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SUREDELOLW\ ^ KDV EHHQ GLVFXVVHG LQ PDQ\ SDSHUV� VHH�

7KH PDLQ FRQFHUQ RI WKLV SDSHU LV WR VKRZ E\ PHDQV RI
IRU LQVWDQFH� >�@ � >�@ � >�@ DQG� IRU D TXDOLWDWLYH DS�

VXLWDEOH H[DPSOHV WKDW D ?QDLI� XVH RI %D\HVLDQ XSGDW�
SURDFK WKURXJK D %D\HV�OLNH WKHRUHP� VHH >�@ � &RQ�

LQJ FDQ OHDG WR ZURQJ FRQFOXVLRQV� *LYHQ VRPH SRVVL�
FHUQLQJ WKH SUREOHP RI PHGLFDO GLDJQRVLV� ZKLFK LV

EOH GLVHDVHV �WKDW FRXOG H[SODLQ DQ LQLWLDO SLHFH RI LQ�
WKH PDLQ FRQFHUQ RI WKLV SDSHU �VHH 6HFWV� � DQG �� �

IRUPDWLRQ� DQG D UHOHYDQW WHQWDWLYH SUREDELOLW\ DVVHVV�
VRPH SUHOLPLQDU\ UHVXOWV GHDOLQJ ZLWK WKH GLsFXOWLHV

PHQW� D GRFWRU KDV XVXDOO\ DW KLV GLVSRVDO DOVR D GDWD
DULVLQJ ZKHQ WU\LQJ WR JHW ULG IURP WKH VLPSOLI\LQJ

EDVH FRQVLVWLQJ RI FRQGLWLRQDO SUREDELOLWLHV 3 �( M. � �
DVVXPSWLRQ RI PXWXDOO\ H[FOXVLYH DQG H[KDXVWLYH GLV�

ZKHUH HDFK . LV D GLVHDVH DQG HDFK HYLGHQFH ( FRPHV
HDVHV ZHUH DOUHDG\ GLVFXVVHG LQ >�@ � &RQGLWLRQDO LQGH�

IURP D VXLWDEOH WHVW� 2QFH WKH FRKHUHQFH �wD OD GH
SHQGHQFH �VHH� H�J� � >��@ � LV DQRWKHU XVXDO DVVXPSWLRQ

)LQHWWL� RI WKH ZKROH DVVHVVPHQW LV FKHFNHG� ZH ZDQW
WKDW RXU PHWKRG DLPV DW DYRLGLQJ� ZKHQ WKH PRWL�

WR VXLWDEO\ XSGDWH WKH SULRU SUREDELOLWLHV� VLQFH ZH
YDWLRQ LV MXVW WKDW RI JHWWLQJ D VLPSOLqFDWLRQ RI WKH

GR QRW DVVXPH WKDW WKH GLVHDVHV FRQVWLWXWH D SDUWL�
UHOHYDQW VHWWLQJ�

WLRQ RI WKH FHUWDLQ HYHQW o� WKH XVXDO %D\HV WKHRUHP
FDQQRW EH DSSOLHG� 7KHQ ZH SURFHHG E\ UHIHUULQJ WR 2XU DSSURDFK �WKH JHQHUDO WKHRU\ LV H[SRXQGHG LQ >�@ �
WKH UHOHYDQW DWRPV �ZKRVH FRKHUHQW SUREDELOLW\ DVVHVV� UHIHUV WR OHDUQLQJ IURP GDWD DV DQ RSHUDWLRQDO SURFH�
PHQW LV� LQ D VHQVH� ?LPSUHFLVH� � VLQFH LQ JHQHUDO LW GXUH EDVHG RQ SDUWLDO SUREDELOLW\ DVVHVVPHQWV DQG XS�
LV Q R W X Q LTX H� � %\ FKHFNLQJ DJDLQ WKH FRKHUHQFH RI GDWLQJ� WKH ODWWHU DUH QRW QHFHVVDULO\ XQLTXH� DQG WKH
WKH ZKROH XSGDWHG DVVHVVPHQW� LW WXUQV RXW WKDW ZH SURFHGXUH LV UXOHG E\ FRKHUHQFH WKURXJK DQ DOJRULWKP
JHW XSSHU DQG ORZHU FRQGLWLRQDO SUREDELOLWLHV� 7KHVH LQYROYLQJ OLQ HD U V\VWHPV DQG OLQ HD U S URJUD P P LQ J � 7KH
VWHSV DUH LWHUDWHG XQWLO D GHJUHH RI EHOLHI VXsFLHQW WR FRPSXWDWLRQDO GLsFXOWLHV FDQ EH VWURQJO\ UHGXFHG E\
PDNH D GLDJQRVLV LV UHDFKHG� WKH FRKHUHQFH FRQGLWLRQ UHVRUWLQJ WR D WHFKQLTXH �VHH >�@ � EDVHG RQ WKH DVVLJQ�
DFWV DV D FRQWURO WRRO RQ HYHU\ VWDJH� PHQW R I ]HUR S UR ED ELOLW\ WR VRPH FR Q G LWLR Q LQ J HYHQWV

+ � LQ VXFK D ZD\ WKDW WKH FRUUHVSRQGLQJ G LUHFW DVVHVV�L

PHQWV 3 �( M+ � DUH FRKHUHQW� :KDW GRHV G LUHFW DV�L L. H \ Z R UG V� &RKHUHQFH� %D\HVLDQ XSGDWLQJ� XSSHU
VHVVPHQW RI D FRQGLWLRQDO SUREDELOLW\ 3 �( M+ � PHDQ"DQG ORZHU SUREDELOLWLHV�
*LYHQ DQ DUELWUDU\ IDPLO\ & RI FRQGLWLRQDO HYHQWV� D
IXQFWLRQ 3 �cMc� � ERXQG WR VD WLVI\ R Q O\ WK H UHTX LUHP HQ W
R I FR K HUHQ FH � FDQ EH GHqQHG RQ & � VR WKH NQRZOHGJH� ,Q WUR G X F WLR Q
�RU WKH DVVHVVPHQW� RI WKH ?MRLQW� DQG WKH ?PDUJLQDO�
SUREDELOLWLHV 3 �( A + � DQG 3 �+ � ^ DV LQ WKH ?.RO�

