
�VW ,QWHUQDWLRQDO 6\PSRVLXP RQ ,PSUHFLVH 3UREDELOLWLHV DQG 7KHLU $SSOLFDWLRQV� *KHQW� %HOJLXP� �� -XQH ¤ � -XO\ ����

(SLVWHPLF ,QGHSHQGHQFH IRU ,PSUHFLVH 3UREDELOLWLHV

3DROR 9LFLJ

8QLYHUVLW\ RI 7ULHVWH� ,WDO\

SDRORY#HFRQ�XQLY�WULHVWH�LW

$EVWUDFW

7KH DLP RI WKLV SDSHU LV WKDW RI VWXG\LQJ D QRWLRQ RI
LQGHSHQGHQFH IRU LPSUHFLVH SUREDELOLWLHV ZKLFK LV
HVVHQWLDOO\ EDVHG RQ WKH LQWXLWLYH PHDQLQJ RI WKLV
FRQFHSW� 7KLV LV H[SUHVVHG� LQ WKH FDVH RI WZR HYHQWV� E\
WKH UHFLSURFDO LUUHOHYDQFH RI WKH NQRZOHGJH RI WKH YDOXH
RI HDFK HYHQW IRU HYDOXDWLQJ WKH RWKHU RQH� DQG KDV EHHQ
WHUPHG HSLVWHPLF LQGHSHQGHQFH� ,Q RUGHU WR FRQVLGHU
PRUH JHQHUDO VLWXDWLRQV LQ WKH IUDPHZRUN RI FRKHUHQW
LPSUHFLVH SUREDELOLWLHV� D GHILQLWLRQ RI �HSLVWHPLF�
LQGHSHQGHQFH LV LQWURGXFHG UHIHUULQJ WR DUELWUDU\ VHWV RI
ORJLFDOO\ LQGHSHQGHQW SDUWLWLRQV� /RJLFDO LQGHSHQGHQFH LV
YLHZHG DV D QDWXUDO SUHUHTXLVLWH IRU HSLVWHPLF
LQGHSHQGHQFH� ,W LV WKHQ SURYHG WKDW WKH GHILQLWLRQ LV
DOZD\V FRQVLVWHQW� LWV UHODWLRQVKLS ZLWK WKH IDFWRUL]DWLRQ
UXOH LV DQDO\VHG� DQG VRPH RI LWV PRUH UHOHYDQW
LPSOLFDWLRQV DUH GLVFXVVHG�

.H\ZRUGV� &RKHUHQW LPSUHFLVH SUREDELOLWLHV� �HSLVWHPLF�
LQGHSHQGHQFH� ORJLFDO LQGHSHQGHQFH� IDFWRUL]DWLRQ�

� ,QWURGXFWLRQ

/HW $� % EH WZR QRQ�LPSRVVLEOH HYHQWV DQG P D PHDVXUH

RI XQFHUWDLQW\ RQ ^$� %`� 7KHQ LW LV TXLWH LQWXLWLYH WR FDOO

% LUUHOHYDQW WR $ �ZLWK UHVSHFW WR WKH JLYHQ P� LI WKH

NQRZOHGJH RI WKH ORJLFDO YDOXH RI % �HLWKHU WKDW % LV WUXH

RU WKDW % LV IDOVH� GRHV QRW DOWHU RXU HYDOXDWLRQ RQ WKH

XQFHUWDLQW\ RI $� ZKLFK UHPDLQV VWLOO HTXDO WR P�$�� $

QDWXUDO ZD\ RI LQWURGXFLQJ LQGHSHQGHQFH EHWZHHQ $ DQG

% �XQGHU P� LV WKHQ WKDW RI LGHQWLI\LQJ LW ZLWK WKH PXWXDO

LUUHOHYDQFH RI $ WR % DQG RI % WR $� :KHQ P LV D FRKHUHQW

LPSUHFLVH SUREDELOLW\� WKLV LV WKH QRWLRQ RI HSLVWHPLF

LQGHSHQGHQFH IRU WZR HYHQWV JLYHQ E\ :DOOH\ LQ >��@�

ZKHUH WKH FRQFHSW LV DOVR JHQHUDOLVHG WR WZR SDUWLWLRQV RU

WZR LQGHSHQGHQW H[SHULPHQWV�

7KH PDLQ SXUSRVH RI WKLV SDSHU LV WR H[WHQG WKH FRQFHSW

RI HSLVWHPLF LQGHSHQGHQFH� XVLQJ WKH GHILQLWLRQ ����� RI

FRKHUHQFH GXH WR :LOOLDPV� WR DQ DUELWUDU\ IDPLO\ RI

�ILQLWH RU LQILQLWH� ORJLFDOO\ LQGHSHQGHQW SDUWLWLRQV RI WKH

FHUWDLQ HYHQW : �GHI� ����� WR SURYH LWV FRQVLVWHQF\� L�H� WR

VKRZ WKDW WKHUH DOZD\V H[LVW �FRKHUHQW� LPSUHFLVH

SUREDELOLWLHV WKDW VDWLVI\ WKH FRQGLWLRQV UHTXLUHG E\ WKLV

GHILQLWLRQ �WKHRU� ����� DQG WR GLVFXVV VRPH RI LWV

LPSOLFDWLRQV LQ VHFWV� ���� �� ��

2SHUDWLRQDOO\� WKH XVXDO DSSURDFK WR �XQFRQGLWLRQDO RU

FRQGLWLRQDO� LQGHSHQGHQFH XQGHU D JLYHQ XQFHUWDLQW\

PHDVXUH DLPV DW HVWDEOLVKLQJ VRPH DOJHEUDLF FRQGLWLRQ�

OLNH WKH IDFWRUL]DWLRQ SURSHUW\� ZKLFK JUHDWO\ VLPSOLILHV

WKH FRPSXWDWLRQV DQG WKH XQGHUO\LQJ PRGHOV LQ PRVW

DSSOLFDWLRQV� IURP VDPSOLQJ WR ED\HVLDQ QHWZRUNV�

+RZHYHU WKLV DSSURDFK DQG WKDW EDVHG RQ LUUHOHYDQFH GR

QRW SHUIHFWO\ RYHUODS� 7KLV GRHV QRW HYHQ KDSSHQ LQ WKH

VLPSOHVW FDVH ZKHQ P LV D SUHFLVH SUREDELOLW\ PHDVXUH 3�

IRU LQVWDQFH� LGHQWLI\LQJ LQGHSHQGHQFH RI $� % ZLWK WKH

SURSHUW\ 3�$ � %�  3�$�3�%� ZRXOG LPSO\ WKDW $ LV

LQGHSHQGHQW IURP LWVHOI LI 3�$�  �� $ DQG % DUH DW DQ\

UDWH LQGHSHQGHQW LI 3�$�  � RU 3�%�  � �RWKHU LQWHUHVWLQJ

H[DPSOHV PD\ EH IRXQG LQ >�@� >�@� >�@ S� ���� >��@��

7KLQJV PD\ EHFRPH PRUH FRPSOLFDWHG ZLWK RWKHU

XQFHUWDLQW\ PHDVXUHV �VHH� IRU LQVWDQFH� >�@� >�@�� ,Q

SDUWLFXODU� VHYHUDO FRQFHSWV RI LQGHSHQGHQFH KDYH EHHQ

SURSRVHG IRU LPSUHFLVH SUREDELOLWLHV� DPRQJ WKHP WKH

VHQVLWLYLW\ DQDO\VLV DSSURDFK �ZH SRVWSRQH D FRPPHQW RQ

LW WR VHFW� ���� DQG WKRVH LQ >�@�

,Q RXU IUDPHZRUN� �HSLVWHPLF� LQGHSHQGHQFH QHFHVVDULO\

LPSOLHV� EXW LV QRW HTXLYDOHQW WR� D ¨ZHDN© IDFWRUL]DWLRQ

SURSHUW\ �SURS� ������� DQ\ZD\ ¨VWURQJ© IDFWRUL]DWLRQ FDQ

DOZD\V EH LPSRVHG� KDV D VSHFLDO SUREDELOLVWLF PHDQLQJ

DQG PD\ EH D UHDVRQDEOH FKRLFH RQ PDQ\ RFFDVLRQV� DV

VKRZQ LQ VHFW� ������

$QRWKHU TXHVWLRQ LV ZKDW GRHV WKH SURSRVHG

LQGHSHQGHQFH FRQGLWLRQ LPSO\ ZKHQ H[WHQGLQJ WKH

LPSUHFLVH SUREDELOLW\ WR ODUJHU VHWV RI HYHQWV� LQ

SDUWLFXODU LQ WHUPV RI LQGHSHQGHQFH SURSDJDWLRQ�

$OWKRXJK D IXOO XQGHUVWDQGLQJ RI WKH PDWWHU UHTXLUHV

IXUWKHU LQYHVWLJDWLRQ� VRPH VSHFLDO LQWHUHVWLQJ FDVHV DUH



GLVFXVVHG LQ VHFWV� ������ ����� DQG ����

� 3UHOLPLQDULHV

:H UHFDOO LQ WKLV VHFWLRQ WKH EDVLF GHILQLWLRQV DQG ZHOO�

NQRZQ UHVXOWV ZKLFK ZLOO EH XVHG LQ WKH VHTXHO�

��� 1RWDWLRQ

,I $ LV DQ HYHQW� $F LV LWV QHJDWLRQ� ,�$� LV WKH LQGLFDWRU

IXQFWLRQ RI $ �L�H� ,�$�  � LI $ LV WUXH� ,�$�  � LI $ LV

IDOVH��

$© LQGLFDWHV DQ HYHQW ZKLFK PD\ EH HLWKHU $ RU $F� DQ\

H[SUHVVLRQ LQFOXGLQJ $© �IRU LQVWDQFH �L� DQG �LL� DW WKH

EHJLQQLQJ RI VHFW� �� LV PHDQW WR KROG ZKHQ UHSODFLQJ $©

ZLWK $ RU $F�

: LV WKH FHUWDLQ HYHQW� � WKH LPSRVVLEOH RQH� )ROORZLQJ

WKH ORJLFDO LQWHUSUHWDWLRQ RI HYHQWV� ZH ZULWH �� �� � WR

GHQRWH WKH ORJLFDO SURGXFW� ORJLFDO VXP DQG LPSOLFDWLRQ

RI HYHQWV �FRUUHVSRQGLQJ� UHVSHFWLYHO\� WR �� �� DQG � RU

� LQ WKH VHW�WKHRUHWLF DSSURDFK��

��� 3DUWLWLRQV DQG ORJLFDO LQGHSHQGHQFH

$ SDUWLWLRQ 3 RI WKH FHUWDLQ HYHQW : LV DQ H[KDXVWLYH VHW

RI SDLUZLVH GLVMRLQW HYHQWV� FDOOHG FRQVWLWXHQWV� ZKLFK

PLJKW LQ JHQHUDO LQFOXGH DOVR �� 7KH QRQ�LPSRVVLEOH

FRQVWLWXHQWV RI 3 DUH FDOOHG DWRPV� 'HILQLQJ 3
�  

3 � ^�`� SDUWLWLRQ 3� LV PDGH XS RI DWRPV RQO\� 1RQH RI

WKH SDUWLWLRQV WR EH FRQVLGHUHG LQ WKH VHTXHO ZLOO EH WKH

QXOO SDUWLWLRQ 3�  ^:`�

'HQRWH ZLWK $�3� WKH DOJHEUD RI WKH HYHQWV ORJLFDOO\

GHSHQGHQW RQ 3� L�H� WKH VHW IRUPHG E\ WKH HYHQWV ZKLFK

DUH ORJLFDO VXPV RI FRQVWLWXHQWV RI 3 �$�3� LV WKH SRZHU

VHW RI 3 LQ VHW�WKHRU\ ODQJXDJH�� GHILQH DOVR $
��3�  

$�3� � ^�`�

*LYHQ DQ DUELWUDU\ VHW RI SDUWLWLRQV 6� WKH SURGXFW

SDUWLWLRQ �6 RI WKH SDUWLWLRQV RI 6 LV WKH SDUWLWLRQ ZKRVH

FRQVWLWXHQWV DUH WKH ORJLFDO SURGXFWV REWDLQHG FKRRVLQJ DV

RSHUDQGV D FRQVWLWXHQW IRU HYHU\ SDUWLWLRQ RI 6 LQ DOO

SRVVLEOH ZD\V� 3XWWLQJ 6�  ^3�� 3 � 6`� �6� LV WKH

SURGXFW SDUWLWLRQ RI WKH SDUWLWLRQV RI 6� DOO OHDYLQJ RXW ��

)RU LQVWDQFH� LI 6  ^3��}� 3Q`� 3L  ^$L� $L

F
`� $L z ��

$L z :� L  ��}�Q� DQ\ FRQVWLWXHQW RI �6�  �3L � �3L

�
�

LQ WKLV FDVH� PD\ EH ZULWWHQ LQ WKH IRUP $�© �}� $Q©�

VRPH FRQVWLWXHQWV RI �6� PD\ LQ JHQHUDO EH LPSRVVLEOH�

7KH SDUWLWLRQV RI 6 DUH ORJLFDOO\ LQGHSHQGHQW �LQ VKRUW�

OJ� L�� LI WKH FRQVWLWXHQWV RI �6
�
DUH DOO SRVVLEOH� 7KLV

LPSOLHV LQ SDUWLFXODU WKDW FKRRVLQJ DUELWUDULO\ SDUWLWLRQV

3��}� 3Q IURP 6� LW LV DOZD\V $� �}� $Q z ��

� $L � $
�
�3L�� L  ��}�Q�

/RJLFDO LQGHSHQGHQFH LV D FRQFHSW ZKLFK GRHV QRW

UHTXLUH DQ\ XQFHUWDLQW\ HYDOXDWLRQ� EXW VKRXOG EH D

SUHUHTXLVLWH IRU QRWLRQV RI LQGHSHQGHQFH LQYROYLQJ

XQFHUWDLQW\ PHDVXUHV �VHH VHFW� �������

��� 3UHFLVH DQG LPSUHFLVH FRKHUHQW SUREDELOLWLHV

:H VKDOO GHQRWH ZLWK ( DQ DUELWUDU\ �ILQLWH RU LQILQLWH�

QRQ�HPSW\ VHW RI FRQGLWLRQDO HYHQWV� 7KHQ� IROORZLQJ >�@

����� 'HILQLWLRQ

3�±_±� LV D FRKHUHQW FRQGLWLRQDO SUREDELOLW\ RQ ( LII� � P�

� $L_%L � (� � VL � �� L  ����P� GHILQLQJ

*  ¦
 

P

�L

LV ,�%L�>,�$L� � 3�$L_%L�@ DQG %  
P

�L 
� %L�

LW LV WUXH WKDW PD[ *_% t ��

7KH FRKHUHQFH FRQFHSWV IRU SUHFLVH DQG LPSUHFLVH

SUREDELOLWLHV ZH UHFDOO KHUH UHTXLUH D FRQGLWLRQDO UDQGRP

QXPEHU �*_% LQ GHI� ������ *_% LQ WKH QH[W GHI� ������ QRW

WR EH VWULFWO\ QHJDWLYH� * FDQ EH LQWHUSUHWHG DV WKH JDLQ

REWDLQHG IURP DQ DUELWUDU\ ILQLWH QXPEHU RI EHWV� HDFK RQ

D FRQGLWLRQDO HYHQW LQ (� DQG FRQGLWLRQLQJ �* RU *� RQ %

WDNHV DFFRXQW RI WKH IDFW WKDW WKH EHW RQ $L_%L LV FDOOHG RII

LII ,�%L�  �� VR WKDW LW LV PHDQLQJIXO WR HYDOXDWH WKH JDLQV

RQO\ IRU ,�%�  �� LQ IDFW ,�%�  � LGHQWLILHV WKH VLWXDWLRQ

ZKHUH QR EHW DFWXDOO\ WDNHV SODFH�

,W LV SRVVLEOH LQ GHI� ����� WR EHW ERWK LQ IDYRXU �VL ! ��

DQG DJDLQVW �VL � �� DQ\ $L_%L� ZKLOVW FRKHUHQFH IRU

LPSUHFLVH ORZHU SUREDELOLWLHV �GHI� ������ DOORZV EHWWLQJ

DJDLQVW DW PRVW RQH HYHQW� IRU HDFK FKRLFH RI WKH GLVWLQFW

HYHQWV $L_%L � ( DSSHDULQJ LQ WKH H[SUHVVLRQ RI WKH JDLQ

*�

����� 'HILQLWLRQ

3�±_±� LV D FRKHUHQW ORZHU SUREDELOLW\ RQ ( LII� � P�

� $L_%L � (� � VL t �� L  ����P� GHILQLQJ

*  ¦
 

P

�L

LV ,�%L�>,�$L� � 3�$L_%L�@ � V�,�%��>,�$�� � 3�$�_%��@

DQG %  
P

�L 
� %L� LW LV WUXH WKDW PD[ *_% t ��

7KLV LV WKH FRKHUHQFH QRWLRQ E\ :LOOLDPV >��@� ZKLFK

FRLQFLGHV ZLWK :DOOH\©V GHILQLWLRQ RI FRKHUHQFH LQ >��@�

VHFW� ����� �E�� LI ( LV ILQLWH� LV ZHDNHU LI ( LV LQILQLWH

�KHQFH QRW DOO RI WKH UHVXOWV LQ WKH VHTXHO VWLOO DSSO\ ZLWK

:DOOH\©V GHILQLWLRQ�� 6HH DOVR >�@� >��@� >��@ IRU RWKHU

FRQFHSWV RI FRKHUHQFH ZLWK LPSUHFLVH SUREDELOLWLHV�

8SSHU SUREDELOLWLHV 3 �±_±� DUH FXVWRPDULO\ UHODWHG WR

ORZHU SUREDELOLWLHV E\ WKH FRQMXJDF\ UHODWLRQ

��� 3 �$_%�  � � 3�$F_%�

ZKLFK ZH DVVXPH WR KROG WKURXJKRXW� KHQFH LW LV

VXIILFLHQW WR UHIHU WR� IRU LQVWDQFH� ORZHU SUREDELOLWLHV

RQO\�



$ SUHFLVH SUREDELOLW\ 3�±_±� RQ ( LV WKH VSHFLDO FDVH RI

LPSUHFLVH SUREDELOLW\ ZKHUH 3�$_%�  3�$_%�  3 �$_%�

IRU DOO HYHQWV LQ ( �ZKLOH LQ JHQHUDO 3�$_%� d 3 �$_%���

)XUWKHU� FRKHUHQW ORZHU SUREDELOLWLHV FDQ EH FKDUDFWHUL]HG

DV ORZHU HQYHORSHV RI FRKHUHQW SUHFLVH SUREDELOLWLHV >��@�

����� /RZHU HQYHORSH WKHRUHP

3�±_±� LV D FRKHUHQW ORZHU SUREDELOLW\ RQ ( LII WKHUH H[LVWV

D QRQ�HPSW\ VHW 0 RI FRKHUHQW FRQGLWLRQDO SUREDELOLWLHV

RQ ( VXFK WKDW

��� 3�$_%�  
03�

PLQ ^3�$_%�`� � $_% � ( �

7KH ORZHU HQYHORSH WKHRUHP JLYHV LQ SDUWLFXODU DQ

LQGLUHFW EXW XVHIXO ZD\ RI DVVHVVLQJ FRKHUHQW ORZHU

SUREDELOLWLHV DV ORZHU HQYHORSHV RI SUHFLVH SUREDELOLWLHV�

3 LV FDOOHG WKH ORZHU HQYHORSH RI 0� DQG � 3 � 0� LW LV

3 t 3� RU LQ ZRUGV 3 GRPLQDWHV 3�

����� ([WHQVLRQV RI SUREDELOLWLHV

&RKHUHQW ORZHU RU SUHFLVH SUREDELOLWLHV RQ ( FDQ EH

H[WHQGHG WR DQ\ (© � (� L�H� LI 3 �3� LV D FRKHUHQW ORZHU

�SUHFLVH� SUREDELOLW\ RQ (� WKHQ � (© � ( WKHUH H[LVWV 3©

�3©� ZKLFK LV FRKHUHQW RQ (© DQG FRLQFLGHV ZLWK 3 �ZLWK

3� RQ ( �H[WHQVLRQ WKHRUHP >�@� >��@��

*HQHUDOO\� WKHUH LV QR XQLTXH ZD\ RI H[WHQGLQJ 3 IURP (

WR (©� EXW WKHUH DOZD\V H[LVWV D OHDVW�FRPPLWWDO FRKHUHQW

H[WHQVLRQ 3
 ZKLFK LV VXFK WKDW HYHU\ RWKHU FRKHUHQW

H[WHQVLRQ 3© RQ (© GRPLQDWHV LW� L�H� 3© t 3
�

3
 LV WKH QDWXUDO H[WHQVLRQ LQ WKH WHUPLQRORJ\ RI >��@
�DFWXDOO\ WKH FRQFHSW RI QDWXUDO H[WHQVLRQ LV ZLGHU WKDQ

WKH RQH UHFDOOHG KHUH� ZKLFK LV DW DQ\ UDWH VXIILFLHQW IRU

WKH SXUSRVHV RI WKLV SDSHU��

$ GLIIHUHQW QRWLRQ ¤ ZKLFK ZLOO EH DOVR HPSOR\HG LQ WKH

VHTXHO ¤ LV WKDW RI FRPPRQ H[WHQVLRQ RI LPSUHFLVH �LQ

SDUWLFXODU� DOVR SUHFLVH� SUREDELOLWLHV� ,W LV XVHG WR GHQRWH

D PDSSLQJ 3 GHILQHG RQ D VHW 6
 � �6L DQG VXFK WKDW WKH

UHVWULFWLRQ 3_
L6
RI 3 RQ HDFK 6L LV D FRKHUHQW ORZHU

SUREDELOLW\� ,Q JHQHUDO� VHSDUDWH FRKHUHQFH RI WKH ORZHU

SUREDELOLWLHV 3_
L6
�HDFK RQ LWV GRPDLQ 6L� GRHV QRW LPSO\

FRKHUHQFH RI WKHLU FRPPRQ H[WHQVLRQ 3 RQ 6
 DQG QRW

HYHQ RQ �6L� DSDUW IURP VRPH VSHFLDO FDVHV� 2QH VXFK

FDVH LV FRQVLGHUHG LQ OHPPD ����

&RKHUHQW LPSUHFLVH SUREDELOLWLHV DUH TXLWH D JHQHUDO WRRO

LQ XQFHUWDLQW\ UHDVRQLQJ� DQG LQFOXGH VHYHUDO FRPPRQ

DSSURDFKHV WR XQFHUWDLQW\ DV VSHFLDO FDVHV �VHH >��@� >��@
IRU D ZLGH GLVFXVVLRQ�� 1RWH IXUWKHU WKDW WKH VHW ( LV

FRPSOHWHO\ DUELWUDU\� ZKLFK HQVXUHV D JUHDW IOH[LELOLW\

WRR�

,W LV DOVR LPSRUWDQW WR UHFDOO WKDW LI ^$_%� %` � (� WKH

DVVLJQPHQW 3�%�  � LV LQ JHQHUDO QRW UXOHG RXW D SULRUL�

L�H� LW PD\ EH SRVVLEOH WR FRQGLWLRQ RQ HYHQWV ZKRVH

ORZHU SUREDELOLW\ LV ]HUR� 7KLV IDFW VKRXOG QRW EH

SDUWLFXODUO\ XQXVXDO LQ SUDFWLFH� IRU LQVWDQFH� UHFDOO WKDW

XQGHU D VHQVLWLYLW\ DQDO\VLV LQWHUSUHWDWLRQ WKH DVVHVVPHQW

3�%�  �� 3 �%�  D ! � PHDQV WKDW WKH DVVHVVRU©V IHHOLQJ

DERXW WKH ¨FRUUHFW© SUREDELOLW\ RI % LV MXVW WKDW LW FDQQRW

EH PRUH WKDQ D� EXW KLV LQIRUPDWLRQ LV ORZHU YDFXRXV

�HQWLUHO\ YDFXRXV LI DOVR D  ���

� ,QGHSHQGHQW SDUWLWLRQV

7ZR HYHQWV $� % �$� % z �� $� % z :� DUH FDOOHG LQ >��@
�HSLVWHPLFDOO\� LQGHSHQGHQW

�L� LI 3�$~%©�  3�$�� 3 �$~%©�  3 �$� �LUUHOHYDQFH

RI % WR $� DQG 3�%~$©�  3�%�� 3 �%~$©�  3 �%�

�LUUHOHYDQFH RI $ WR %�� RU DOVR

�LL� LI 3�$©~%©�  3�$©�� 3�%©~$©�  3�%©��

&RQGLWLRQV �L� DQG �LL� DUH HTXLYDOHQW� DVVXPLQJ WKDW ���
KROGV�

:H FDQ JHQHUDOLVH WKLV GHILQLWLRQ WR DQ DUELWUDU\ QXPEHU
RI SDUWLWLRQV� HDFK ZLWK DQ DUELWUDU\ FDUGLQDOLW\� LQ WKH
IROORZLQJ ZD\�

��� 'HILQLWLRQ

/HW 6 EH D VHW RI ORJLFDOO\ LQGHSHQGHQW �OJ� L�� SDUWLWLRQV�

GHILQH WKH VHW RI HYHQWV

��� &  ^(�~(� �}� (Q� (� � $�3��� ( L� $��3L��

3L z 3�� L  ��}�Q� ^3��}� 3Q` � 6`�

DQG OHW 3 EH D ORZHU SUREDELOLW\ RQ &�

7KH SDUWLWLRQV RI 6 DUH HSLVWHPLFDOO\ LQGHSHQGHQW� RU

VLPSO\ LQGHSHQGHQW� LII

��� 3�(�~(� �}� (Q�  3�(��� � (�~(� �}� (Q � &�

,Q ZRUGV� WKH GHILQLWLRQ UHTXLUHV WKDW WKH ORZHU

SUREDELOLW\ RI DQ\ HYHQW (� ORJLFDOO\ GHSHQGHQW RQ DQ

DUELWUDULO\ FKRVHQ SDUWLWLRQ LQ 6 LV LQGHSHQGHQW RI WKH

NQRZOHGJH RI WKH WUXWK YDOXHV RI DQ\ ILQLWH ORJLFDO

SURGXFW RI HYHQWV ORJLFDOO\ GHSHQGHQW RQ SDUWLWLRQV LQ 6

RWKHU WKDQ WKDW RI (��

����� 7KH ORJLFDO LQGHSHQGHQFH DVVXPSWLRQ

:H REWDLQ LQ SDUWLFXODU �LL� IURP GHI� ��� SXWWLQJ 6  

^3D� 3E`� 3D  ^$� $F`� 3E  ^%� %F`� 1RWH WKDW ORJLFDO

LQGHSHQGHQFH RI 3D DQG 3E LV HVVHQWLDO WR DSSO\ �LL� EHLQJ

FDSDEOH RI HYDOXDWLQJ IUHHO\ $© DQG %©� ,Q IDFW� LI IRU

LQVWDQFH RQH FRQVWLWXHQW RI 3D � 3E LV LPSRVVLEOH� OHW LW EH

$ � %� LW LV QHFHVVDU\ �WR HQVXUH WKDW ERWK WKH

LQGHSHQGHQFH FRQGLWLRQV LQ �LL� DQG WKH FRKHUHQFH

UHTXLUHPHQWV 3�$~%�  3�%~$�  �� 3�$F~%�  3�%F~$�
 � PD\ KROG� WR HYDOXDWH 3�$�  3�%�  �� 3�$F�  3�%F�

 �� ZKLFK PHDQV E\ ��� WKDW ERWK $ DQG % PXVW EH JLYHQ

SUHFLVH SUREDELOLW\ ]HUR�



0RUH JHQHUDOO\� WKH ORJLFDO LQGHSHQGHQFH DVVXPSWLRQ LQ

GHI� ��� LV PRWLYDWHG E\ WKH IDFW WKDW LI LW LV QRW DVVXPHG

HLWKHU LW PD\ EH LPSRVVLEOH WR PHHW FRQGLWLRQV ��� RU YHU\

VWURQJ FRQVWUDLQWV RQ WKH YDOXHV RI 3 PXVW EH DVVXPHG�

6HH >�@� >�@� ZKHUH GHI� ��� KDV EHHQ LQWURGXFHG UHIHUULQJ
WR SUHFLVH SUREDELOLWLHV� IRU D ZLGH GLVFXVVLRQ RQ WKLV

SRLQW �PDQ\ RI WKH DUJXPHQWV WKHUH FDQ EH HDVLO\

WUDQVSRVHG WR LPSUHFLVH SUREDELOLWLHV��

/RJLFDO LQGHSHQGHQFH LV UHJDUGHG DV DQ HVVHQWLDO

SUHUHTXLVLWH IRU LQGHSHQGHQFH DOVR LQ >�@� >�@�

,Q SDUWLFXODU� ORJLFDO LQGHSHQGHQFH IRU ¨IUDPHV RI

GLVFHUQPHQW© �L�H� ILQLWH SDUWLWLRQV� LV UHTXLUHG E\ 6KDIHU

LQ >�@� SS� �������� IRU ERWK HYLGHQWLDO DQG FRJQLWLYH

LQGHSHQGHQFH RI VXSSRUW IXQFWLRQV�

7KH ILUVW TXHVWLRQ QRZ LV WR PDNH VXUH WKDW GHI� ��� LV QRW

YDFXRXV� L�H� WKDW WKHUH H[LVWV D FRKHUHQW ORZHU SUREDELOLW\

RQ & ZKLFK UHDOL]HV FRQGLWLRQV ���� ,W ZLOO EH XVHIXO IRU

WKLV WKH IROORZLQJ UHVXOW� SURYHG LQ >�@ RU >�@�

��� 7KHRUHP

/HW 6 EH D VHW RI OJ� L� SDUWLWLRQV� GHILQH & DV LQ ���� DQG

DVVLJQ� IRU HYHU\ 3 � 6� D FRKHUHQW �SUHFLVH� SUREDELOLW\

3 RQ $�3�� 7KHQ WKH FRPPRQ H[WHQVLRQ RQ & RI WKH

SUREDELOLWLHV RQ HDFK $�3�� GHILQHG IRU DOO HYHQWV LQ & E\

3�(�~(� �}� (Q�  3�(��� LV D FRKHUHQW SUHFLVH

SUREDELOLW\� )XUWKHU� 3 KDV D XQLTXH H[WHQVLRQ RQ & � 3�
ZKHUH 3 LV GHILQHG E\

��� 3  ^(� �}� (Q� (L � $�3L�� L  ��}�Q� ^3��}�

3Q` � 6 `�

WKH H[WHQVLRQ LV REWDLQHG E\ IDFWRUL]DWLRQ� L�H� SXWWLQJ� IRU

HYHU\ (� �}� (Q � 3�

��� 3�(� �}� (Q�  3�(��}3�(Q��

:H VKDOO DOVR QHHG WKH IROORZLQJ OHPPD ���� ZKRVH SURRI

FDQ EH HDVLO\ DFKLHYHG H[SORLWLQJ GHIV� ����� RU ����� DQG

WKH ORJLFDO LQGHSHQGHQFH DVVXPSWLRQ �WKH SDUW FRQFHUQLQJ

SUHFLVH SUREDELOLWLHV LV DOVR LPSOLHG E\ WKP� �����

1RWH WKDW OHPPD ��� LV RI VRPH LQWHUHVW LQ LWVHOI� EHFDXVH

LW FRQFHUQV D FDVH ZKHUH ORJLFDO LQGHSHQGHQFH PDNHV LW

SRVVLEOH WR REWDLQ DQ DJJUHJDWH XQFHUWDLQW\ HYDOXDWLRQ

VLPSO\ E\ JURXSLQJ WRJHWKHU VHSDUDWH HYDOXDWLRQV�

��� /HPPD

/HW 6 EH D VHW RI OJ� L� SDUWLWLRQV DQG DVVLJQ� IRU HYHU\

3 � 6� D ORZHU �SUHFLVH� SUREDELOLW\ FRKHUHQW RQ $�3��

7KHQ WKH FRPPRQ H[WHQVLRQ 3 �3� RQ �3 � 6 $�3� RI WKH

ORZHU �SUHFLVH� SUREDELOLWLHV JLYHQ RQ HDFK $�3� LV D

ORZHU �SUHFLVH� SUREDELOLW\ FRKHUHQW RQ �3 � 6 $�3��

:H SURYH QRZ WKDW�

��� &RQVLVWHQF\ WKHRUHP

/HW 6 EH D VHW RI OJ� L� SDUWLWLRQV� GHILQH & DV LQ ���� DQG

DVVLJQ� IRU HYHU\ 3 � 6� D ORZHU SUREDELOLW\ 3 FRKHUHQW

RQ $�3�� 7KHQ�

�D� WKH PDSSLQJ GHILQHG RQ & E\ SXWWLQJ� IRU HDFK

(�~(� �}� (Q � &� 3�(�~(� �}� (Q�  3�(��� LV D

FRKHUHQW ORZHU SUREDELOLW\�

�E� JLYHQ 3 RQ & DV LQ �D� DQG GHILQLQJ 3 DV LQ ���� WKHUH

H[LVWV D FRKHUHQW H[WHQVLRQ RI 3 RQ & � 3 �DOVR

QDPHG 3� VXFK WKDW� IRU DOO HYHQWV LQ 3�

��� 3�(� �}� (Q�  3�(��}3�(Q��

3URRI� �D� %\ OHPPD ���� WKH FRPPRQ H[WHQVLRQ 3 RQ

�3 � 6 $�3� RI WKH JLYHQ ORZHU SUREDELOLWLHV LV FRKHUHQW RQ

�3 � 6 $�3��

'HILQH WKH VHW 0�  ^3� 3 LV D FRKHUHQW SUHFLVH

