1st International Symposium on Imprecise Probabilities and Their Applications, Ghent, Belgium, 29 June - 2 July 1999

Plausibility and Belief Measures Induced by Kripke Models

Veselka Boeva Computer Systems Technical University of Plovdiv St. Petersburg Blvd. 61 4000 Plovdiv, Bulgaria

Elena Tsiporkova Lernout & Hauspie Speech Products Koning Albert-I laan 64 B-1780 Wemmel, Belgium

Bernard De Baets^∗ Applied Maths and Comp. Sc.

University of Gent Krijgslaan 281 (S9) B-9000 Gent, Belgium

Abstract

Modal logic interpretations of plausibility and belief measures are developed based on the observation that the inverse of the value assignment function in a model of modal logic induces the upper plausibility and lower belief measures of the plausibility and belief measures induced by the accessibility relation, regarded as a multivalued mapping.

Keywords. Accessibility relation, basic probability assignment, belief measure, modal logic, multivalued mapping, plausibility measure, value assignment function.

1 Introduction

Modal logic is an extension of classical propositional logic, endowed with modal operators of possibility and necessity. The different systems of modal logic have a clear interpretation in terms of Kripke’s semantics of possible worlds. A system of modal logic then corresponds to a class of models of modal logic that consist of a set of possible worlds, a binary relation on this set of worlds, called accessibility relation, and a value assignment function, which assigns truth values to each atomic proposition in each possible world.

The concepts of plausibility and belief measures were originally conceived in Dempster’s work on upper and lower probabilities [6], where he showed that any multivalued mapping carries a probability measure defined over subsets of one universe into a system of upper and lower probabilities over subsets of another universe. It is therefore not surprising that multivalued mappings have turned out to be the key concept in the development of a modal logic interpretation of Dempster–Shafer theory.

� Post-Doctoral Fellow of the Fund for Scientific Research – Flanders (Belgium).

All existing modal logic interpretations of Dempster– Shafer theory have been developed in the framework of models of modal logic with value assignment functions that require one and only one atomic proposition to be true in each possible world. Observing that the latter restricts the suitability of such interpretations for modelling real situations, we have established a modal logic interpretation of evidence theory using models of modal logic that allow in each possible world an arbitrary number of atomic propositions (possibly zero) to be true [17].

In this work, we propose an alternative modal logic interpretation of plausibility and belief measures, based on the observation that the accessibility relation in a model of modal logic, regarded as a multivalued mapping, induces a plausibility measure and a belief measure on the set of possible worlds [3]. The inverse of the value assignment function, regarded as a second multivalued mapping, then induces the upper plausibility and lower belief measures of the plausibility and belief measures induced by the accessibility relation. These upper plausibility and lower belief measures are in fact the plausibility and belief measures on the set of atomic propositions induced by the model itself. An interesting relationship between the basic probability assignment induced by a model of modal logic with a finite number of possible worlds and the basic probability assignment corresponding to the accessibility relation can be obtained when imposing a restriction on the value assignment function. This relationship suggests how to construct a minimal model of modal logic for given plausibility and belief measures.

2 Evidence theory

As it was already mentioned, the inception of Dempster–Shafer theory goes back to the introduction of the concepts of upper and lower probabilities (plausibility and belief measures) induced by a multivalued mapping [6]. Therefore, involving multivalued mappings in the development of a modal logic interpretation of Dempster–Shafer theory seems to be the most natural approach since both the accessibility relation and the value assignment function, inherent features of any model of modal logic, can equivalently be considered as multivalued mappings.