(YHQ LI SUREDELOLW\ WKHRU\ KDV QRW SOD\HG� IRU D QXP� PRJRURYLDQ� IUDPHZRUN ^ LV QRW UHTXLUHG� ,W LV ZHOO
EHU RI UHDVRQV� LWV SURSHU UROH IRU XQFHUWDLQ NQRZOHGJH NQRZQ WKDW VXFK D IXQFWLRQ 3 �cMc� VDWLVqHV RQ & WKH
UHSUHVHQWDWLRQ DQG SURFHVVLQJ� WKH WKHRUHWLFDO IUDPH� D [LR P V �VHH 6HFW��� RI D FRQGLWLRQDO SUREDELOLW\�
ZRUN SURSRVHG E\ GH )LQHWWL >��@ VHHPV SDUWLFXODUO\

7KH VR^FDOOHG ?LPSUHFLVH SUREDELOLWLHV� FRPH QDWX�rH[LEOH� LW GLpHUV UDGLFDOO\ IURP WKH XVXDO RQH �EDVHG
UDOO\ WR WKH IRUH� VLQFH ZH DUH GULYHQ RQO\ E\ FRKHUHQFHRQ D PHDVXUH�WKHRUHWLF DSSURDFK� � ZKLFK DVVXPHV WKDW
DQG QRW E\ WKH ?P\WK RI XQLTXHQHVV� RI D SUREDELOLW\D XQLTXH SUREDELOLW\ PHDVXUH LV GHqQHG RQ WKH VHW RI
DVVHVVPHQW�?HOHPHQWDU\ HYHQWV� � FRQVWLWXWLQJ WKH VR�FDOOHG VDP�

SOH VSDFH� 'H )LQHWWL
 V DSSURDFK DOORZV LQVWHDG WR &RQFHUQLQJ ?LPSUHFLVH SUREDELOLWLHV� � VRPH UHPDUNV
DVVHVV \RXU �FRKHUHQW� SUREDELOLW\ IRU DV PDQ\ RU DV DUH QRZ LQ RUGHU� ,Q SDUWLFXODU� ZH DJUHH ZLWK GH
IHZ HYHQWV DV \RX IHHO DEOH DQG LQWHUHVWHG� DQG WKLV )LQHWWL �>��@ � S� ��� RI WKH (QJOLVK WUDQVODWLRQ� � ZKRVH
KDV PDQ\ LPSRUWDQW WKHRUHWLFDO DQG DSSOLHG FRQVH� DQVZHU WR WKH TXHVWLRQ ? ' R LP S UHFLVH S UR ED ELOLWLHV H[�
TXHQFHV� LQ SDUWLFXODU� LW PDNHV VLPSOHU DQG PRUH HI� LVW" � LV HVVHQWLDOO\ �DV ZH VHH LW� <(6 DQG 127� 7R
IHFWLYH WKH ?RSHUDWLRQDO� DVSHFWV�



FODULI\ WKLV LVVXH� OHW XV WDNH VRPH H[FHUSWV IURP WKH DFW QXPHULFDO PDJQLWXGH ZKLFK PLJKW EH HYDOXDWHG
TXRWHG UHIHUHQFH� ?7KH TXHVWLRQ DV LW VWDQGV LV UDWKHU WR DQ\ GHVLUHG QXPEHU RI GHFLPDO SODFHV � � � 7KH VDPH
LOO�GHqQHG� DQG ZH PXVW qUVW RI DOO PDNH SUHFLVH ZKDW DUJXPHQW� KRZHYHU� ZRXOG DSSHDU WR VKRZ WKDW QR
ZH PHDQ� ,Q DFWXDO IDFW� WKHUH LV QR GRXEW WKDW TXDQ� HPSLULFDO PDJQLWXGH FDQ VDWLVI\ ODZV H[SUHVVHG LQ WKH
WLWLHV FDQ QHLWKHU EH PHDVXUHG� QRU WKRXJKW RI DV UH� FODVVLFDO ORJLFR�PDWKHPDWLFDO IUDPHZRUN� VR ORQJ DV LW
DOO\ GHqQHG ZLWK WKH DEVROXWH SUHFLVLRQ GHPDQGHG E\ LV JUDQWHG WKDW LQGHWHUPLQDF\� WR D JUHDWHU RU OHVVHU
PDWKHPDWLFDO DEVWUDFWLRQ �FDQ ZH VD\ ZKHWKHU WKH H[WHQW� LV SUHVHQW LQ DOO HPSLULFDO FRQFHSWV� �
QXPEHU LQ TXHVWLRQ LV DOJHEUDLF RU WUDQVFHQGHQWDO" 2U