SUREDELOLW\ RQ �3 � 6 $�3�� 3 t 3 RQ �3 � 6 $�3�`� ZKLFK
LV QRQ�HPSW\ DV D FRQVHTXHQFH RI WKP� ������ 0RUH

SUHFLVHO\� D JHQHULF 3 � 0� LV REWDLQHG GHILQLQJ IRU HDFK

3 � 6 D SUREDELOLW\ ZKLFK GRPLQDWHV 3 RQ $�3� DQG

QDPLQJ 3 WKH FRPPRQ H[WHQVLRQ RQ �3 � 6 $�3� RI WKHVH

SUREDELOLWLHV� %\ YDU\LQJ LQ DOO DGPLVVLEOH ZD\V WKH

FKRLFH RI WKH GRPLQDWLQJ SUREDELOLW\ RQ HDFK $�3�� ZH

JHW DOO WKH SUREDELOLWLHV LQ 0� �HDFK RQH LV FRKHUHQW E\

OHPPD �����

([WHQG QRZ HYHU\ 3 � 0� RQ & E\ SXWWLQJ

3�(�~(� �}� (Q�  3�(�� IRU HYHU\ (�~(� �}� (Q � &�

%\ WKP� ���� HYHU\ VXFK H[WHQVLRQ LV D FRKHUHQW

SUREDELOLW\ RQ &�

&DOO 0� WKH VHW RI WKHVH H[WHQVLRQV� %\ WKP� ������ WKH

PDSSLQJ 3 GHILQHG RQ HYHU\ HYHQW LQ & E\

3�±_±�  
�

PLQ
03�

^3�±_±�`

LV D FRKHUHQW ORZHU SUREDELOLW\ RQ &�

%XW FOHDUO\ 3 LV DQ H[WHQVLRQ RQ & RI WKH FRKHUHQW ORZHU

SUREDELOLW\ SUHYLRXVO\ GHILQHG RQ �3 � 6 $�3� �� &�� DQG

IXUWKHU� E\ WKP� ����� DQG E\ FRQVWUXFWLRQ�

3�(�~(� �}� (Q�  
�

PLQ
03�

^3�(�~(� �}� (Q�`  

�

PLQ
03�

^3�(��`  
�

PLQ
03�

^3�(��`  3�(���

�E� %\ FRQVWUXFWLRQ� WKH K\SRWKHVHV RI WKP� ��� KROG IRU

HYHU\ 3 � 0�� ZKLFK WKHQ KDV D XQLTXH FRKHUHQW

H[WHQVLRQ RQ & � 3� JLYHQ IRU HYHU\ (� �}� (Q � 3
E\�

��� 3�(� �}� (Q�  3�(��}3�(Q� t 3�(��}3�(Q��

&DOO 0� WKH VHW IRUPHG E\ WKH H[WHQVLRQV RQ & � 3 RI DOO

3 � 0�� 1RZ FRQVLGHU DQ DUELWUDU\ (� �}� (Q � 3 DQG

QRWH WKDW WKHUH H[LVWV 3
 � 0� VXFK WKDW 3
�(L�  3�(L��

L  ��}�Q �IRU HYHU\ $�3�� FKRRVH DPRQJ WKH



SUREDELOLWLHV GRPLQDWLQJ 3 RQ $�3� RQH VXFK WKDW 3
�(L�

 3�(L� �������� QRWH WKDW WKH FRPPRQ H[WHQVLRQ RI WKHVH

3
 RQ �3 � 6 $�3� EHORQJV WR 0�� WKHQ IROORZ WKH

SURFHGXUH LQ �D� DQG DERYH WR H[WHQG LW WR 0� DQG 0���

7KHQ LW LV�

3
�(� �}� (Q�  3�(��}3�(Q��

)URP WKH DUELWUDULQHVV RI (� �}� (Q DQG UHFDOOLQJ DOVR

��� LW DSSHDUV WKDW WKH ORZHU SUREDELOLW\ ZKLFK VDWLVILHV

��� LV WKH ORZHU HQYHORSH RI 0�� �

��� ,QGHSHQGHQW HQYHORSHV DQG LQGHSHQGHQFH

7KH VHWV 0�� 0� GHILQHG LQ WKH SURRI RI WKP� ��� DUH

LQVWDQFHV RI VHWV ZKRVH HOHPHQWV �SUHFLVH SUREDELOLWLHV�

DOO UHDOL]H LQGHSHQGHQFH IRU WKH SDUWLWLRQV RI 6 LQ WKH

VHQVH RI GHI� ���� DSSOLHG WR SUHFLVH SUREDELOLWLHV� 6XFK

VHWV PD\ EH FDOOHG� IROORZLQJ >��@� LQGHSHQGHQW

HQYHORSHV� 7KHLU XVH LV LQVWUXPHQWDO LQ WKH SURRI RI ��� DV

ZHOO DV� RIWHQ� LQ EXLOGLQJ XS LQGHSHQGHQW ORZHU

SUREDELOLWLHV�

$ FRPPRQ ZD\ RI LQWURGXFLQJ LQGHSHQGHQFH IRU

LPSUHFLVH SUREDELOLWLHV� WKH VHQVLWLYLW\ DQDO\VLV DSSURDFK�

GHILQHV DQ LQGHSHQGHQW ORZHU SUREDELOLW\ DV WKH ORZHU

HQYHORSH RI D VHW RI LQGHSHQGHQW SUHFLVH SUREDELOLWLHV�

$Q\ZD\ ZH UHFDOO WKDW WKH VHW RI DOO SUHFLVH SUREDELOLWLHV

GRPLQDWLQJ DQ LQGHSHQGHQW ORZHU SUREDELOLW\ 3 LV XVXDOO\

QRW DQ LQGHSHQGHQW HQYHORSH� QRW HYHQ LQ WKH VLPSOHVW

FDVHV �>��@� OHPPD ����� ,Q RWKHU ZRUGV� LQGHSHQGHQFH

IRU D ORZHU SUREDELOLW\ GRHV QRW LPSO\ LQGHSHQGHQFH IRU

DOO LWV GRPLQDWLQJ SUHFLVH SUREDELOLWLHV�

,W LV QRW HYHQ WUXH WKDW ODFN RI LQGHSHQGHQFH IRU 3 LPSOLHV

WKDW QRQH RI LWV GRPLQDWLQJ SUHFLVH SUREDELOLWLHV UHDOL]HV

LQGHSHQGHQFH� ,Q IDFW� XQGHU TXLWH JHQHUDO FRQGLWLRQV� WR

DFKLHYH WKH GLODWLRQ FRQGLWLRQ 3�$~%©� d 3�$� d 3 �$�

d 3 �$~%©� �ZKLFK� LI WKH ILUVW RU ODVW LQHTXDOLW\ LV VWULFW�
LV LQFRPSDWLEOH ZLWK LUUHOHYDQFH RI % WR $ DQG KHQFH ZLWK

LQGHSHQGHQFH RI $ DQG %� LW LV QHFHVVDU\ WKDW DQ

XQFRQGLWLRQDO SUREDELOLW\ 3 H[LVWV� ZKLFK GRPLQDWHV 3

�DQG LV GRPLQDWHG E\ 3 � DQG LV VXFK WKDW 3�$ � %�  

3�$�3�%� �VHH >�@�� %XW WKLV LPSOLHV� LI � � 3�$�3�%� � ��

WKDW $ DQG % DUH LQGHSHQGHQW XQGHU 3�

��� 7KH IDFWRUL]DWLRQ SURSHUW\

7KH IDFWRUL]DWLRQ FRQGLWLRQ ��� RQ WKH HYHQWV RI WKH VHW 3

LV D QHFHVVDU\� EXW QRW VXIILFLHQW� FRQGLWLRQ IRU

LQGHSHQGHQFH XQGHU D SUHFLVH SUREDELOLW\ >�@� 7KH

IROORZLQJ UHVXOW KROGV IRU LPSUHFLVH SUREDELOLWLHV�

����� 3URSRVLWLRQ

/HW 6 EH D VHW RI OJ� L� SDUWLWLRQV� DQG 3 D FRKHUHQW ORZHU

SUREDELOLW\ RQ & � 3� $ QHFHVVDU\ FRQGLWLRQ IRU 3 WR

UHDOL]H LQGHSHQGHQFH RI WKH SDUWLWLRQV RI 6 E\ GHI� ��� LV

WKDW IRU HYHU\ (� �}� (Q � 3 WKH IROORZLQJ LQHTXDOLW\

KROGV�

��� 3�(� �}� (Q� t 3�(��}3�(Q�

�ZHDN IDFWRUL]DWLRQ��

3URRI� 7KH IROORZLQJ FRQGLWLRQ LV QHFHVVDU\ IRU

FRKHUHQFH RI ORZHU SUREDELOLWLHV �VXSSRVLQJ WKH\ DUH

GHILQHG RQ WKH HYHQWV RI LQWHUHVW��

���� 3�(� �}� (Q� t 3�(��3�(�~(��}3�(Q~(� �}�

(Q����

LW LV HDV\ WR SURYH ���� IRU Q  � �DSSO\LQJ GHI� ����� WR

WKH SDUWLFXODU JDLQ * ZKHUH P  �� $�~%�  (�~:  (��

$�~%�  (�~(�� $�~%�  (� � (�� V�  3�(�~(��� V�  ��

V�  ��� DQG E\ LQGXFWLRQ IRU Q ! �� 7KHQ ��� IROORZV

IURP ���� DQG ���� �

����� 1RWH

8QGHU K\SRWKHVHV DQDORJRXV WR WKRVH RI ������ WKH

FRQGLWLRQ FRUUHVSRQGLQJ WR ��� IRU XSSHU SUREDELOLWLHV LV�

��©� 3 �(� �}� (Q� d 3 �(�� 3 �(��} 3 �(Q��

����� )DFWRUL]DWLRQ DQG LQGHSHQGHQFH

,QHTXDOLWLHV ��� LQ SURS� ����� LPSRVH RQO\ D ZHDN

IDFWRUL]DWLRQ FRQGLWLRQ DV QHFHVVDU\ IRU HSLVWHPLF

LQGHSHQGHQFH RI D VHW RI SDUWLWLRQV� $Q\ZD\� E\ WKP�

��� �E�� LW LV DOZD\V SRVVLEOH WR DSSO\ VWULFW IDFWRUL]DWLRQ

� UHSODFLQJ t ZLWK  LQ ��� � WR H[WHQG RQ & � 3 D ORZHU

SUREDELOLW\ ZKLFK VDWLVILHV WKH LQGHSHQGHQFH FRQGLWLRQV

��� LQ GHI� ���� WKHUHIRUH UHDFKLQJ WKH ORZHU ERXQG LQ ���

IRU ORZHU SUREDELOLW\ DVVLJQPHQWV RQ HYHU\ HYHQW LQ 3�

7KLV LPSOLHV WKDW�

�D� VWULFW IDFWRUL]DWLRQ KDV DQ LPSRUWDQW SUREDELOLVWLF

PHDQLQJ� WKH H[WHQVLRQ RI 3 IURP & WR & � 3 E\ VWULFW

IDFWRUL]DWLRQ LV WKH QDWXUDO H[WHQVLRQ RI 3 RQ & � 3� WKDW

LV� DSSO\LQJ ��� ZH H[WHQG D ORZHU SUREDELOLW\ ZKLFK

VDWLVILHV ��� LQ WKH YDJXHVW� RU OHDVW�FRPPLWWDO� SRVVLEOH

ZD\ �ZKLOH SUHVHUYLQJ FRKHUHQFH� FIU� �������

�E� 6WULFW IDFWRUL]DWLRQ LV FRPSXWDWLRQDOO\ VLPSOH WR

DSSO\� DQG ZH NQRZ D SULRUL WKDW ZKDW ZH REWDLQ LV VWLOO D

FRKHUHQW SUREDELOLW\� DOWHUQDWLYH FKRLFHV IRU WKH

SUREDELOLW\ HYDOXDWLRQV RQ WKH HYHQWV LQ 3 ZRXOG

JHQHUDOO\ UHTXLUH FKHFNLQJ FRKHUHQFH RI WKH H[WHQVLRQ VR

REWDLQHG� ZKLFK PLJKW EH KHDY\ WR SHUIRUP�

�F� $OWKRXJK SRLQWV �D� DQG �E� DUH VWURQJ DUJXPHQWV LQ

IDYRXU RI VWULFW IDFWRUL]DWLRQ� RWKHU LQGHSHQGHQFH�

SUHVHUYLQJ H[WHQVLRQV RI 3 WR & � 3 DUH SRVVLEOH�

3UREDEO\ WKH VLPSOHVW ZD\ WR EXLOG WKHP LV WR DSSO\ WKP�

��� IRU H[WHQGLQJ WR & � 3 VRPH� EXW QRW DOO�

SUREDELOLWLHV LQ WKH LQGHSHQGHQW HQYHORSH RI 3 RQ �3 � 6

$�3�� DQG WR FRPSXWH WKHQ WKHLU ORZHU HQYHORSH RQ

& � 3�



�G� :H SUHVHQW D VLPSOH H[DPSOH RQ SRLQW �F� �VLPLODU

H[DPSOHV PD\ EH IRXQG LQ >��@�� VXSSRVH 6  ^3�� 3�`�
3�  ^$� $F`� 3�  ^%� %F`� $© � %© z �� 7KH DVVHVVPHQWV
3��$�  ���� 3��%�  ���� 3��$�  ���� 3��%�  ���

XQLTXHO\ LGHQWLI\ WZR FRKHUHQW SUHFLVH SUREDELOLWLHV 3��

3� RQ $�3�� � $�3��  ^�� :� $©� %©`� ([WHQG WKHP RQ

&  ^�� :� $©� %©� $©~%©� %©~$©` SXWWLQJ 3L�$©~%©�  
3L�$©�� 3L�%©~$©�  3L�%©�� DQG WKHQ RQ & � 3 �3  

^$© � %©`� E\ SXWWLQJ 3L �$© � %©�  3L�$©�3L�%©�� L  �� ��

%\ ���� WKH H[WHQVLRQV DUH FRKHUHQW� 'HILQLQJ QRZ 3 DV

3�±_±�  PLQ ^3��±_±�� 3��±_±�` IRU DOO HYHQWV LQ & � 3� 3 LV

FRKHUHQW E\ ����� DQG LW LV HDVLO\ VHHQ WKDW LW UHDOL]HV

FRQGLWLRQV ��� LQ GHI� ���� 7KHUHIRUH 3� DQG 3� DUH

LQGHSHQGHQW SDUWLWLRQV �XQGHU 3�� EXW 3�$ � %�  ���� !

3�$�3�%�  ���� �QRWH WKDW� RQ WKH VHW $�3�� � $�3���

^3�� 3�` LV VWULFWO\ LQFOXGHG LQ WKH LQGHSHQGHQW HQYHORSH
RI 3��

� 6RPH LPSOLFDWLRQV RI HSLVWHPLF
LQGHSHQGHQFH

6XSSRVH� WKURXJKRXW WKLV VHFWLRQ� WKDW 3 LV FRKHUHQW RQ

& � 3� WKDW WKH SDUWLWLRQV LQ 6 DUH �OJ� L� DQG� LQGHSHQGHQW
ZLWK UHVSHFW WR 3� DQG WKDW ZKHQHYHU XSSHU SUREDELOLWLHV

DUH GHILQHG WKH\ PXVW DOVR UHDOL]H LQGHSHQGHQFH IRU WKH

SDUWLWLRQV� VR WKDW ��©� PXVW KROG IRU WKHP�

$ JHQHUDO TXHVWLRQ LV WR LQYHVWLJDWH WKH LPSOLFDWLRQV RI

WKHVH K\SRWKHVHV RQ WKH FRKHUHQW H[WHQVLRQV RI 3� 6RPH

VSHFLDO LQWHUHVWLQJ FDVHV DUH GLVFXVVHG EHORZ�

����� ([WHUQDO Q�PRQRWRQLFLW\

'HILQH 8  ^(� �}� (Q� (L � $�3L�� 3� z}z 3Q� L  

��}�Q� ^3��}� 3Q` � 6`� 6D\ WKDW DQ H[WHQVLRQ RI 3 WR

& � 3 � 8 LV H[WHUQDOO\ Q�PRQRWRQH LI Q�PRQRWRQLFLW\

KROGV IRU HDFK HYHQW LQ 8� L�H� LI � (� �}� (Q � 8�

���� 3�(� �}� (Q� t ¦
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����� 3URSRVLWLRQ

�D� ,I 3 VWULFWO\ IDFWRUV RQ 3� VR WKDW HTXDOLW\ DOZD\V

KROGV LQ ���� WKHQ 3 LV H[WHUQDOO\ Q�PRQRWRQH�

�E� LQ DQ\ FDVH� DOVR ZKHQ VWULFW IDFWRUL]DWLRQ GRHV QRW

DSSO\� 3 LV H[WHUQDOO\ ��PRQRWRQH�

3URRI� $SSO\ ��� DQG ��©� WR ZULWH
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'HYHORSLQJ WKH ODVW H[SUHVVLRQ ZH REWDLQ

���� 3�(� �}� (Q� t ¦
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,W LV LPPHGLDWH IURP ���� DQG ���� WR VHH WKDW �D� KROGV�

7R SURYH �E�� ZULWH ���� IRU Q  � DQG DSSO\ ���� �

����� &RPPHQW

([WHUQDO Q�PRQRWRQLFLW\ GLIIHUV IURP VWDQGDUG Q�

PRQRWRQLFLW\ MXVW EHFDXVH LW LV DSSOLHG WR D VHW RI HYHQWV

ZKLFK LV QRW WKH XVXDO DOJHEUD RI HYHQWV ORJLFDOO\

GHSHQGHQW RQ D SDUWLWLRQ� ,W LV H[WHUQDO WR HDFK RI WKH

SDUWLWLRQV LQ 6 LQ WKH VHQVH WKDW WKH UHVWULFWLRQ RI 3 RQ

$�3�� � 3 � 6� PD\ QRW EH Q�PRQRWRQH� DQG LQ JHQHUDO

QRW HYHQ ��PRQRWRQH�

6R �E� VHHPV WR VXJJHVW WKDW �H[WHUQDO� ��PRQRWRQLFLW\

DULVHV LQ VWULFW FRQQHFWLRQ ZLWK LQGHSHQGHQFH� ZKLFK

IROORZLQJ GHI� ��� RSHUDWHV DPRQJ DQG QRW QHFHVVDULO\

ZLWKLQ SDUWLWLRQV �SURSHUW\ �E� LV PHQWLRQHG LQ >��@� QRWH
� WR VHFW� ���� LQ WKH FDVH RI LQGHSHQGHQFH IRU WZR HYHQWV�

VHH DOVR VHFW� ������ IRU D VLJQLILFDQW H[DPSOH ZKHUH ODFN

RI LQGHSHQGHQFH LV LQFRPSDWLEOH ZLWK �VWDQGDUG� ��

PRQRWRQLFLW\� EXW QRW ZLWK FRKHUHQFH��

$V IRU �D�� P\ IHHOLQJ DW SUHVHQW LV WKDW WKLV SURSHUW\

PLJKW FRQFHUQ D PXFK ZLGHU FODVV RI LQGHSHQGHQW ORZHU

SUREDELOLWLHV WKDQ WKRVH ZKLFK VWULFWO\ IDFWRU RQ 3� WR EH

VXUH� LW LV QRW FRQILQHG WR WKHP�

��� $ UHVXOW RQ LQGHSHQGHQFH SURSDJDWLRQ

6XSSRVH� IRU LQVWDQFH� WKDW 6  ^3��}� 3L�}� 3M�}`� WKDW
L � M LQ WKH SDUWLWLRQ LQGH[HV LPSOLHV WKDW WKH H[SHULPHQW

ZKRVH RXWFRPHV DUH GHVFULEHG E\ �WKH DWRPV RI� 3L WDNHV

SODFH EHIRUH WKDW GHVFULEHG E\ 3M� DQG WKDW ZH EHOLHYH WKH

SDUWLWLRQV RI 6 DUH HSLVWHPLFDOO\ LQGHSHQGHQW �XQGHU D

FHUWDLQ JLYHQ 3�� %\ GHI� ���� WKLV LPSOLHV LQ SDUWLFXODU

3�(�~(� � (��  3�(��� (� � $�3��� (L � $
��3L�� L  �� ��

ZKLFK PHDQV WKDW WKH HYDOXDWLRQ RQ (� LV LQGHSHQGHQW

IURP RXU NQRZLQJ ¨ZKDW KDSSHQHG LQ WKH SDVW©� LI WKLV LV

PHDQW LQ WKH VHQVH RI NQRZLQJ MRLQWO\ WKH WUXWK YDOXHV RI

DQ\ FRXSOH RI HYHQWV �(�� (��� (L � $
��3L�� L  �� �� 'RHV

WKLV DOVR LPSO\ LQGHSHQGHQFH IURP OHVV SXQFWXDO

LQIRUPDWLRQ FRQFHUQLQJ WKH SDVW� OLNH NQRZLQJ WKH WUXWK

YDOXH RI� VD\� (� � (�"

0RUH JHQHUDOO\� JLYHQ DQ DUELWUDU\ SDUWLWLRQ LQ 6� OHW LW EH

3�� FRQVLGHU D ILQLWH QXPEHU RI SDUWLWLRQV LQ 6 � ^3�`� IRU
LQVWDQFH 3��}� 3Q� ,I GHI� ��� KROGV� DQ\ HYHQW

(� � $
��3�� LV LQGHSHQGHQW RI RXU NQRZLQJ MRLQWO\ WKH

WUXWK YDOXHV RI DQ\ Q�� HYHQWV (��}� (Q VXFK WKDW

(L � $
��3L�� L  ��}�Q� L�H� LV LQGHSHQGHQW RI DQ\ HYHQW

EHORQJLQJ WR WKH VHW $�  $
��3�� �}� $

��3Q�  

^(� �}� (Q� (L � $
��3L�� L  ��}�Q`� 2Q WKH RWKHU KDQG�

LI ZH NQRZ WKH WUXWK YDOXHV RI WKH DWRPV RI SDUWLWLRQV

3��}� 3Q ZH DOVR NQRZ WKH WUXWK YDOXHV RI WKH HYHQWV LQ

WKH VHW $
  $
��3� �}� 3Q� RI WKH QRQ�LPSRVVLEOH

HYHQWV ORJLFDOO\ GHSHQGHQW RQ WKH SURGXFW SDUWLWLRQ



3� �}� 3Q� &OHDUO\� $
 LV D ODUJHU VHW WKDQ $� �IRU

LQVWDQFH� $� LV QRW FORVHG XQGHU FRPSOHPHQWDWLRQ ZKLOVW

$
 � ^�` LV DQ DOJHEUD��

1RZ� WKH TXHVWLRQ LV� GRHV LQGHSHQGHQFH RI (� IURP DQ\

HYHQW LQ $� SURSDJDWH WR LQGHSHQGHQFH RI (� IURP DQ\

HYHQW LQ $
"