2.1 Multivalued mappings

In this section, we briefly recall some basic concepts from the theory of multivalued mappings [1, 2]. A multivalued mapping F from a universe X into a universe Y associates to each element x of X a subset F (x) of Y . The domain of F , denoted dom(F ), is defined as dom(F ) = {x | x ∈ X ∧ F (x) ≠ ∅}. F is called non-void if dom(F ) = X. The inverse of F is the multivalued mapping F^− from Y into X that associates to each y of Y the subset F^−(y) = {x | x ∈ X ∧ y ∈ F (x)} of X, i.e. y ∈ F (x) is equivalent to x ∈ F^−(y). The direct image of a subset A of X under F is defined as:

F (A) = ⋃ x∈A F (x). (1)

Given a subset B of Y , various different inverse images of B under F can be considered:

(i) the inverse image: F^−(B) = {x | x ∈ X ∧ F (x) ∩ B ≠ ∅}; (ii) the superinverse image:

F^+(B) = {x | x ∈ dom(F ) ∧ F (x) ⊆ B};

(iii) the pure inverse image: F^{−1}(B) = {x | x ∈ X ∧ F (x) = B}. One easily verifies that F^−(∅) = F^+(∅) = ∅, F^−(Y ) = F^+(Y ) = dom(F ) and also F^{−1}(∅) = co dom(F ). Notice that the inverse image of a subset A of X under F^− is the same as the direct image of A under F , i.e. (F^−)^−(A) = F (A). For any two subsets A of X and B of Y , it holds that: F (A) ∩ B ≠ ∅ ⇔ A ∩ F^−(B) ≠ ∅, and, furthermore, if F is non-void, then F (A) ⊆ B ⇔ A ⊆ F^+(B).

It is clear that the inclusion F^+(B) ⊆ F^−(B) always holds. Moreover, the inverse and superinverse images are connected by the following complementation properties:

co F^−(B) = F^+(co B) ∪ co dom(F )

co F^+(B) = F^−(co B) ∪ co dom(F ). (2)

2.2 Plausibility and belief measures as upper and lower probabilities

Considering a probability measure P on P(X), Dempster showed that a multivalued mapping Γ from X into Y such that P (dom(Γ)) > 0 induces upper and lower probabilities on P(Y ) [6]. These upper and lower probabilities can be interpreted as conditional probabilities of inverse and superinverse images given the domain of the multivalued mapping, as follows:

P^∗(A) = P (Γ^−(A) | dom(Γ))

P_∗(A) = P (Γ^+(A) | dom(Γ)).

In his essay on a mathematical theory of evidence [14], Shafer reinterpreted the upper and lower probabilities as degrees of plausibility and belief emphasizing the fact that they exhibit, respectively, subadditivity and superadditivity properties, in contrast to the additivity of probability. Note that plausibility and belief measures come in dual pairs. For any belief measure Bel on P(X), the P(X) → [0, 1] mapping Pl defined by Pl(A) = 1 − Bel(co A) is a plausibility measure on P(X). For instance, P^∗ and P_∗ are dual.

Furthermore, in case X is finite, Shafer introduced the concept of a basic probability assignment and its focal elements [14]. Formally, a P(X) → [0, 1] mapping m is called a basic probability assignment on P(X) if m(∅) = 0 and ∑ A∈P(X) m(A) = 1.

A subset F of X for which m(F ) > 0 is called a focal element of m.

There exists a one-to-one correspondence between belief measures, plausibility measures and basic probability assignments. Given a basic probability assignment m, the corresponding belief measure Bel and its dual plausibility measure Pl are given by:

Bel(A) = ∑ C⊆A m(C) Pl(A) = ∑ C∩A≠∅ m(C). (3)

Conversely, given a belief measure Bel, the corresponding basic probability assignment m is given by: m(A) = ∑ C⊆A (−1)^{|A\C|}Bel(C).

Dempster observed in [6] that, in case Γ is a multivalued mapping from a universe X into a finite universe Y , the upper and lower probabilities are completely determined by the quantities P (Γ^{−1}(C)), for C ∈ P(Y ). Therefore, the basic probability assignment m corresponding to the upper and lower probabilities (3) is given by [6]:

m(A) = P (Γ^{−1}(A) | dom(Γ)).

For m(A) to be strictly positive it must hold that Γ^{−1}(A) ≠ ∅ and, hence, there should exist x ∈ X such that A = Γ(x). Consequently, the focal elements are to be found in the set

{Γ(x) | x ∈ dom(Γ)}. (4)

2.3 Upper and lower plausibilities and beliefs

In [7], Dubois and Prade obtained upper and lower plausibilities and beliefs by considering a second, nonvoid multivalued mapping Δ from Y into a universe Z, and reiterating the process of generating upper and lower probabilities. Since Δ is non-void, we have that Pl(dom(Δ)) = Pl(Y ) = 1. Thus, upper and lower plausibilities on P(Z) are defined by [7]:

Pl^∗(A) = Pl(Δ^−(A))

Pl_∗(A) = Pl(Δ^+(A)),

and upper and lower beliefs on P(Z) are defined by:

Bel^∗(A) = Bel(Δ^−(A))

Bel_∗(A) = Bel(Δ^+(A)).

If Pl and Bel are dual measures, then the upper and lower plausibilities and beliefs are connected by the following duality relationships:

Pl^∗(A) = 1 − Bel_∗(co A)

Pl_∗(A) = 1 − Bel^∗(co A). (5) Due to the assumption that Δ is non-void, it has been possible to show that lower beliefs again constitute a belief measure and also that upper and lower plausibilities and beliefs are connected by the above duality relationships. The question is how to define upper and lower plausibilities and beliefs induced by a multivalued mapping that is not non-void in general, so that the latter properties are preserved. The answer lies in defining the upper and lower plausibilities as conditional plausibilities of inverse and superinverse images under Δ, given dom(Δ):

Pl^∗(A) = Pl(Δ^−(A) | dom(Δ))

Pl_∗(A) = Pl(Δ^+(A) | dom(Δ)), (6) and upper and lower beliefs as conditional beliefs of inverse and superinverse images under Δ, given dom(Δ):

Bel^∗(A) = Bel(Δ^−(A) | dom(Δ))

Bel_∗(A) = Bel(Δ^+(A) | dom(Δ)). (7)

3 Evidence measures in modal logic

3.1 Modal logic

Modal logic is an extension of clasical propositional logic [5]. It has been developed to formalize arguments involving the notions of possibility and necessity. The language of modal logic consists of a set of atomic propositions, logical connectives ∧ , ∨ , ¬, →, ↔, and modal operators of possibility 3 and necessity 2. The propositions of the language are of the following form:

• atomic propositions,

• if p and q are propositions, then are so ¬p, p ∧ q, p ∨ q, p → q, p ↔ q, 2p, 3p. Any system of modal logic contains the axiom 3p ↔ ¬2¬p. The semantic analysis of a system of modal logic is performed using the notion of a model of modal logic, which is usually viewed as a structure of the form M = ⟨W, R, V ⟩, where W denotes a set of possible worlds, R is a binary relation on W , called accessibility relation, and V is a multivalued mapping from the set of atomic propositions into W called value assignment function.

The value assignment function V associates to each atomic proposition p the set V (p) of those possible worlds in which p is true. We will use ‖p‖^M to denote the truth set of a proposition p, i.e. the set of all worlds in which p is true. Hence V (p) = ‖p‖^M for any atomic proposition p. The value assignment function is inductively extended to all non-modal propositions (propositions that do not contain 3 and 2) in the usual way. The truth conditions of modal propositions are defined using the accessibility relation R, as follows: w ∈ ‖3p‖^M ⇔ (∃v ∈ W )(wRv ∧ v ∈ ‖p‖^M ) w ∈ ‖2p‖^M ⇔ (∀v ∈ W )(wRv ⇒ v ∈ ‖p‖^M ), for any proposition p and any world w ∈ W . Observing that the accessibility relation R can be regarded as a multivalued mapping from W into W , we have shown that the foregoing expressions for the truth sets of modal propositions can be rewritten in terms of inverse and superinverse images under R of truth sets of non-modal propositions [16]: ‖3p‖^M = R^{− (}‖p‖^{M )} ‖2p‖^M = R^{+ (}‖p‖^{M )} ∪ co dom(R).^{(8)}

3.2 Existing interpretations of evidence measures in modal logic

In this subsection, we recall the modal logic interpretation of Dempster–Shafer theory developed in [17] as a continuation of the interpretations established by Harmanec, Klir, Resconi, St. Clair and Wang [8, 9, 10, 11]. The latter work work is closely related to that of Ruspini [12, 13], which is based on a form of epistemic logic, but Harmanec et al. use a more general system of modal logic and also address the completeness of the interpretation. Ruspini’s approach is a generalization of the method proposed by Carnap [4] for the development of logical foundations of probability theory, and has led to new formulas for combining dependent evidence and for utilizing conditional knowledge.

Let us consider a universe X and associate to it propositions of the form e_A =“The true value of e is in A”, where e is a quantity with as set of possible values X and A ∈ P(X). Next, assume that all atomic propositions are of the form e_{{x}}, for x ∈ X. Therefore, the propositions e_A are defined by the equations

e_∅ = ⋀ x∈X ¬e_{{x}}

and e_A = ⋁ x∈A e_{{x}}, for any A ∈ P(X) \ {∅}. Consider a model M = ⟨W, R, V, P ⟩, where W and R are as above, V is a multivalued mapping from X into W that associates to each x the set V (x) of those possible worlds in which e_{{x}} is true, i.e. V (x) = ‖e_{{x}}‖^M , and P is a probability measure on P(W ) such that P ( ‖3eX ‖^{M )} > 0. Observe that

a proposition e_{{x}} is true in a world w if and only if w ∈ V (x) and, moreover, due to (1), for any A ∈ P(X): V (A) = ‖e_A‖^M . (9)

Following the approach of Harmanec, Klir, Resconi, St. Clair and Wang [8, 9, 10, 11], the interpretations in [15, 16] were developed under the following assumption:

SVA (Singleton Valuation Assumption): One and only one proposition e_{{x}} is true in each world.

This asumption implies that e_X and also e_A ↔ ¬e_{co A} are always true in M.

In [17], we worked with a very general class of models of modal logic, for which it was allowed that in each possible world any number of atomic propositions (possibly zero) can be true. We obtained that any model M = ⟨W, R, V, P ⟩ with P ( ‖3eX ‖^{M )} > 0 induces a plausibility measure Pl_M and a belief measure Bel_M , the dual measure of Pl_M , on P(X), defined by: Pl_M (A) = P ( ‖3eA‖^M | ‖3eX ‖^{M )} Bel_M (A) = P ( ‖2¬eco A‖^M | ‖3eX ‖^{M )} .^{(10)} Also the process of conditioning has been treated in [17]. We have shown that there exist several ways of restricting the model M = ⟨W, R, V, P ⟩ to a model M_B = ⟨W_B , R_B , V_B , P_B ⟩, with B a subset of X such that P (‖3e_B‖^M ) > 0, such that the plausibility measure Pl_{MB} and belief measure Bel_{MB} induced by the model M_B coincide with the conditional ones of the plausibility and belief measures induced by the original model M, i.e.

Pl_{MB} (A) = Pl_M (A | B)

Bel_{MB} (A) = Bel_M (A | B).

These restriction procedures consist in pruning the accessibility relation, restricting the value assignment function, reducing the set of possible worlds, or combinations thereof. The case of models satisfying SVA has been studied in detail in [15].

3.3 Evidence measures induced by

accessibility relations and value assignment functions

Consider a universe X with atomic propositions of the form e_{{x}}, for all x ∈ X and a model M = ⟨W, R, V, P ⟩, where W , R, V and P are as above. Since ‖3e_X ‖^M ⊆ dom(R), it holds that

P (dom(R)) ≥ P ( ‖3eX ‖^{M )} > 0. (11)

Therefore, the accessibility relation R, regarded as a multivalued mapping from W into W , induces plausibility and belief measures on P(W ), defined by [3]:

Pl_R(U) = P (R^−(U) | dom(R))

Bel_R(U) = P (R^+(U) | dom(R)).

(12)

In case of a finite set of worlds W , the basic probability assignment m_R corresponding to Pl_R and Bel_R is given by:

m_R(U) = P (R^{−1}(U) | dom(R)). (13)

Thus, on the one hand, any model M = ⟨W, R, V, P ⟩ with P (dom(R)) > 0 can be endowed with a plausibility measure and a belief measure induced by its accessibility relation R on the set of possible worlds W . On the other hand, the inverse V^− of the value assignment function V propagates these plausibility and belief measures into a system of upper and lower plausibilities and beliefs on the set of atomic propositions X, given by (6) and (7). Since upper plausibilities and lower beliefs again form a plausibility measure and a belief measure, we are interested in the upper plausibilities Pl_R^∗ and the lower beliefs Bel_R^∗ induced by V^− on P(X):

Pl_R^∗(A) = Pl_R((V^−)^−(A) | dom(V^−))

Bel_{R∗}(A) = Bel_R((V^−)^+(A) | dom(V^−)).

Recall that for any A ∈ P(X) it holds that (V^−)^−(A) = V (A) and hence, due to (9), dom(V^−) = ‖e_X ‖^M , and, consequently, applying (2) we also have that

(V^−)^+(A) = co (V^−)^−(co A) ∩ dom(V^−) = ‖¬e_{co A}‖^M ∩ ‖e_X ‖^M . Since Pl_R ( ‖e_X ‖^M ) > 0 is guaranteed by (8) and (11), we obtain that Pl_R^∗(A) and Bel_{R∗}(A) can be expressed as follows:

Pl_R^∗(A) = Pl_R ( ‖e_A‖^M | ‖e_X ‖^M ) Bel_{R∗}(A) = Bel_R ( ‖¬e_{co A}‖^M | ‖e_X ‖^M ) . It is interesting to observe that Pl_R^∗ and Bel_{R∗} coincide with the interpretations of plausibility and belief measures mentioned in [17]. Indeed, in view of (12) and (8), we find that for any A ∈ P(X) :

Pl_R^∗(A) = P ( ‖3eA‖^M | ‖3eX ‖^{M )} . Due to (5), Pl_R^∗ and Bel_R^∗ are dual and, hence, Bel_R^∗ coincides with the belief measure Bel_M in (10).

Thus, the above considerations have led us to an alternative and very elegant modal logic interpretation of Dempster–Shafer theory in terms of measures induced by the accessibility relation.

Theorem 3.1 A model M = ⟨W, R, V, P ⟩ with P ( ‖3eX ‖^{M )} > 0 induces a plausibility measure PlM

and a belief measure Bel_M on P(X), defined by:

Pl_M (A) = Pl_R^∗(A) = Pl_R ( ‖e_A‖^M | ‖e_X ‖^M ) Bel_M (A) = Bel_{R∗}(A) = Bel_R ( ‖¬e_{co A}‖^M | ‖e_X ‖^M ) , where Pl_R and Bel_R are the plausibility and belief measures induced by R on P(W ).

Furthermore, let us assume that the following holds:

WSVA (Weak Singleton Valuation Assumption): At least one proposition e_{{x}} is true in each world.

In other words, V^− is non-void and hence ‖e_X ‖ = W . Consequently, the interpretations for plausibility and belief measures from Theorem 3.1 reduce to

Pl_M (A) = Pl_R ( ‖e_A‖^M ) Bel_M (A) = Bel_R ( ‖¬e_{co A}‖^M ) . If W is finite, then Pl_M and Bel_M can equivalently be expressed in terms of the basic probability assignment m_R induced by R (see (13)):

Pl_M (A) = ∑ U∩‖e_A‖^M ≠∅ m_R(U) Bel_M (A) = ∑ U⊆‖¬eco_A‖^M m_R(U).

Theorem 3.2 A finite model M = ⟨W, R, V, P ⟩ with P ( ‖3eX ‖^{M )} > 0 that satisfies WSVA induces a basic

probability assignment m_M on P(X), defined by:

m_M (A) = ∑ V �_{(U)=A} m_R(U),

where m_R is the basic probability assignment induced by R on P(W ). Moreover, the plausibility and belief measures Pl_M and Bel_M corresponding to m_M are given by:

Pl_M (A) = ∑ V �_{(U)∩A≠∅} m_R(U) Bel_M (A) = ∑ V �_{(U)⊆A} m_R(U).

Remark 3.1 Notice that V^−(U) = A, for U ∈ P(W ), means that, in total, in the worlds belonging to U all propositions e_{{x}}, for x ∈ A, are true and no other atomic propositions are true in them. Moreover, recall from (4) that all focal elements of m_R are contained in the set {R(w) | w ∈ dom(R)}. (14)

Hence, according to Theorem 3.2, we have that any finite model M = ⟨W, R, V, P ⟩ that satisfies WSVA induces a basic probability assignment m_M such that the basic probability m_M (A) of each focal element A of m_M is equal to the sum of the basic probabilities m_R(R(w)) of those focal elements R(w) of m_R in which all and only atomic propositions associated to A are true.

4 Minimal models for given plausibility and belief measures

As discussed in the above remark, the basic probability m_M (A) of each focal element A, for A ∈ P(X), of the basic probability assignment m_M induced by a finite model M = ⟨W, R, V, P ⟩ that satisfies WSVA, is equal to the sum of the basic probabilities m_R(R(w)) of those R(w) in which all atomic propositions associated to A, and no others, are true. Hence, to each focal element A of m_M there corresponds at least one such world w, and, obviously, the same world cannot correspond to two different focal elements. Therefore, any finite model of modal logic that satisfies WSVA and induces a given probability assignment m contains at least as many worlds as there are focal elements. It therefore makes sense to try to construct a model of modal logic with a minimal number of worlds for a given basic probability assignment.

Let m be the basic probability assignment corresponding to a plausibility measure Pl and its dual belief measure Bel defined on a finite universe X and let F_1, F_2, . . . , F_k be the focal elements of m. Let us construct a model M = ⟨W, R, V, P ⟩ in the following way:

(i) W := {w_1, . . . , w_k};

(ii) For i = 1, . . . , k − 1 do

R(w_i) := {w_{i+1}}; P ({w_i}) := m(F_{i+1}); V^−(w_i) := F_i;

(iii) R(w_k) := {w_1};

P ({w_k}) := m(F_1); V^−(w_k ) := F_k.

Thus, we have constructed a circular model M with as many worlds as there are focal elements, i.e. |W | = k, and each world w_i ∈ W is accessed by its predecessor w_{i−1} and reaches its successor w_{i+1}, where the predecessor of w_1 is w_k and the successor of w_k is w_1. Obviously, M satisfies WSVA since

(∀w_i ∈ W )(V^−(w_i) = F_i).

Moreover, it holds that

P ( ‖3eX ‖^{M )} = P (W ) =^{k∑}_{i=1} P ({wi}) = k∑ i=1 m(F_i) = 1.

Therefore, according to Theorem 3.2, the model M induces a basic probability assignment m_M on P(X) such that, for any i ∈ {1, . . . , k}:

m_M (F_i) = ∑ V �_{(U)=Fi} m_R(U), (15)

where m_R is the basic probability assignment induced by the accessibility relation R on P(W ). Recall that all focal elements of m_R are contained in the set in (14). Moreover, M is divised in such a way that this set reduces to {{w_1}, . . . , {w_k}}, and for each focal element F_i, i ∈ {1, . . . , k}, there exists exactly one world w_i such that V^−(w_i) = F_i. Hence, expression (15) can be simplified as follows

m_M (F_i) = m_R({w_i}),

for any i ∈ {1, . . . , k}. Using (13), we find that

m_R({w_i}) = P (R^{−1}({w_i}) | dom(R)) = P ({w_{i−1}}) = m(F_i), for any i ∈ {2, . . . , k}. Similarly,

m_R({w_1}) = P ({w_k}) = m(F_1).

Thus, it has been shown that M is such that m_M (F_i) = m(F_i), for any i ∈ {1, . . . , k}.

Example 4.1 Consider X = {a, b, c, d, e, f} and the basic probability assignment m corresponding to a plausibility measure Pl and its dual belief measure Bel defined on X. The focal elements F_i of the basic probability assignment m are listed in Table 1. Using the above described construction, we can build a model M = ⟨W, R, V, P ⟩, as is done in Table 2.