1HYHUWKHOHVV LW FRXOG EH LQWHUHVWLQJ WR VWXG\ FRKHUHQFH
DUH ZH FDSDEOH RI JLYLQJ PLOOLRQV RI VLJQLqFDQW qJXUHV�

RI D SUREDELOLW\ DVVHVVPHQW SRVVLEO\ LQYROYLQJ ERWK
RU HYHQ D IHZ GR]HQ"� � $ VXE MHFWLYH HYDOXDWLRQ� OLNH

?SUHFLVH� DQG ?LPSUHFLVH� HYDOXDWLRQV� WKH PRVW JHQ�
WKDW LQYROYHG LQ H[SUHVVLQJ D SUREDELOLW\� DWWUDFWV WKLV

XLQH VLWXDWLRQ LQ DQ XSGDWLQJ SURFHVV LV WKDW LQ ZKLFK
FULWLFLVP WR DQ HYHQ JUHDWHU GHJUHH � � � ,W VKRXOG EH VXI�

ZH JHW ^ DV �FRKHUHQW� H[WHQVLRQ RI DQ LQLWLDO FRKHUHQW
qFLHQW WR VD\ WKDW DOO SUREDELOLWLHV� OLNH DOO TXDQWLWLHV�

DVVHVVPHQW ^ DQ XSSHU DQG D ORZHU FRQGLWLRQDO SURE�
DUH LQ SUDFWLFH LPSUHFLVH� DQG WKDW LQ HYHU\ SUREOHP

DELOLW\� QRZ� LI ZH ZDQW WR JR RQ LQ WKH XSGDWLQJ E\
LQYROYLQJ SUREDELOLW\ RQH VKRXOG SURYLGH� MXVW DV RQH

WDNLQJ LQWR DFFRXQW QHZ ?LQIRUPDWLRQ� �IRU H[DPSOH�
GRHV IRU RWKHU PHDVXUHPHQWV� HYDOXDWLRQV ZKRVH SUH�

VRPH IXUWKHU FRQGLWLRQDO SUREDELOLW\ YDOXHV� � ZH QHHG
FLVLRQ LV DGHTXDWH LQ UHODWLRQ WR WKH LPSRUWDQFH RI WKH

FKHFNLQJ WKH ?JOREDO� FRKHUHQFH ^ DV ORZHU DQG XS�
FRQVHTXHQFHV WKDW PD\ IROORZ� ,Q DQ\ FDVH� RQH VKRXOG

SHU SUREDELOLW\ ^ RI WKH QHZ YDOXHV DQG WKH SUHYLRXV
WDNH LQWR DFFRXQW WKDW WKHUH LV DOZD\V WKLV PDUJLQ RI

XSSHU DQG ORZHU SUREDELOLW\� 7KH UHOHYDQW WKHRU\ LV
HUURU � � � 7KH TXHVWLRQ SRVHG RULJLQDOO\� KRZHYHU� UHDOO\

GHDOW ZLWK LQ >�@ DQG DQ DFWXDO FDVH LV GLVFXVVHG DW WKH
FRQFHUQV D GLpHUHQW LVVXH� RQH ZKLFK KDV EHHQ UDLVHG

HQG RI 6HFW���
E\ VHYHUDO DXWKRUV� LW FRQFHUQV WKH SRVVLELOLW\ RI FDVHV
LQ ZKLFK RQH LV QRW DEOH WR VSHDN RI D VLQJOH YDOXH S IRU ,Q 6HFWLRQV �^� ZH UHFDOO WKH PDLQ SRLQWV RI RXU DS�

� ��D JLYHQ SUREDELOLW\� EXW UDWKHU RI WZR YDOXHV� S DQG S � SURDFK� IRU D PRUH GHWDLOHG H[SRVLWLRQ� VHH >�@ � >�@ �
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� & R K H UH Q W 3 UR E D E LOLW\RI WKLV RFFXUV ZKHQ RQH ZLVKHV WR GLVWLQJXLVK YDUL�

RXV K\SRWKHVHV� DQG DWWULEXWHV GLpHUHQW SUREDELOLWLHV
$Q HYHQ W FDQ EH VLQJOHG�RXW E\ D �QRQDPELJXRXV�3 �( M+ � WR DQ HYHQW ( � GHSHQGLQJ RQ WKH YDULRXV K\�L
S UR SR VLWLR Q ( � WKDW LV D VWDWHPHQW WKDW FDQ EH HLWKHUSRWKHVHV + � LI RQH WKHQ LJQRUHV WKH K\SRWKHVHV� RQHL
WUX H RU ID OVH �FRUUHVSRQGLQJ WR WKH WZR ?YDOXHV� � RUFDQ RQO\ FRQFOXGH WKDW WKH SUREDELOLW\ OLHV EHWZHHQ
�� � 6LQFH LQ JHQHUDO LW LV QRW NQRZQ ZKHWKHU ( LVWKH PD[LPXP DQG WKH PLQLPXP � � � ,I ZH DUH GHDOLQJ
WUXH RU QRW� ZH DUH X Q FHUWD LQ RQ ( � ,Q RXU IUDPH�ZLWK K\SRWKHVHV + DERXW ZKLFK ZH H[SHFW VRRQ WRL
ZRUN� SUREDELOLW\ LV ORRNHG XSRQ DV DQ ?HUVDW]� IRUKDYH VRPH LQIRUPDWLRQ� WKHQ LW PD\ EH UHDVRQDEOH WR
WKH ODFN RI LQIRUPDWLRQ RQ WKH DFWXDO ?YDOXH� RI WKHZDLW XQWLO WKLV LQIRUPDWLRQ LV DYDLODEOH� UDWKHU WKDQ
HYHQW ( � DQG LW LV LQWHUSUHWHG DV D PHDVXUH RI WKH G H�PDNLQJ D SURYLVLRQDO HYDOXDWLRQ E\ WDNLQJ D ZHLJKWHG
JUHH R I EHOLHI LQ ( KHOG E\ WKH VX EMHFW WKDW LV PDNLQJDYHUDJH ZLWK UHVSHFW WR WKH SUREDELOLWLHV ZKLFK� LQ WKH
WKH DVVHVVPHQW� 6R D FDUHIXO GLVWLQFWLRQ EHWZHHQ WKHPHDQWLPH� DUH DWWULEXWHG WR WKH + 
 V� ,W ZRXOG EHL
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HYD OX D WLR Q LV HVVHQWLDO�YDOXH O\LQJ VRPHZKHUH EHWZHHQ WKH 3 �( M+ � 
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WKHUH LV DQ LQqQLWH QXPEHU RI SDUWLWLRQV LQWR K\SRWKH� 7KH UROH RI FR K HUHQ FH LV LQ IDFW WKDW RI UXOLQJ SURED�
VHV� DQG WKH LQIRUPDWLRQ ZKLFK FRPHV DORQJ PLJKW EH ELOLW\ HYDOXDWLRQV FRQFHUQLQJ ?PDQ\� HYHQWV� LQGHSHQ�
DQ\WKLQJ DW DOO � � � 7KH LGHD RI WUDQVODWLQJ WKH LPSUH� GHQWO\ RI DQ\ ORJLFDO VWUXFWXUH RI WKH JLYHQ IDPLO\ RI

� ��FLVLRQ LQWR ERXQGV� S � S � S � HYHQ LQ WKH ZHDNHU HYHQWV� (YHQ LI LWV LQWXLWLYH VHP D Q WLF LQWHUSUHWDWLRQ
� ��VHQVH SURSRVHG E\ *RRG �ZKR UHJDUGV S DQG S QRW FDQ EH H[SUHVVHG LQ WHUPV RI D EHWWLQJ VFKHPH� QHYHU�

DV DEVXUG� ULJLG ERXQGV� FDSDEOH RI P D NLQ J WK H LP S UH� WKHOHVV WKLV FLUFXPVWDQFH PXVW QRW KLGH WKH IDFW WKDW
FLVLR Q S UHFLVH � EXW PHUHO\ DV LQGLFDWLRQV RI PD[LPD� � LWV UROH LV HVVHQWLDOO\ V\Q WD FWLF �
LV LQDGHTXDWH LI RQH ZLVKHV WR JLYH DQ LGHD RI WKH LP�

7R LOOXVWUDWH WKH FRQFHSW RI FRKHUHQFH LQ WKH VLPSOHUSUHFLVLRQ ZLWK ZKLFK HYHU\ TXDQWLW\ LV NQRZQ RU FDQ
FDVH RI XQFRQGLWLRQDO HYHQWV� FRQVLGHU DQ DVVHVVPHQWEH FRQVLGHUHG� 2QH VKRXOG WKLQN RI WKH LPSUHFLVLRQ LQ
S  3 �( � � L  ��������Q � RQ DQ D UELWUD U\ qQLWH IDPLO\WKH FKRLFH RI WKH IXQFWLRQ 3 � � � IRU LQGLYLGXDO HYHQWV L L

� � � QRW DV LVRODWHG IHDWXUHV� EXW ZLWK WKH FRQQHFWLRQV )  I ( �����( J �� Q
GHULYLQJ IURP ORJLFDO RU SUREDELOLVWLF UHODWLRQV� �

DQG GHQRWH E\ $ �����$ WKH DWRPV JHQHUDWHG E\� P
6LPLODU UHPDUNV FRQFHUQLQJ WKH IXQFWLRQ 3 DUH VKDUHG WKHVH HYHQWV �L�H� PDGH XS ZLWK DOO SRVVLEOH LQWHUVHF�
� WKURXJK VRPH VXEWOH FRQVLGHUDWLRQV FRQFHUQLQJ LQGH� f f fWLRQV ( A ( ��� A ( � GLpHUHQW IURP WKH LPSRVVLEOH� � Q
WHUPLQDF\ � E\ :LOOLDPV �VHH >��@ � S����� � ZKR FODLPV fHYHQW � � REWDLQHG E\ SXWWLQJ LQ SODFH RI HDFK ( � IRULDOVR� DW WKH EHJLQQLQJ RI WKH TXRWHG SDSHU� ?,W KDV FL  ��������Q � WKH HYHQW ( RU LWV FRQWUDU\ ( � � 7KLVL LEHHQ RE MHFWHG DJDLQVW WKH VXE MHFWLYH LQWHUSUHWDWLRQ RI DVVHVVPHQW LV FDOOHG FR K HUHQ W LI WKH IXQFWLRQ 3 FDQ
SUREDELOLW\ WKDW LW DVVXPHV WKDW D VXE MHFW
V GHJUHH RI EH H[WHQGHG IURP ) WR WKH VHW RI DWRPV� LQ VXFK D
EHOLHI 3 �( � LQ DQ\ HYHQW RU SURSRVLWLRQ ( LV DQ H[� ZD\ WKDW 3 LV D S UR ED ELOLW\ RQ WKH DOJHEUD JHQHUDWHG



E\ WKHP� 7KLV FOHDUO\ DPRXQWV WR WKH H[LVWHQFH RI ,I DQ DPRXQW S ^ ZKLFK VKRXOG VXLWDEO\ GHSHQG RQ
DW OHDVW RQH VROXWLRQ RI WKH IROORZLQJ V\VWHP� ZKHUH ( M+ ^ LV SDLG WR EHW RQ ( M+ � ZH JHW� Z K HQ + LV
[  3 �$ � � WUX H � DQ DPRXQW � LI DOVR ( LV WUXH �WKH EHW LV ZRQ�U U

DQG DQ DPRXQW � LI ( LV IDOVH �WKH EHW LV ORVW� � DQG� ;! [  S � L  ��������Q Z H JHW ED FN WK H D P R X Q W S LI + WX UQ V R X W WR EH ID OVH! U L!!! �WKH EHW LV FDOOHG Rp� � ,Q VKRUW� LQWURGXFLQJ WKH WUX WK �$ w (U L�
YD OX H 7 �( M+ � RI D FRQGLWLRQDO HYHQW ^ UHFDOO WKDW� IRU���

P! ; DQ �XQFRQGLWLRQDO� HYHQW ( � WKLV LV MXVW LWV LQ G LFD WR U!!! [  � � [ w � � U  ��������P �! U U (  7 �( Mo� ^ ZH PD\ ZULWH�
U  �

F F7 �( M+ �  � c �( A + � � � c �( A + � � S c+ �
:H UHFDOO WKDW D QDWXUDO LQWHUSUHWDWLRQ RI S  3 �( �L L

WKDW LV ^ E\ HOHPHQWDU\ SURSHUWLHV RI LQGLFDWRUV DQGLV WR UHJDUG LW DV WKH DPRXQW SDLG WR EHW RQ WKH HYHQW
LQWURGXFLQJ WKH V\PERO W�( M+ � LQ SODFH RI S IRU WKH( � ZLWK WKH SURYLVR RI JHWWLQJ EDFN DQ DPRXQW � LIL
?WKLUG� YDOXH RI 7 �( M+ � ^( LV WUXH �WKH EHW LV ZRQ� RU � LI ( LV IDOVH �WKHL L

FEHW LV ORVW� � VR WKDW� E\ SD\LQJ S � WKH DPRXQW JRWL ��� 7 �( M+ �  ( + � W�( M+ �+ �
EDFN LV MXVW WKH LQ G LFD WR U ( �ZH XVH WK H VD P H V\ P ER OL

6R D FRQGLWLRQDO HYHQW ( M+ �RU� EHWWHU� LWV WUXWK^IR U ER WK D Q HYHQ W D Q G LWV LQ G LFD WR U� � PRUHRYHU� LW LV
YDOXH� FDQ EH VHHQ DV D SDUWLFXODU FDVH RI D GLVFUHWHSRVVLEOH �DQG XVHIXO� WR FRQVLGHU� LQ D EHW� DOVR D ?VFDOH
UDQGRP YDULDEOH OLNH ��� � ZLWK |  �� (  ( + �IDFWRU� �VWDNH� z � WKDW LV WR UHIHU WR D SD\PHQW S z �L L L