:KHQ DOO SDUWLWLRQV LQ 6 DUH ILQLWH� WKH IROORZLQJ

SURSRVLWLRQ DVVXUHV LQ SDUWLFXODU WKDW LQGHSHQGHQFH IURP

LQIRUPDWLRQ DULVLQJ IURP $
��3�� �}� $

��3Q� LPSOLHV

LQGHSHQGHQFH IURP LQIRUPDWLRQ GHSHQGLQJ RQ

$
��3� �}� 3Q��

����� 3URSRVLWLRQ

/HW 6 EH DQ DUELWUDU\ VHW RI OJ� L� ILQLWH SDUWLWLRQV DQG OHW 3

EH D ORZHU SUREDELOLW\ RQ & ZKLFK UHDOL]HV LQGHSHQGHQFH

IRU WKH SDUWLWLRQV LQ 6 E\ GHI� ���� FKRRVH DUELWUDULO\ D

SDUWLWLRQ 3 � 6 DQG WKHQ D SURGXFW SDUWLWLRQ� OHW XV FDOO LW

�3� REWDLQHG DV WKH SURGXFW RI D ILQLWH QXPEHU RI

SDUWLWLRQV LQ 6 � ^3`� 7KHQ 3 KDV D XQLTXH FRKHUHQW

H[WHQVLRQ RQ HYHU\ HYHQW (~)� ( � $�3�� ) � $
���3��

JLYHQ E\

���� 3�(~)�  3�(��

3URRI� ,W LV QRW UHVWULFWLYH� EXW VLPSOLILHV QRWDWLRQ� WR

SURYH WKDW ���� KROGV IRU 3 3�� �3  3� �}� 3Q�

&DOO IRU WKLV H
�L�
WKH JHQHULF DWRP RI WKH SURGXFW SDUWLWLRQ

3� �}� 3Q� )URP WKH ILQLWHQHVV K\SRWKHVLV� 3� �}� 3Q

LV PDGH XS RI D ILQLWH QXPEHU V RI DWRPV �E\ WKH ORJLFDO

LQGHSHQGHQFH DVVXPSWLRQ� V  V�}VQ� ZKHUH VL LV WKH

QXPEHU RI DWRPV RI 3L� L  ��}�Q�� +HQFH DQ\

) � $�3� �}� 3Q� PD\ EH ZULWWHQ DV D ORJLFDO VXP RI D

ILQLWH QXPEHU RI DWRPV RI 3� �}� 3Q�

:H VKDOO SURYH WKH WKHVLV LQ WKUHH VWHSV�

�D� 3URYLQJ ���� LQYROYHV RSHUDWLQJ ZLWK H[WHQVLRQV RI 3�

1RZ� E\ ����� HYHU\ H[WHQVLRQ RI 3 RQ DQ DUELWUDU\

&� � & PD\ EH REWDLQHG DV WKH ORZHU HQYHORSH RQ &� RI D

VHW 0� RI SUHFLVH SUREDELOLWLHV VXFK WKDW WKH ORZHU

HQYHORSH RI WKH UHVWULFWLRQ RI 0� RQ &� OHW XV FDOO LW 0� LV

WKH VWDUWLQJ ORZHU SUREDELOLW\ 3� +HQFH� SRVVLEO\ GLIIHUHQW

FRKHUHQW H[WHQVLRQV RI 3 RQ &� FRXOG EH REWDLQHG E\

YDU\LQJ WKH SUREDELOLWLHV LQ WKH VHW 0�

$Q\ZD\� GHILQLQJ 0
�$~%�  ^3� 3 LV D FRKHUHQW SUHFLVH

SUREDELOLW\ RQ &� 3 t 3� 3�$~%�  3�$~%�`� LW LV

0
 z � �E\ ������ DQG DW OHDVW RQH SUREDELOLW\ 3
 � 0


PXVW EH LQFOXGHG LQ HYHU\ VHW 0 ZKRVH ORZHU HQYHORSH

RQ & LV 3� DQG WKLV IRU HYHU\ $~% � & �DJDLQ E\ �������

�E� /HW XV QRZ FRQVLGHU DQ DUELWUDU\ HYHQW (~)�
( � $�3��� ) � $

��3� �}� 3Q��

:H VKDOO SURYH LQ �E� WKDW � 3
 � 0
�(�� �WKH H[WHQVLRQ

RI 3
 RQ & � ^(~)` LV VXFK WKDW� 3
�(~)�  3�(�� 7KLV

LPSOLHV 3�(~)� d 3�(�� VLQFH E\ �D� DW OHDVW RQH 3
 LV

LQFOXGHG LQ DQ\ VHW 0� /HW XV SUHOLPLQDULO\ QRWH WKDW

���� 3
�(�  6 3
�(~H�L�� 3
�H
�L�
� t 3�(� 6 3
�H

�L�
�

 3�(��

ZKHUH WKH VXPPDWLRQV DUH H[WHQGHG WR DOO DWRPV H
�L�
RI

3� �}� 3Q DQG WKH LQHTXDOLW\ KROGV VLQFH 3
�(~H�L�� t
3�(~H�L��  3�(� �UHFDOO WKDW (~H�L� � &�� %XW 3
�(�  

3�(�� VR ���� LPSOLHV

���� 3
�(~H�L��  3�(�� � H
�L� � 3� �}� 3Q�

)URP ZKDW VHHQ MXVW EHIRUH �D�� ZH FDQ ZULWH )  �H�L��
WKH ORJLFDO VXP EHLQJ H[WHQGHG WR WKH ILQLWH VHW RI WKRVH

DWRPV H
�L�
ZKLFK LPSO\ )� 7KHUHIRUH ZH FDQ DSSO\ ILUVW

WKH FRQJORPHUDWLYH SURSHUW\ DQG WKHQ ���� WR ZULWH �WKH

VXPPDWLRQV DUH RI FRXUVH H[WHQGHG WR WKH DWRPV H
�L�

ZKLFK LPSO\ ) DQG RQO\ WR WKHP��

���� 3
�(~)�  3
�( � �H�L�~�H�L��  

6 3
�(~H�L�� 3
�H�L�~�H�L��  3�(� 6 3
�H
�L�~�H�L��

 3�(��

�F� ,W LV QRZ HDV\ WR SURYH WKDW HYHU\ SUHFLVH SUREDELOLW\

3 GRPLQDWLQJ 3 RQ & LV VXFK WKDW 3�(~)� t 3�(� �IROORZ
WKH VWHSV LQ ����� VXEVWLWXWLQJ 3
 ZLWK 3 DQG UHSODFLQJ WKH

WKLUG HTXDOLW\ E\ t VLQFH 3�(~H�L�� t 3�(~H�L��  3�(���

)URP WKLV DQG WKH FRQFOXVLRQV RI �E� ZH REWDLQ 3�(~)�  
3�(�� �

����� &RPPHQW

7KH UHVXOW LQ ����� VKRZV WKDW WKHUH DUH LQVWDQFHV ZKHUH

LQGHSHQGHQFH LV QHFHVVDULO\ PDLQWDLQHG ZKHQ H[WHQGLQJ

D ORZHU SUREDELOLW\� ,W VKRXOG EH SRVVLEOH WR JHQHUDOLVH

����� LQ VRPH GLUHFWLRQV� DV ORQJ DV WKH K\SRWKHVLV RI

ILQLWHQHVV RI WKH SDUWLWLRQV LV PDLQWDLQHG�

� &RQFOXVLRQV

7KH DSSURDFK IROORZHG LQ WKLV QRWH UHJDUGV LUUHOHYDQFH DV

WKH HVVHQWLDO FRQFHSW IRU LQWHUSUHWLQJ DQG GHILQLQJ

LQGHSHQGHQFH� 1HYHUWKHOHVV ZH VDZ WKDW WKH SURSHUW\ RI

VWULFW IDFWRUL]DWLRQ LV DOZD\V DGPLVVLEOH DQG VLJQLILFDQW�

QRW RQO\ FRPSXWDWLRQDOO\�

:H IRFXVHG RQ WKH HVVHQWLDO DVSHFWV� VWDUWLQJ IURP

FRQVLVWHQF\� RI WKH QRWLRQ RI LQGHSHQGHQFH SURSRVHG�

ZKLFK LQFOXGHV PDQ\ FRQFHSWV RI LQGHSHQGHQFH DV

VSHFLDO FDVHV� IRU LQVWDQFH� LQGHSHQGHQFH DPRQJ Q

HYHQWV� SXWWLQJ 6  ^3��}� 3Q`� 3L  ^$L� $L
F`� L  ��}�Q�

$OWKRXJK ZH SUHIHUUHG WR GLVFXVV LQGHSHQGHQFH IRU WKH

PRUH LPPHGLDWH FDVH RI HYHQWV� LW LV DOVR SRVVLEOH WR

FRQVLGHU WKH DWRPV RI HDFK SDUWLWLRQ 3L LQ GHI� ��� DV WKH

GLVWLQFW RXWFRPHV RI D UDQGRP QXPEHU ;L� VR WKDW HYHU\

HYHQW (L � $��3L� LGHQWLILHV D VXEVHW YL RI WKH VHW 9L RI WKH

DGPLVVLEOH YDOXHV IRU ;L� 7KHQ HSLVWHPLF LQGHSHQGHQFH

IRU D IDPLO\ ) RI UDQGRP QXPEHUV FDQ EH GHILQHG E\



UHTXLULQJ WKDW WKHLU XQGHUO\LQJ SDUWLWLRQV DUH ORJLFDOO\

LQGHSHQGHQW DQG WKDW WKH IROORZLQJ HTXDOLWLHV KROG� � ;��

;��}� ;Q � )� � YL � 9L� L  ��}� Q�

3�;� � Y�~;� � Y� �}� ;Q � YQ�  3�;� � Y���

$ QRWHZRUWK\ IHDWXUH LV WKDW� E\ WKH H[WHQVLRQ WKHRUHP

�VHFW� ������� LW LV DOZD\V SRVVLEOH WR DVVLJQ ORZHU

SUREDELOLWLHV RQO\ RQ VXEVHWV RI $�3�� IRU VRPH RU DOO

3 � 6� DQG WR H[WHQG WKHP RQ D VXEVHW RI & UHDOL]LQJ

SDUWLDOO\ WKH LQGHSHQGHQFH FRQGLWLRQV ���� WKLV ZLOO EH WKH

UXOH LQ PDQ\ SUDFWLFDO VLWXDWLRQV�

'LUHFWLRQV IRU IXUWKHU ZRUN LQFOXGH SRVVLEOH

JHQHUDOLVDWLRQV RI LQGHSHQGHQFH SURSDJDWLRQ� WKH

WUHDWPHQW RI FRQGLWLRQDO LQGHSHQGHQFH� DQG DSSOLFDWLRQV�

$FNQRZOHGJHPHQWV

, ZLVK WR WKDQN WKH UHIHUHHV IRU WKHLU KHOSIXO FRPPHQWV

DQG VXJJHVWLRQV�

5HIHUHQFHV

>�@ /� &ULVPD� /H]LRQL GL FDOFROR GHOOH SUREDELOLWj�

(GL]LRQL *ROLDUGLFKH� 7ULHVWH� �����

>�@ /� &ULVPD� 7KH QRWLRQ RI VWRFKDVWLF LQGHSHQGHQFH LQ

WKH WKHRU\ RI FRKHUHQW SUREDELOLWLHV� 7HFK� 5HS� Q�

����� 'LSDUWLPHQWR GL 0DWHPDWLFD $SSOLFDWD ¦%� GH

)LQHWWL§� 8QLYHUVLW\ RI 7ULHVWH� �����

>�@ /�0� 'H &DPSRV DQG 6� 0RUDO� ,QGHSHQGHQFH

FRQFHSWV IRU FRQYH[ VHWV RI SUREDELOLWLHV� 7HFK� 5HS��

'HSDUWDPHQWR GH &LHQFLDV GH OD &RPSXWDFLzQ H ,�

$�� 8QLYHUVLGDG GH *UDQDGD� �����

>�@ %� GH )LQHWWL� 7KHRU\ RI 3UREDELOLW\� 9RO� �� (QJOLVK

WUDQVODWLRQ RI 7HRULD GHOOH 3UREDELOLWj� �������

:LOH\� /RQGRQ� �����

>�@ 3� *KLUDUGDWR� 2Q LQGHSHQGHQFH IRU QRQ�DGGLWLYH

PHDVXUHV� ZLWK D )XELQL WKHRUHP� -� (FRQ� 7KHRU\�

����������� �����

>�@ $� *LOLR DQG 6� ,QJUDVVLD� 7RWDOO\ FRKHUHQW VHW�

YDOXHG SUREDELOLW\ DVVHVVPHQWV� .\EHUQHWLFD� �����

��� �����

>�@ 6� +RO]HU� 2Q FRKHUHQFH DQG FRQGLWLRQDO SUHYLVLRQ�

%ROO� 8Q� 0DW� ,WDO�� 6HULH 9, �,9�&���������� �����

>�@ 7� 6HLGHQIHOG DQG /� :DVVHUPDQ� 'LODWLRQ IRU VHWV RI

SUREDELOLWLHV� $QQ� 6WDWLVW�� ������������� �����

>�@ *� 6KDIHU� $ 0DWKHPDWLFDO 7KHRU\ RI (YLGHQFH�

3ULQFHWRQ 8QLYHUVLW\ 3UHVV� �����

>��@3� :DOOH\� &RKHUHQW ORZHU �DQG XSSHU�

SUREDELOLWLHV� 5HVHDUFK 5HSRUW RI WKH 'HS� RI

6WDWLVWLFV� 8QLYHUVLW\ RI :DUZLFN� �����

>��@3� :DOOH\� 6WDWLVWLFDO 5HDVRQLQJ ZLWK ,PSUHFLVH

3UREDELOLWLHV� &KDSPDQ DQG +DOO� /RQGRQ� �����

>��@3� :DOOH\� 0HDVXUHV RI XQFHUWDLQW\ LQ H[SHUW

V\VWHPV� $UWLILFLDO ,QWHOOLJHQFH� �������� �����

>��@3� 0� :LOOLDPV� 1RWHV RQ FRQGLWLRQDO SUHYLVLRQV�

5HVHDUFK 5HSRUW RI WKH 6FKRRO RI 0DWK� DQG 3K\V�

6FL�� 8QLYHUVLW\ RI 6XVVH[� �����


