wkh Surwhfwlyh Fulwh0
ulrq= Fkdudfwhul}dwlrqv dqg Frpsdulvrqv/�
Mrxuqdo ri Hfrqrplf Wkhru|/ 79/ ss1 670771

^6` Ehujhu/ M1R1 +4<;8,= Vwdwlvwlfdo Ghflvlrq Wkh0

ru| dqg Ed|hvldq Dqdo|vlv1 Vhfrqg Hglwlrq1 Qhz
\run= Vsulqjhu1

^7` Ehzoh|/ W1 I1 +4<;9,= �Nqljkwldq Ghflvlrq Wkh0

ru|/ Sduw L/� Frzohv Irxqgdwlrq Glvfxvvlrq Sd0

shu Qr1 ;3:1

^8` Hovwhu/ M1+4<;<,= Vrorprqlf Mxgjphqwv1 Vwxglhv

lq wkh Olplwdwlrqv ri Udwlrqdolw|/ Fdpeulgjh

Xqlyhuvlw| Suhvv1 Pdfploodq1

^9` Qhkulqj/ N1 +4<<4,= D Wkhru| ri Udwlrqdo Ghfl0

vlrq zlwk Ydjxh Eholhiv1 Sk1G1 glvvhuwdwlrq/ Kdu0

ydug Xqlyhuvlw|1

^:` Qhkulqj/ N1 +4<<5,= �Irxqgdwlrqv iru
wkh Wkhru| ri Udwlrqdo Fkrlfh zlwk
Ydjxh Sulruv/� lq= M1 Jhzhnh +hg1,=
Ghflvlrq Pdnlqj xqghu Ulvn dqg Xqfhuwdlqw|1
Gruguhfkw= Noxzhu1

^;` Qhkulqj/ N1 +4<<;,= �D Wkhru| ri Ud0

wlrqdo Fkrlfh xqghu Ljqrudqfh�/ Xqlyhuvlw|

ri Fdoliruqld/ Gdylv/ plphr/ dydlodeoh dw

kwws=22srodu1xfgdylv1hgx2�qhkulqj21

^<` Vdydjh/ O1M1 +4<84,= �Wkh Wkhru| ri Vwdwlvwl0

fdo Ghflvlrq/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo

Dvvrfldwlrq/ 79/ ss1 8809:1

^43` Vplwk/ F1 D1 E1 +4<94,= �Frqvlvwhqf|
lq Vwdwlvwlfdo Lqihuhqfh dqg Ghflvlrq/�

Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/

Vhulhv E/ 55/ ss1 40581

^44` Yrq Nulhv/ Glh Sulflslhq ghu Zdkuvfkhlqolfknhlw0

vuhfkqxqj/ Iuhlexuj1

^45` Zdooh|/ S1 +4<<4,= Vwdwlvwlfdo Uhdvrqlqj zlwk

Lpsuhflvh Suredelolwlhv1 Orqgrq= Fkdspdq dqg

Kdoo1