F(  + � DQG \  �� \  W�( M+ � � WKHQ LWV S UHYL�WR UHFHLYH ^ ZKHQ WKH EHW LV ZRQ ^ DQ DPRXQW z �ZH � � �L

VLR Q LV WKH ?QDWXUDO FDQGLGDWH� WR EH WKH FR Q G LWLR Q D OZHUH SUHYLRXVO\ UHIHUULQJ WR WKH FDVH z  �� �L

S UR ED ELOLW\ RI ( M+ �
,Q JHQHUDO� JLYHQ | HYHQWV ( �����( DQG | UHDO QXP�� |

0RUHRYHU� WR VLPSOLI\ WKH QRWDWLRQ� ZH DGRSW �DV ZHEHUV Y �����Y � LW LV LPPHGLDWHO\ VHHQ WKDW DOVR D G LV�� |

GLG LQ WKH XQFRQGLWLRQDO FDVH� WK H VD P H V\ P ER O IR U DFUHWH UD Q G R P YD ULD EOH
FR Q G LWLR Q D O HYHQ W D Q G LWV WUX WK ^ YD OX H �WKH ODWWHU EHLQJ|;
WKH DQDORJRXV RI WKH LQGLFDWRU� � :LWK WKLV SURYLVR� HT���� <  \ ( �N N
��� FDQ EH ZULWWHQ DV

N  �

F��� ( M+  ( + � W�( M+ �+ �UHSUHVHQWV WKH DPRXQW JRW EDFN LQ D FRPELQDWLRQ RI
EHWV ^ RQ WKH | HYHQWV ( �����( ^ PDGH E\ SD\�� | ZKHUH WKH IXQFWLRQ W�( M+ � GHSHQGV LQ IDFW RQ WKH SDU�

F FLQJ DPRXQWV S \ �����S \ �L�H� ZLWK VWDNHV \ �����\ � �� � | | � | WLWLRQ ( + � ( + � + RI WKH FHUWDLQ HYHQW o�
1RWLFH WKDW WKH WR WD O D P R X Q W SDLG� L�H�

7KLV LPSOLHV �DV ZH SURYHG HOVHZKHUH >�@ � WKDW� JLYHQ
|; DQ D UELWUD U\ IDPLO\ & RI FRQGLWLRQDO HYHQWV� ZKHQ WKH

��� ,3�< �  S \N N �RUGLQDU\� VXP DQG SURGXFW RI WZR UDQGRP YDULDEOHV
N  � UHSUHVHQWLQJ WKH JLYHQ FRQGLWLRQDO HYHQWV LV VWLOO RI WKH

NLQG ��� � WKHQ W�( M+ � VDWLVqHV WKH D[LRPV RI D FR Q G L�LV WKH VR�FDOOHG S UHYLVLR Q �RU H[SHFWD WLR Q � RI < ZKHQ
WLR Q D O S UR ED ELOLW\ �DFFRUGLQJ WR LWV PRVW JHQHUDO YLHZ�WKH VHW IS �����S J LV D FRKHUHQW SUREDELOLW\ DVVHVV�� |
WKDW JRHV EDFN WR GH )LQHWWL >�� @ � 5xHQ\L >��@ � .UDXVVPHQW RQ WKH IDPLO\ ( �����( � 6R� LQ WKH SDUWLFXODU� |
>��@ � 'XELQV >��@ � �FDVH WKDW < LV MXVW DQ HYHQW ( �LWV LQGLFDWRU� � ZH KDYH

,3�< �  3 �( � � L�H� SUHYLVLRQ UHGXFHV WR SUREDELOLW\� 6R� LQ SDUWLFXODU� LI WKH VHW &  * d % RI FRQGLWLRQDO
HYHQWV ( M+ LV VXFK WKDW * LV D %RROHDQ DOJHEUD DQG
% t * LV FORVHG ZLWK UHVSHFW WR �qQLWH� ORJLFDO VXPV�

� & R Q G LWLR Q D O ( Y H Q WV RWKHQ� SXWWLQJ %  % Q I� J � WKHVH D[LRPV FDQ EH H[�
SUHVVHG DV IROORZV�

1RWLFH WKDW LW LV QRW HQRXJK GLUHFWLQJ DWWHQWLRQ MXVW c d
WRZDUG DQ HYHQW ( LQ RUGHU WR DVVHVV ?FRQYLQFLQJO\� �L� W�( M+ �  W �( A + �M+ � IRU HYHU\ ( � * DQG

RLWV SUREDELOLW\� EXW LW LV DOVR HVVHQWLDO WDNLQJ LQWR DF� + � %
FRXQW R WK HU HYHQWV ZKLFK PD\ SRVVLEO\ FRQWULEXWH LQ

�LL� W�cM+ � LV D �qQLWHO\ DGGLWLYH� SUREDELOLW\ RQ * IRUGHWHUPLQLQJ WKH ?LQIRUPDWLRQ� RQ ( � 7KHQ WKH IXQGD� RDQ\ JLYHQ + � %PHQWDO WRRO PXVW EH FR Q G LWLR Q D O S UR ED ELOLW\ � VLQFH WKH c d c d
�LLL� W �( A $ �M+  W�( M+ � cW $ M�( A + � � IRU HYHU\WUXH SUREOHP LV QRW WKDW RI DVVHVVLQJ 3 �( � � EXW UDWKHU

RWKDW RI DVVHVVLQJ 3 �( M+ � � WDNLQJ LQWR DFFRXQW DOO WKH $ � * DQG ( � + � % � ( A + � � �
UHOHYDQW ?LQIRUPDWLRQ� FDUULHG E\ VRPH RWKHU HYHQW

&RQGLWLRQ �L� LV HTXLYDOHQW WR WKH IROORZLQJ+ � 'HDOLQJ ZLWK FRQGLWLRQDO SUREDELOLW\ UHTXLUHV WKH
LQWURGXFWLRQ RI FR Q G LWLR Q D O HYHQWV ( M+ � ZLWK + � � R�L
� W�+ M+ �  �� IRU HYHU\ + � % �
�ZKHUH � LV WKH LP SR VVLEOH HYHQW� � $Q LQWHUSUHWDWLRQ
RI ( M+ LQ WHUPV RI D EHWWLQJ VFKHPH �H[WHQGLQJ WKDW 6R ZH FDQ LGHQWLI\ W�( M+ � ZLWK WKH FRQGLWLRQDO SURE�
JLYHQ DERYH IRU X Q FR Q G LWLR Q D OHYHQWV� PD\ KHOS LQ FODU� DELOLW\ 3 �( M+ � DQG WKHUH LV QR QHHG WR LQWURGXFH LW DV
LI\LQJ LWV PHDQLQJ� WKH UDWLR RI WKH �XQFRQGLWLRQDO� SUREDELOLWLHV 3 �( A + �



pDQG 3 �+ � � DVVXPLQJ SRVLWLYLW\ RI WKH ODWWHU� 7KLV DO� ZKHUH 3 �+ �  � IRU DOO + 
 V� DQG + GHQRWHV� IRUc � L L R

ORZV WR GHDO ZLWK FRQGLWLRQLQJ HYHQWV RI ]HUR SURED� p w �� WKH XQLRQ RI WKH + 
 V VXFK WKDW 3 �+ �  ��L p c � L

ELOLW\� D VLWXDWLRQ ZKLFK LQ PDQ\ UHVSHFWV UHSUHVHQWV D VR� LQ SDUWLFXODU�
YHU\ FUXFLDO IHDWXUH �HYHQ LQ WKH FDVH RI D qQLWH IDP� R��� +  +  + > ��� > + �R � QRLO\ RI HYHQWV� � GURSSLQJ DQ\ SRVLWLYLW\ FRQGLWLRQ� WKH
FODVV RI DGPLVVLEOH FRQGLWLRQDO SUREDELOLW\ DVVHVVPHQWV 2Q WKH EDVLV RI WKH SUHYLRXV UHVXOWV� WKH ?D OJR ULWK P �
DQG WKDW RI SRVVLEOH H[WHQVLRQV DUH ODUJHU� WKH HQVX� QHHGHG IRU DQ DFWXDO FKHFNLQJ RI WKH FRKHUHQFH RI D
LQJ DOJRULWKPV DUH PRUH rH[LEOH� WKH PDQDJHPHQW RI SUREDELOLW\ DVVHVVPHQW FDQ EH LPSOHPHQWHG DORQJ WKH
VWRFK D VWLF LQGHSHQGHQFH �FRQGLWLRQDO RU QRW� DYRLGV IROORZLQJ VWHSV�
PDQ\ RI WKH XVXDO LQFRQVLVWHQFLHV UHODWHG WR ORJLFD O

�L� JLYHQ D VHW & RI Q FRQGLWLRQDO HYHQWV ( M+ � ��� �� �GHSHQGHQFH�
( M+ � VXSSO\ DOO WKH NQRZQ ORJLFDO UHODWLRQV DPRQJQ Q
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� QPXFK OHVV WKDQ � � �
:KDW DERXW DQ DVVHVVPHQW 3 RQ DQ D UELWUD U\ VHW & RI
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�LLL� 3XW p  � LQ �6 � �p>�@ � >�@ DQG >�@ LW KDV EHHQ SURYHG DQG H[WHQVLYHO\ GLV�

FXVVHG WKH IROORZLQJ �LY � LI �6 � KDV QR VROXWLRQV� WKH DVVHVVPHQW ��� LV QRWp

FRKHUHQW DQG PXVW EH UHYLVHG�
7 K H R UH P � /HW & EH DQ DUELWUDU\ qQLWH IDPLO\ RI
FRQGLWLRQDO HYHQWV DQG $ GHQRWH WKH UHOHYDQW VHW RI �Y � LI �6 � KDV D VROXWLRQ 3 �$ � VXFK WKDWR p p U

DWRPV� )RU D UHDO IXQFWLRQ 3 RQ & WKH IROORZLQJ WZR ;
VWDWHPHQWV DUH HTXLYDOHQW� ��� 3 �+ �  3 �$ � ! �p L p U

U
$ w +U L�L� 3 LV D FRKHUHQW FRQGLWLRQDO SUREDELOLW\ RQ & �

IRU HYHU\ + VSHFLqHG LQ WKH qUVW OLQH RI �6 � � WKHQ WKHL p�LL� WKHUH H[LVWV �DW OHDVW� D FODVV RI SUREDELOLWLHV
DVVHVVPHQW ��� LV FRKHUHQW DQG HDFK 3 �( M+ � FDQ EHL LI 3 �3 ����J � HDFK SUREDELOLW\ 3 EHLQJ GHqQHG RQ DR � p
UHSUHVHQWHG E\ ��� � ZKLOH LI LW KDV R Q O\ VROXWLRQV VXFKVXLWDEOH VXEVHW $ t $ � VXFK WKDW IRU DQ\ ( M+ � &p � L L
WKDWWKHUH LV D XQLTXH 3 ZLWKp;
���� 3 �+ �  � IRU VRPH +p L L3 �$ � ! �p U

U
$ w +U L SURFHHG DV IROORZV�3

3 �$ � �Y L� UHSUHVHQW E\ ��� WKRVH 3 �( M+ � VXFK WKDW +p U L L LU
$ w ( A +U L L VDWLVqHV ��� � WKHQ SXW p � � LQ SODFH RI p � DQG JR WR3��� 3 �( M+ �  �L L

3 �$ � VWHSV �LY� DQG �Y� XQWLO WKH H[KDXVWLRQ RI WKH + 
 V�p U LU
$ w +U L

7KH DERYH SURFHGXUH FRQVLVWV LQ VROYLQJ D VHTXHQFH�
�PRUHRYHU $ | $ IRU p ! p � DQG 3 �$ �  � LIp p � p � U RI OLQHDU V\VWHPV� WKH qUVW RQH KDV Q � � HTXDWLRQV

�$ � $ �U p �ZKHUH Q LV WKH FDUGLQDOLW\ RI WKH VHW & RI FRQGL�
WLRQDO HYHQWV� DQG P XQNQRZQV �WKH QXPEHU RI UHO�1RWLFH WKDW WKH FODVVHV RI SUREDELOLWLHV I3 J DUH LQq�p
HYDQW DWRPV� � )URP D WKHRUHWLFDO SRLQW RI YLHZ� LWQLWH LQ JHQHUDO� LQ SDUWLFXODU ZH KDYH WKH XQLTXHQHVV
VHHPV WKDW WKH ?QLFHVW� VLWXDWLRQ VKRXOG FRUUHVSRQGRQO\ LQ WKH FDVH WKDW & LV WKH &DUWHVLDQ SURGXFW RI WZR
WR WKH qUVW VWDWHPHQW XQGHU �Y� � L�H� WR VROYH R Q O\ R Q H%RROHDQ DOJHEUDV�
V\ VWHP � qQGLQJ DW WKH qUVW VWHS D VROXWLRQ VDWLVI\LQJ