Another minimal model of modal logic yielding the same basic probability assignment is the model M^′ = ⟨W^′, R^′, V^′, P^′⟩ defined as follows:

(i) W^′ := {w_1, . . . , w_k };

(ii) For i = 1, . . . , k do

R^′(w_i) := {w_i}; P^′({w_i}) := m(F_i); V^{′−}(w_i) := F_i.

The model M^′ is reflexive (in fact, no world can access another one) and satisfies WSVA. Similarly as above, one verifies that m_M0 = m. This illustrates that for any basic probability assignment m on a finite universe we can always construct a trivial model of modal logic satisfying WSVA.

Focal elements F_i of m m(F_i) F_1 = {a, b, c, d} 1/3 F_2 = {e} 1/6

F_3 = {b, f} 1/6 F_4 = {b, d, e, f} 1/3 Table 1. Focal elements of m.

W R(w_i) P ({w_i}) V^−(w_i) w_1 {w_2} 1/6 {a, b, c, d} w_2 {w_3} 1/6 {e} w_3 {w_4} 1/3 {b, f} w_4 {w_1} 1/3 {b, d, e, f} Table 2. Constructed minimal model M = ⟨W, R, V, P ⟩. References

[1] J.-P. Aubin and H. Frankowska. Set-Valued Analysis. Birkhäuser, 1990.

[2] C. Berge. Topological Spaces, Including a Treatment of Multivalued Functions, Vector Spaces and Convexity. Oliver & Boyd, 1963.

[3] V. Boeva, E. Tsiporkova and B. De Baets. Modelling uncertainty with Kripke’s semantics. Artificial Intelligence: Methodology, Systems, Applications (F. Giunchiglia, ed.), Lecture Notes in Computer Science, Springer Verlag, 1480:129– 140, 1998.

[4] R. Carnap. Logical Foundations of Probability.

University of Chicago Press, 1962.

[5] B. Chellas. Modal Logic, an Introduction. Cambridge University Press, 1980.

[6] A. Dempster. Upper and lower probabilities induced by a multivalued mapping. Ann. of Math. Statist., 38:325–339, 1967.

[7] D. Dubois and H. Prade. Evidence measures based on fuzzy information. Automatica, 21:547– 562, 1985.

[8] D. Harmanec, G. Klir and G. Resconi. On modal logic interpretation of Dempster–Shafer theory of evidence. Internat. J. Intell. Syst., 9:941–951, 1994.

[9] D. Harmanec, G. Klir and Z. Wang. Modal logic interpretation of Dempster–Shafer theory: an infinite case. Internat. J. Approx. Reason., 7:1–13, 1994.

[10] G. Resconi, G. Klir and U. St. Clair. Hierarchical uncertainty metatheory based upon modal logic. Internat. J. Gen. Systems, 21:23–50, 1992.

[11] G. Resconi, G. Klir, U. St. Clair and D. Harmanec. On the integration of uncertainty theories. Internat. J. Uncertainty, Fuzziness and Knowledge-Based Systems, 1:1–18, 1993.

[12] E. Ruspini. The logical foundations of evidential reasoning. Technical Note 408, Artificial Intelligence Center, SRI International (Menlo Park, California), 1987.

[13] E. Ruspini. Epistemic logic, probability, and the calculus of evidence. Proc. Tenth Internat. Joint Conference on Artificial Intelligence (Milan, Italy), 1987, pp. 924–931.

[14] G. Shafer. A Mathematical Theory of Evidence.

Princeton University Press, 1976.

[15] E. Tsiporkova, B. De Baets and V. Boeva. Dempster’s rule of conditioning translated into modal logic. Fuzzy Sets and Systems, Special Issue “Fuzzy Measures and Integrals” (R. Mesiar and E. Pap, eds.), 102:371–383, 1999.

[16] E. Tsiporkova, V. Boeva and B. De Baets.

Dempster–Shafer theory framed in modal logic. Internat. J. Approx. Reason, to appear.

[17] E. Tsiporkova, B. De Baets and V. Boeva. Evidence theory in multivalued models of modal logic. J. Appl. Non-Classical Logics, to appear.