,Q WKH TXRWHG SDSHUV LW LV SURYHG LQ D FRQVWUXFWLYH ��� � 1HYHUWKHOHVV� QRWLFH WKDW WR P D NH HD VLHU WK H FR P �
ZD\ WKH HTXLYDOHQFH EHWZHHQ FRQGLWLRQV �L� DQG �LL� � S X WD WLR Q D O S URFHG X UH LW LV PRUH VXLWDEOH QRW ORRNLQJ IRU
7KLV SURRI VNHWFKHV DQ DOJRULWKP WR WHVW FRKHUHQFH RI VXFK D VROXWLRQ� EXW WU\LQJ LQVWHDG WR VROYH ?VPDOOHU�
DQ DVVHVVPHQW 3 � EDVHG RQ WKH HTXLYDOHQFH EHWZHHQ V\VWHPV� LQ WKH VHQVH RI KDYLQJ D VPDOOHU QXPEHU RI
FRQGLWLRQ �LL� DQG WKH FRPSDWLELOLW\ RI D VHTXHQFH RI HTXDWLRQV �SRVVLEO\ RQO\ WZR� � EXW ^ PRUH LPSRUWDQW
V\VWHPV �6 � ZLWK XQNQRZQV 3 �$ � w �� $ � $ �p p U U p ^ D VPDOOHU QXPEHU RI XQNQRZQV� VLQFH WKH PDLQ FRP�� ; ;
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LI 3 �+ �  � � LQ Z K LFK WK HUH D UH P D Q \ VX LWD EO\ FK R VHQ X Q NQ R Z Q Vp c � L�6 �p ! 3 �$ � HTX D O WR ]HUR E\ WDNLQJ WKRVH $ 
 V FRQWDLQHG LQ; p U U!!! 3 �$ �  �! DV PDQ\ DV SRVVLEOH FRQGLWLRQLQJ HYHQWV + 
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p WKH UHPDLQLQJ RQHV� � WKH EHVW VLWXDWLRQ ZRXOG EH ZKHQ$ w +U �



WKH $ 
 V DUH FRQWDLQHG LQ DOO + 
 V H[FHSW RQH� 7KHQ H[LVWV D �SRVVLEO\ QRW XQLTXH� FRKHUHQW H[WHQVLRQ RIU L

HDFK V\VWHP ZRXOG UHGXFH WR D V\VWHP KDYLQJ RQO\ 3 WR DQ DUELWUDU\ IDPLO\ * RI FRQGLWLRQDO HYHQWV� ZLWK
D IHZ HTXDWLRQV �SRVVLEO\ WZR� ^ WKDW LV RQO\ WKRVH * u & � LI D Q G R Q O\ LI 3 LV FRKHUHQW RQ & � ,Q SDUWLFXODU�
ZKLFK UHIHU WR WKH + 
 V DQG ZKLFK H[SUHVV 3 �( M+ � LI .  & > I ( M+ J DQG 3 �( M+ �  S � FRKHUHQW DVVHVV�M M M

E\ PHDQV RI WKH UHOHYDQW SUREDELOLW\ 3 ^ SOXV WKH ODVW PHQWV RI S DUH DOO YDOXHV RI D VXLWDEOH FORVHG LQWHUYDOp
f fRQH UHTXLULQJ WKDW WKH VXP RI WKH SUREDELOLWLHV RI WKH >S �S @ t >���@ � ZLWK S � S � �f f

DWRPV PXVW EH HTXDO WR � �
7KHQ� JLYHQ D qQLWH IDPLO\

6R DW HDFK VWHS ZH ZRXOG EH DEOH WR YHULI\ FRKHUHQFH
&  I ( M+ �����( M+ J� � Q QRI WKH DVVHVVHG FRQGLWLRQDO SUREDELOLWLHV� WKH ?QLFHVW�

RI FRQGLWLRQDO HYHQWV DQG D QHZ RQH ( M+ � ZH SURYHGVLWXDWLRQ� LQ IDFW D FDUHIXO VFUXWLQ\ RI WKH SRVVLEOH
LQ >�@ �JLYLQJ DOVR WKH UHOHYDQW DOJRULWKP� ZKLFKFDVHV VKRZV WKDW LW FRXOG LQVWHDG KDSSHQ� IRU H[DPSOH�
KDV EHHQ LPSURYHG LQ >�@ H[SORLWLQJ ]HUR SUREDELOL�WKDW HD FK ( A + LV FRQWDLQHG LQ WKH LQWHUVHFWLRQ RIL L

WLHV� WKDW WKHVH WZR ERXQGV FDQ EH FKDUDFWHUL]HG DVDOO + 
 V �D YHU\ � � � SHVVLPLVWLF DQG PD\ EH XQUHDOLVWLFL

LQqPXP DQG VXSUHPXP� UHVSHFWLYHO\� RI SUREDELOL�VLWXDWLRQ� � WKHQ LW ZRXOG EH LPSRVVLEOH WR SXW HTXDO WR
f fWLHV 3 �( M+ � DQG 3 �( M+ � RI VXLWDEOH FRQGLWLRQDO]HUR �DFWLQJ RQ WKH SUREDELOLWLHV RI WKH UHOHYDQW DWRPV� f f

HYHQWV WKDW DUH ORJLFD OO\ G HSHQ G HQ W RQ & � L�H� VXFK WKDWDOO 3 �+ � 
V H[FHSW RQH� EHFDXVH HYHQ SXWWLQJ HTXDO WRL
f fWKH HYHQWV ( �+ �( �+ DUH XQLRQ RI DWRPV JHQHU�]HUR WKH SUREDELOLW\ RI MXVW RQH + ZRXOG HQWDLO WKDW f fL

DWHG E\ ( �����( �+ �����+ � ,Q SDUWLFXODU� ( M+D OO FRQGLWLRQLQJ HYHQWV KDYH ]HUR SUREDELOLW\ �DV LW LV � Q � Q f f
f fDQG ( M+ DUH� UHVSHFWLYHO\� WKH ?PD[LPXP� DQG WKHHDVLO\ VHHQ ORRNLQJ DW WKH UHOHYDQW V\VWHP� � 2Q WKH

?PLQLPXP� FRQGLWLRQDO HYHQW ORJLFDOO\ GHSHQGHQW RQRWKHU KDQG� DQRWKHU H[WUHPH VLWXDWLRQ LV LQVWHDG WKDW
& VDWLVI\LQJLQ ZKLFK WKH HYHQWV + 
 V DUH PXWXDOO\ LQFRPSDWLEOH�L

f fLQ WKLV FDVH ZH FDQ D UELWUD ULO\ FKRRVH Q b � RI WKHP WR ( M+ t p ( M+ t p ( M+ �f f
SXW HTXDO WR ]HUR WKHLU SUREDELOLW\�

WKH LQFOXVLRQ t p EHWZHHQ FRQGLWLRQDO HYHQWV LV GH�
,Q DOO RWKHU FDVHV WKH DOJRULWKP PXVW SURFHHG E\ D qQHG DV
FDUHIXO FKRLFH RI WKH FRQGLWLRQLQJ HYHQWV ZKRVH SURE�

F F$ M+ t p % M. � � $ + t % . DQG % . t $ + �DELOLW\ VKRXOG EH SXW HTXDO WR ]HUR� )RU H[DPSOH� LI ZH
FRQVLGHU DQ HYHQW + VXFK WKDW DW OHDVW RQH DWRP $ � 7KLV LQFOXVLRQ KDV D Q X P HULFD O FRXQWHUSDUW �SURYHG LQM U

ZKLFK LV FRQWDLQHG LQ WKH FRUUHVSRQGLQJ ( A + � DQG >�@ � � WKDW LV $ M+ � % M. � WKLV LV DQ LQHTXDOLW\ EHWZHHQM M
FDW OHDVW RQH DWRP $ � ZKLFK LV FRQWDLQHG LQ ( A + � WKH UDQGRP YDULDEOHV UHSUHVHQWLQJ WKH WZR FRQGLWLRQDOV MM

DUH ERWK Q R W FRQWDLQHG LQ DQ\ RI WKH UHPDLQLQJ + 
 V� HYHQWV E\ PHDQV RI ��� �L

WKLV LV VXsFLHQW WR JXDUDQWHH WKDW SXWWLQJ HTXDO WR
]HUR WKH SUREDELOLWLHV RI DQ\ QXPEHU RI WKH ODWWHU

� 6 R P H & UX F LD O ( [ D P S OH VHYHQWV GRHV QRW PDNH HTXDO WR ]HUR WKH SUREDELOLW\
RI + � WKHQ WKHUH LV D VROXWLRQ RI WKH UHOHYDQW V\VWHPM

:H VWDUW E\ DQDOL]LQJ VRPH H[DPSOHV RI PHGLFDO GLDJ�VXFK WKDW
QRVLV WR VKRZ KRZ D KDVW\ %D\HVLDQ XSGDWLQJ RI SURE�

3 �$ � � 3 �$ �  � � 3 �$ �  3 �( M+ � �p U p V p U M M DELOLW\ DVVHVVPHQWV FDQ OHDG WR ZURQJ FRQFOXVLRQV� VR
WKDW LW LV EHWWHU� LQ VSHFLqF FLUFXPVWDQFH� WR DYRLG LWV,Q FRQFOXVLRQ� VLQFH VROYLQJ D V\VWHP E\ JLYLQJ WKH
XVH�YDOXH ]HUR WR VRPH XQNQRZQV �LQ VXFK D ZD\ WKDW

VRPH HTXDWLRQV DUH WULYLDOO\ VDWLVqHG� LV WKH VDPH DV ( [D P S OH � � $ SDWLHQW IHHOV VHULRXV JHQHUDOL]HG DEGRP�
VROYLQJ D V\VWHP ZLWK RQO\ WKH UHPDLQLQJ HTXDWLRQV� LQDO SDLQV� IHYHU DQG UHWFKV� 7KH GRFWRU SXWV IRUWK WKH
WKH HQVXLQJ QRQWULYLDO VROXWLRQV PD\ EH FOHDUO\ UHODWHG IROORZLQJ K\SRWKHVHV FRQFHUQLQJ WKH SRVVLEOH UHOHYDQW
RQO\ WR WKH ?ELJJHU� DWRPV JHQHUDWHG E\ VR P H RI WKH GLVHDVH�
HYHQWV� VR ZH FDQ DGRSW D VWUDWHJ\ DEOH WR UHGXFH +  LOHX V�

�GUDVWLFDOO\� LQ WKH PRVW FRPPRQ FDVHV� WKH QXPEHU +  SHULWR Q LWLV�

RI DWRPV QHHGHG WR FKHFN FRKHUHQFH� 7KLV SRVVLELO� +  D FX WH D S SHQ G LFLWLV��

LW\ ^ RI FKHFNLQJ FRKHUHQFH ?ORFDOO\� WR JHW ?JOREDO� Z LWK D Q HQ VX LQ J ORFD O SHULWR Q LWLV
FRKHUHQFH ^ LV DOVR VWULFWO\ FRQQHFWHG ZLWK WKH H[LV�

0RUHRYHU WKH GRFWRU DVVXPHV D QDWXUDO ORJLFDO FRQGL�WHQFH RI ORJLFDO UHODWLRQV DPRQJ WKH JLYHQ HYHQWV� DQG
FWLRQ VXFK DV + | + A + � &RUUHVSRQGLQJO\ ZH KDYH� �LW LV WKHQ XVHIXO WR qQG VXLWDEOH VXEIDPLOLHV WKDW PD\ �

WKHQ qYH DWRPVKHOS WR ?GHFRPSRVH� WKH SURFHGXUH� LQ RWKHU ZRUGV�
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$QRWKHU IXQGDPHQWDO UHVXOW LV WKH IROORZLQJ �DOVR GLV� PHQWV�
FXVVHG LQ >�@ � >�@ � � LI & LV D JLYHQ IDPLO\ RI FRQGLWLRQDO � � �
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7KLV �SDUWLDO� DVVHVVPHQW LV FR K HUHQ W� VLQFH WKH IXQF� ,W LV HDVLO\ VHHQ WKDW WKH V\VWHP �7 � KDV �LQqQLWH� VR�
WLRQ 3 FDQ EH H[WHQGHG IURP WKH WKUHH JLYHQ HYHQWV OXWLRQV DQG� VLQFH WKHUH DUH DOVR VROXWLRQV VXFK WKDW
WR WKH VHW RI UHOHYDQW DWRPV LQ VXFK D ZD\ WKDW 3 LV

\ � \ � \ � \ ! � �� � � �D S UR ED ELOLW\ RQ WKH DOJHEUD JHQHUDWHG E\ WKHP �VHH
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